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1. Introduction

Let {X;,i > 1} be random variables. Assume that an insurer
has n lines of business or the insurance portfolio of an insurer has
n policy holders. The loss or claim in line i or for policy holder i
isX;, i = 1,...,n Without reinsurance, the total loss/claim of
the insurer is S, = Y i, X;, which is called the individual risk
model. However, each line of business or each policy holder may
produce a large claim. To protect from a potential huge loss, the
insurer applies reinsurance strategy I; to the loss in line i. With the
reinsurance strategy I;, the insurer retains the part of the loss in
line i, which is [;(X;), and a reinsurer covers the rest of the loss,
which is X; — [;(X;), where the function I;(x) is increasinginx > 0
and satisfies 0 < I;(x) < xfori = 1,2,...,n. Thus, the total
retained loss of the insurer is S! = I;(X;) + L) + - -+ + [,(Xy)
and the total loss covered by the reinsurer is S, — SI, where we use
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I = (I3, ..., I,) to denote the n-dimensional reinsurance policy.
Such a policy I is called an individualized reinsurance treaty.

In the reinsurance contract I, the insurer needs to pay
a reinsurance premium to the reinsurer. As in Denuit and
Vermandele (1998) and Van Heerwaarden et al. (1989), we assume
that the reinsurance premium is charged by the expected value
principle and is fixed to a constant $P, which means that the
reinsurance premium is equal to (1 4+ 6R)E[S, — S,'l] = P, where
6r > 0 is called the security loading of the reinsurer. In this
way, the insurer can control his cost or budget for the reinsurance
contract at the amount of P. Note that (1 + 6R)E[S, — 51’1] =Pis
equivalent to assuming that E[S! ] is fixed and equal to p = E[S,] —
P/(1+ 6g) or that the expected retained loss of the insurer is fixed.
We are interested in the following class of admissible reinsurance
strategies:

I;(x) is increasing in x > 0 with
DE=31=(,.... 1) |0=<Lkx) <x fori=1,....,n ¢.(11)
and E[S!]=p >0

In particular, when I;(x) = x A d; fori = 1, ..., n, the reinsurance
I =(I,...,I,) is called the excess-of-loss treaty and (dq, ..., dy,)
is called the retention vector of the excess-of-loss treaty.
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In this paper, we will study what the optimal reinsurance
strategy I* = (I},...,I}) € DF is for the insurer under certain
optimization criteria. We use a unified criterion and study the
following optimization problem:

inf E[u(SH] (1.2)

leDy
for a convex function u.

This optimization criterion (1.2) includes the criteria of
minimizing the variance of the total retained loss of the insurer;
maximizing the expected exponential utility for the insurer;
maximizing the expected concave utility function for the insurer;
and so on.

When Xj, ..., X, are exchangeable random variables, Denuit
and Vermandele (1998) showed that the optimal reinsurance
strategy for problem (1.2) is the excess-of-loss reinsurance with
the equal retention for each line of business. A further study of
Denuit and Vermandele (1998) about optimal reinsurance with
exchangeable risks can be found in Denuit and Vermandele (1999).

However, in individualized reinsurance treaties, one is often
concerned about dependent risks, and in particular positively
dependent risks. For example, in a two-line insurance business
with life insurance and non-life insurance, the property losses
and the numbers of dead people in earthquakes, tornadoes, and
hurricanes are usually positively dependent. Roughly speaking,
two risks are positively dependent if a large value of one risk will
result in a large value of the other. Several notions of positive
dependence have been proposed to describe such dependent risks
in the literature.

In this paper, we assume that the risks in the individual risk
model are positively dependent through the stochastic ordering
(PDS), which will be defined in Section 2. We show that when
Xi,...,X, are PDS dependent risks, the optimal reinsurance
strategy for problem (1.2) is the excess-of-loss reinsurance. To do
so, we denote D™ by all excess-of-loss treaties in ¥, namely

o ={1"=a", ... 1" 1Y€ DEI%(x) =x A dj, d; > 0,
i=1,...,n}
This subclass DE* is determined uniquely by the retention vector
(d4, ..., dy,) and there is a one-to-one mapping between D;" and
[P that is defined as
I’ ={,....dy) | d;>0,i=1,...,nand
n
E[Z(X,- A d,—)] =p>0). (1.3)
i=1
We will show that for the PDS dependent risks X;, ..., X, and a
convex function u,
n
inf Elush] =  inf E[u( X A d'))], (1.4)
1eDf " (d1,....dn) €Lk ; ' l

which means that the optimal strategies for problem (1.2)
are the excess-of-loss treaties and that the infinite-dimensional
optimization problem (1.2) is reduced to the feasible finite-
dimensional optimization problem:

n

inf E[u(Z(X,- A d,-))].

(dq.....dn)eLh =

(1.5)

Throughout this paper, ‘increasing’ means ‘non-decreasing’ and
‘decreasing’ means ‘non-increasing’.

The rest of the paper is organized as follows. In Section 2, we
recall the notions of several positive dependence including the
stochastically increasing (SI) and the positive dependence through
the stochastic ordering (PDS). In Section 3, we first prove that

the convolution preservation of the convex order for PDS random
vectors. We then show when Xi, ..., X, are PDS dependent risks,
forany I = (I,...,I,) € P there exists a retention
vector (dy, ..., dn,) € Lh such that Y1, (Xi A di) <g > iy (X)),
which means that (1.4) holds or the excess-of-loss treaty is the
optimal reinsurance form for the insurer with PDS dependent
risks. This extends the study in Denuit and Vermandele (1998) on
individualized reinsurance treaties to dependent risks. In Section 4,
we use a two-line insurance business model to illustrate how to
derive the explicit expressions for the retention vector (d}, d5) €
Lg in the optimal excess-of-loss treaty such that E[u(X; Ad} +X; A

d;)] = inf(d1,d2)eL127 EluX; A di+Xo A dz)]

2. The notions of several positive dependence

In this section, we only recall the notions of SI and PDS, which
will be used in this paper. For other notions of positive dependence,
we refer to Colangelo et al. (2005, 2008), Denuit et al. (2005),
Miiller and Stoyan (2002), Shaked and Shanthikumar (2007), and
references therein.

We recall that for a random variable Y, a support of Y, denoted
by S(Y), is a Borel set of R such that P{Y € S(Y)} = 1.

Definition 2.1. Random variable X is said to be stochastically
increasing (SI) in random variable Y, denoted as XY, if for any
x e R,P{X > x| Y =y}isincreasing iny € S(Y), or equivalently,
X7gY ifand only if E[u(X)|Y = y] is increasing iny € S(Y) for all
increasing function u such that the expectation exists. O

Definition 2.2. Random vector (X1, ..
cally increasing in random variable Y, denoted as (X, ..., Xa) 1Y,
ifE[lu(Xq,...,Xy) | Y = y]isincreasing iny € S(Y) for any in-
creasing function u : R" — R such that the conditional expec-
tation exists. Furthermore, random vector (Xq, ..., X;) is said to
be positively dependent through the stochastic ordering (PDS) if
X1y oo Xic1, Xik1, -, X)) PgXiforanyi=1,...,n. O

., Xy) is said to be stochasti-

The notion of the PDS is interesting to model dependent risks.
The PDS risk includes independent, comonotonic, conditionally
stochastically increasing (CI) risks, and other interesting depen-
dent risks.

The following property will be used in Section 3.

Proposition 2.3. Let (Xq,..
random variable and assume (X, ..

., Xy) be random vector and Y be
., Xn) Y. Then the following

hold.

(D) Y, Xq, .., X)) P Y.

(2) u(X1, ..., X)1gY for any increasing functionu : R* — R¥
where k € N.

Proof. (1) Denote X = (Xy,...,X,) and letu : R"™! = R be an
increasing function. For any yq, y, € S(Y) withy; < y,, we have

Efu(Y,X)|Y = y1] = E[u(y1, X)|Y = y1]
Elu(y2, X)|Y = y1]
E[u(yz, X)|Y = y2] = E[u(Y, X)|Y = y,],

where the second inequality holds since X1Y and u(y;, x1, .. .,
Xp) is an increasing function. Hence, (Y, X) 1Y by Definition 2.2.

(2) For any increasing function h : R¥ — R, the function
hou : R" — R is also increasing. By Definition 2.2, we know
that E[h o u(Xy, ..., X,) | Y = ylisincreasinginy € S(Y), which
means u(Xy, ..., X)) Y. O

We refer to Block et al. (1985), Joe (1997), Lehmann (1966), and
Shaked (1977) for more properties of SI and PDS.

=
=



J. Cai, W. Wei / Insurance: Mathematics and Economics 50 (2012) 57-63 59

3. Optimality of excess-of-loss reinsurance strategies with
dependent risks

In this section, we first prove that two convolution preservation
results of the convex order for SI and PDS random vectors in
Lemma 3.3 and Theorem 3.4. Then, we can determine the optimal
reinsurance forms with the PDS dependent risks in Propositions 3.7
and 3.8 for the individual risk model and the collective risk model,
respectively.

Definition 3.1. Random variable X is said to be smaller than
random variable Y in convex order, denoted as X <.Y, if
E[lu(X)] =< E[u(Y)] for any convex function u such that the
expectations exist. Furthermore, X is said to be smaller than Y in
stop-loss order, denoted as X <g Y, if E[(X — t)4+] < E[(Y — £)+]
forallt e R. O

The following result is a useful criterion for the convex order,
the proof can be found in Lemma 3 of Ohlin (1969).

Lemma 3.2. Let X be a random variable, h, and h, be increasing
functions such that E[h{(X)] = E[hy(X)]. If there exists « € R U
{400} such that hy(x) > hy(x) forall x < o and hy(x) < hy(x) for
allx > o, then hy(X) < h,(X). O

Lemma 3.3. Let X and Y be random variables. If Y 1 X, then h;(X)+
Y < h2(X) 4+ Y for any increasing functions hy and h, such that
h1(X) <ex ha (X).
Proof. It is sufficient to show that h{(X) + Y <gh,(X) + Y, or
equivalently, to show that E[(h;(X) + Y — ©)+] < E[(h,(X) +
Y —t);]foranyt € R.

Itiseasy toverifythat (x —t). — (y—t) <I{x >t} X (x—Yy)
foranyx,y,t € R, then

E[(MX) +Y =)y — (o X) +Y —1)4]
= E[{(X) +Y) >t} x (h1(X) — ha(X))]
= E[E[[{(h(X) +Y) > t}|X] x (h1(X) — h2(X))]
= E[p:(X) (h1 (X) — h2(X))], (3.1)

where the function p;(x) = E[I{(h;(x) +Y) >t} | X =x] > 0is
well defined since 0 < I{x > t} < 1.

From Proposition 2.3, we know that (Y, X)14X and hy(X) +
Y 14X. Therefore, the function p; (x) = E[I{h;(x)+Y > t} | X = X]
is increasing in x since I{x > t} is increasing in x. Thus, both
(p:(X), h1(X)) and (p;(X), hy(X)) are comonotonic vectors. Hence,
by Lemma 3.12.13 of Miiller and Stoyan (2002), we know that
El¢ (p: (X), h1(X))] < E[¢(p:(X), h2(X))] holds for any directional
convex function ¢(x,y) such that the expectations exist. Note
that ¢(x,y) = xy is a directional convex function, we have
Elp:X)h1(X)] < E[p;(X)hy(X)], which completes the proof by
(3.1). O

Lemma 3.3 is an interesting result and will be used to prove
the following Theorem 3.4. Also, Lemma 3.3 generalizes Theorems
1 and 2 of Aboudi and Thon (1995), in which they presented the
optimal insurance policies when the insurance risk has positively
dependent relationships with the random initial wealth.

Theorem 3.4. Let (X1, ..., X,) be a PDS random vector, and f;, g; be
increasing functions such that f;(X;) <, gi(X;) fori =1, ..., n. Then

22:1 fk(Xk) < ZZ:I gk(xk)~
Proof. According to Proposition 2.3, we have Zf;f fiX) +

S ir &(X) tgXi forany k = 1, ..., n, where Y7_; i is defined
tobeOfori > j. Applying Lemma 3.3, we haveforanyk =1, ..., n,

k—1 n
DR+ Y &) + fiX)
i=1 i=k+1
k—1 n
<o) D+ D &) + &X),
i=1

i=k+1

or equivalently,

k n k—1 n
DR + D ) <o D D+ &0
i=1 i=1

i=k+1 i=k

(3.2)

By applying the relationship (3.2) repeatedly fromk =ntok = 1
and using the transitive property of the convex order, we have

n n—1 n
D RO <o Y fiXD) + Y &i(X)
i=1 i=1 i=n

n—2 n
<ex ;ﬁ(x,-) + ) &)

i=n—1

1 n n
S S Zfl(xl) + Zgi(xi) S Zgi(xi)-
i=1 i=2 i=1
It completes the proof. O

Using Theorem 3.4, we can prove the convolution preservation
of the convex order for two random vectors with the same PDS
copula in the following corollary.

Corollary 3.5. Assume thatrandomvectors (Y4, ...,Ypy) and (Zy, .. .,
Z,) have the same PDS copula. If Yy <. Z for k = 1,...,n, then

22:1 Yi <« 2221 Zk. -

Proof. Let F; and G; be the distributions of Y; and Z;, respectively.
Let the common PDS copula be C(uy,...,u,) = Pr{U; <
u, ..., U, < u,} for some uniform random vector (Uy, ..., U,)
defined on [0, 1]".Then, (Uy, ..., U,) is aPDS random vector. From
the last paragraph of the proof for Theorem 5.3 of McNeil et al.
(2005), we know that (Y, ..., Yy) =St(F1_1(U1), R Fn”(Un)) and
(Z1s s Z0) =st(G{ (Uh), ..., Gy 1(Up)), where F! and G;' are
the left-continuous generalized inverses of F; and G; and they are
increasing. Thus, > ;_; Y <cx O Zk by Theorem 3.4. [

Remark 3.6. We point out that for all non-negative constants
o1, e, Op, (1Y, ..., a,Yy) and (Yq,...,Y,) have the same
copula, and («1Z,...,anZ,) and (Zq,...,Z,) have the same
copula. Thus, if (Yq,...,Y,) and (Z4, ..., Z,) have the same PDS
copula, and Yy <., Z; for k = 1, ..., n, then by Corollary 3.5, we
have Y 0 | oYk <ex D p_; aiZk since Yy <o Zxk = aieYie <ex i
for k = 1,...,n. Hence, Corollary 3.5 extends Corollary 3.12.15
of Miiller and Stoyan (2002) about the preservation of the convex
order under non-negative linear combinations of CI random
variables since Cl = PDS. O

Then, using Theorem 3.4, we can show in the following
proposition that the optimal reinsurance for the optimization
problem (1.2) is the excess-of-loss treaty or the relationship (1.4)
holds.

Proposition 3.7. Assume random vector (Xi,...,X,) is PDS, then
for any reinsurance policy I = (I;,...,I,) € DE, there exists
retention vector (di, ..., dy) € L} such that

Xn:(xi A dl) S Xn:li(xi)’
i=1 i=1

where d; is determined by E[X; A d;] = E[[;(X)], i=1,...,n

Proof. Since 0 < E[I,(Xy)] < E[X] and the function g(x) =
E[Xk Ax] is continuous and increasing inx € [0, oo) withg(0) =0
and g(o0) = E[Xi], there exists d, € [0, oo] such that g(dy) =
E[Xy A di] = E[I,(Xi)]. Note that 0 < I, (x) < x for all x > 0. Thus,
according to Lemma 3.2, we have Xp Ady < Ik (X)) fork =1, ..., n.
Therefore, Y i, (Xi A di) <¢x D i li(X;) from Theorem 3.4. O
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Now, we apply the above result to consider the optimal
reinsurance in a collective risk model. In this model, we assume
that the number of claims in the insurance portfolio of an insurer
is a counting random variable N and the amount of claimiis X;, i =
1, 2, ... and that the reinsurance strategy I; is applied to claim i for
i=1,2,...,where [;(x) satisfies the same conditions assumed in
the individual risk mode, namely I;(x) is increasing in x > 0 and
0 < [j(x) <xfori=1,2,....Inthis case, the total retained loss
for the insurer is Zf; L:(X).

Proposition 3.8. Let {X;, X, ...} be a sequence of random variables
and N be a counting random variable independent of {X;, Xz, ...}. If
foranyn = 2, 3, ..., therandom vector (X1, ..., Xy) is PDS, then for
any ;(x), i= 1,2, ..., thereexistd; € [0,00], i =1,2,...,such
that

N N
D XiAd) <o Y Ii(X),

i=1 i=1
where d; is determined by E[X; A d;] = E[I;(X)], i=1,2,....

Proof. According to Proposition 3.7, >, (X; A di) <¢x Y _pq Li(X0)
for any fixed n. Thus for any convex function u, we have

5 (Z(x \ da): <k [ (Z Mxi))} |

Therefore,

— N -
E|u (Z(X, VAN dl))
L i=1 .

ni;[@{N =n}E |:u (i_i](xi A di)>:|
gp{w =n)E |:u (gli(xi)>} =E [“ (i: ’f(xf))] :

which means Zf’:] Xi A dy) < Zf’zl L(X). O

If X1, X3, ... are a sequence of independent random variables,
then for any n = 2,3, ..., the random vector (X;,X>, ..., X,)
is PDS. Furthermore, if X;, X5, ... are a sequence of comonotonic
random variables or there exist a random variable Z and a sequence
of increasing functions {f;, i = 1,2,...} such that X; =
fi@2),i=1,2,...,thenforanyn = 2, 3, ..., the random vector
(X1, X3, ..., Xy,) is PDS. Propositions 3.7 and 3.8 mean that the
excess-of-loss reinsurance is the optimal strategy for an insurer to
minimize the certain risk measures of the retained loss.

IA

4. Explicit expressions for the retentions in the optimal excess-
of-loss treaty

In this section, we illustrate how to derive the explicit
expressions for the retentions in the optimal excess-of-loss treaty.
In general, it is difficult to derive such expressions due to the
complexity of dependent risks. Here, we consider the bivariate
case and assume that the company has two lines of business or
n = 2 in the individual risk model. We assume that X; and X, are
nonnegative random variables with distribution functions F; and
F, respectively.

To avoid tedious arguments, throughout this section, we
assume F](d]) =1- F](d]) > 0 and Fz(dz) =1- Fz(dz) >0
for any dq,d, € R. We will derive the explicit expressions for
(d7, d%) € Lsuch that

E[u(X; A d} + Xz A d3)]

= inf

]E[u(x1 Ady 4+ X3 A dz)],
(d1.dp)el

where

d] _
/ F1(x)dx
0

dy
+/ Fz(X)dX:p>O, d1,d220}.
0

L= Lg = {(dlvdz)

Moreover, we assume p < E[X;] + E[X;]. Otherwise, if p >
E[X1] + E[X5], then L = {(oc0, o0)}or L = @.

To derive the explicit solutions given in Theorems 4.4 and 4.5,
we need the following Lemmas 4.1-4.3. The proofs of these lemmas
are given in Appendix.

Lemma 4.1. On the set L, the mapping from d; to d, is one-to-
one. Denote the mapping as d, = L(dy). Then, L(d;) is continuous,

differentiable and strictly decreasing in d,, with % =— ;] EZ‘;.
2142

Lemma 4.1 means that the set L is a continuous and strictly
decreasing curve in the first quadrant and the inverse function L~!
of L is also continuous, differentiable and strictly decreasing.

To avoid tedious discussion, in the following, we further assume
E[X:] < pand E[X;] < p. Thus, both limits of limg, .o, L' (d)
and limg, .o L(dq) exist on the set L. We denote by d, =
limg, oo L7'(d>) and d, = limg,_  L(d,). Therefore, (d,, o0) is
the domain of the function L(d;) withlimg, 4, L(d;) = coand d, =
limg, _, oo L(d7). Furthermore, on the set L, d; | d; <= d; — o0.

In the following, we denote
M(d], dz) = ]E[U(X1 A dl +X2 A\ dz)], (d], dz) el.

Note that M(d,, d) = M(dy, L(dy)) is a univariate function of d;
on the set L.

Lemma 4.2. Let function u be continuous and monotonic such that
E[lu(X1+X3)|] < oo. Then M(dy, dy) = M(d;, L(dy)) is continuous
indy € (d;, oo) with

dlim M(dy, L(d1)) = M(c0, d,) = E[u(X; +X; A d,)]
1—>00
and
lim M(dy, L(dy)) = lim M(L™'(dy), d5) = M(d;, o0)
dqld; dy—o00

= E[u(X; Ad, +X)I. O

Lemma 4.3. Assume u(x) € C!(R), i.e. u'(x) is continuous on R. Then
%M(dh dy) is right continuous ind; € (d,, oo) and

ot _ ,
o M(dr. do) = Fid) (B0 (@ + X A da) [ Xi > di]
1

R (dy Xy Ady) [ Xy > dz]). 0 (42)

Now, applying the above preliminarily results, we can deter-
mine (d7, d;) € Lsuch that

E[(X; A d} + X A d5)’]

= inf  E[IYX) +1%2(%))2], (43)
(dy,dy)el
E[exp{s(X; A d} +X; A d})}]
= inf E[exp{sU?(X;) + %20} (4.4)
(dy,dy)el

Theorem 4.4. Assume (X, X,) is PDS and E[(X; + X;)*] < oo. For
dqy € (d;, 00), define

Ci(dy) = E[(X; — L(d1) A0 | Xy > dy]
—E[X; —dy) A0 | Xz > L(dy)].
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Denote ry = sup{d; | C;(dy) < 0} and r, = inf{d; | C;(d;) > 0O}.
Thend, < ry <1, < ooand forany di € [ry, 2], the retention
vector (df, L(dY)) is a solution to (4.3).

Proof. By setting u(x) = x* in (4.2) and noticing d, = L(d;), we

have

d"M(d;, do)
ad,

—E[(dy + X1 Ady) | X > dz])

= 2F1(d) (EL@: + X A dy) | X; > di]

- 2?1(d1)(ﬂ«:[(d1 X Ady) — (dy +dy) | Xg > di]
—El(dy + X1 Ady) — (dy +do) | X > d2]>

_ Zfl(dl)(IE[(Xz —d) AO|X; > di]
—E[(X; —d) AO | Xy > dz])

= 2F(dy) Ci(dy). (4.5)

Now we show that C;(dy) is an increasing function of d; in
(d, 00). In doing so, let dq,d| € (d;, oo0) and d; < dj. Since
Xa1 X1, we have X5 |(Xy > di) < Xz|(X; > d)), see, for example,
Barlow and Proschan (1981). Therefore, since (x — L(d;)) A 0 is
increasing in x and L(d;) > L(d)), by the definition of <, we have

E[(X; — L(d1)) A0 | Xy > di]
<E[(X; — L(d1)) A0 | X; > d] (4.6)
< E[(X; — L(d)) A0 | Xy > di],

which means that E[(X; — L(d1)) A0 | X; > d4] is increasing in d;.
Similarly, since (x — dq) A Ois increasing in x and d} > d;, we have

E[(X; —di) A0 | X; > L(d1)] > E[(X; —d1) AO | Xy > L(d))]
> E[(X; — d)) A0 | Xy > L(d))].

Thus E[(X; — d{) A O | X, > L(dy)] is decreasing in d;. Therefore
C1(dy) isincreasing ind; € (d;, 00).

In the following, we examine the limits of C;(d;) at two
endpoints d, and oo of the interval (d,, oo). For afixedd > d; >
d,, by (4.6), we have

E[(Xz — L(d1)) A0 | X1 > di] < E[(Xz — L(d1)) AO | X1 > d].
Then by the monotone convergence theorem, we have

lim E[(X; — L(dl)) A0 | X: > dq]
dild,
dild,
— E[lim (X, — L(d})) A0 | X; > d] = —o0, (4.7)
dild

where, the first limit exists because E[ (X, —L(d1)) AO | X; > dq]is
an increasing function of d; and the last equality follows from the
fact that limg, |4, L(d1) = o0.

Since X; > 0, we have E[(X; — d;) A0 | Xo > L(dy)] >
E[(=d1) AO | Xz > L(d1)] = —d;. Then, limg, |4, E[(X; —d1) A O |
Xy > L(dy)] = limg 4 (—dy) = —d;, which, together with
(4.7) and the definition of C;(d), implies limg, 4, C1(d1) = —o00.
Thus, there exists d; > d; such that C(d;) < 0, which implies
{d1 | Ci(d1) <0} # @ andry = sup{d; | Ci(d1) < 0} > d;.

Similarly, we have limg, 100 E[(X2 —L(d1)) AO | X > dq] > —d,
and limg, 400 E[(X1 — d1) A0 | X, > L(d;)] < —oo. Therefore,
limg, 400 C1(dy) = oo and thus {d; | Ci(d;) > 0} # ¢ and
I = 1Hf{d1 | C] (d]) > 0} < Q.

Since C;(dy) is increasing in dq, for any x € {d; | Ci(dy) <
0}, y € {dy | Ci(d1) > 0}, we have x < y, thusr; = sup{d; |

Ci(dy) < 0} < inf{d; | Ci(d;) > 0} = r,. According to the
definitions of ry and r,, we have C;(d;) < Oforalld; € (d;, r1)
and C;(d;) > Oforall d; € (rp, 00). Moreover, if d; > rq, then
Ci(dy) = 0; and if d; < 1y, then C;(d;) < 0. Therefore, C;(d;) =0
foralld; € (r1, 7).

By (4.5), we know that %M(dl,L(dl)) = 2F,(dy) C(dy)
has the same sign as C;(d;) on (d,, oo). Hence, M(dy, L(d}))
is strictly decreasing on (d,, r1), strictly increasing on (r, 00),
and a constant on (r7, r2) and thus a constant on [r;, r»] since
M(dy, L(dy)) is continuous. Therefore, infy, ¢4, 00y M(d1, L(d1)) =
M(d7, L(d})) for any di € [rq, r2]. Notice that M(dy, L(d1)) is
continuous in d; € (d,, 00), strictly decreasing on (d,, r1), and
strictly increasing on (r,, o). Thus, according to Lemma 4.2, for
any d; € [r, nl.M(d}.L(d)) < limg_oM(d L(d) =
M(oo, d,) and M(d7, L(d})) < limg, 4, M(dy, L(dy)) = M(d,, 00).
Hence, infy,cjg,, 0oy M(d1, L(d1)) = M(d7, L(d})) for any d] €
[r1, r2]. It completes the proof of the theorem. O

Theorem4.5. let s > 0 and assume (Xy,X;) is PDS and
E[exp{s(X; + X2)}] < oc. For d; € (d,, 00), let
C2(dy) = E[exp{s(Xz — L(d1)) A0} | X; > d4]
—Elexp{s(X; — d1) A0} | Xz > L(dy)].
Denote ry = sup{d, | C2(dy) < 0} and r, = inf{d; | C;(d;) > O}.

Thend, < r <1, < ooand forany dj € [r1, 2], the retention
vector (d, L(dY)) is a solution to (4.4).

Proof. By setting u(x) = e* in (4.2) and noticing d, = L(d;), we

have

d"M(dy, dy)
ad;
—E[s exp{s(X1 A d1)} | X2 > d>])

= F1(d1)(E[s exp{s(X; A dp)} | X1 > d1]

= sl Bt F, (dl)(E[exp{s(xz —dy) A0} | Xy > di]

— Elexp{s(X; — d1) A O} | X > dz])
= s T F,(d) Cy(dy).

Then, using the same arguments as in Theorem 4.4, we complete
the proof. The same arguments are omitted. O
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Appendix
Proof of Lemma 4.1. To show that the mapping is one-to-one, it

suffices to show that for any (d;, d;) and (d}, d;) € L, dy = d} if
and only if d, = dj. First assume d; = d}, recall that

d _ & _
/ Fi(x)dx + / Fo(x)dx
0 0

dq dy
:/ f1(x)dx+/ Fo(x)dx = p, (A1)
0 0
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we have fodz Fo(x)dx = fodz Fo(x)dx, or fddzz F,(x)dx = 0, which
implies d, = d;, since Fo(s) > 0, Vx € R.Similarly, d, = d;, implies
d; = d}. Therefore, on L, there is a one-to-one mapping from d,
to d>.

Differentiating the sEcond equation in (A.1) with respect to dq
on both sides, we have F{(d;) + F»(d>) % = 0, which implies that
ddy _ _ Fi(d1)
ddi T Fy(dp)

< 0.Thus L(d,) is strictly decreasing. O

Proof of Lemma 4.2. Since u(x) is monotonic, and X;,X; > 0,
then |u(X; Ady+X; Ady)| is bounded from above by either |u(0)| or
|[u(X; + X3)|, both of which are integrable. Therefore, according to
Lebesgue dominated convergence theorem, for any d; € (d;, 00),
we have

lind] M(s, L(s)) = E[ lindl uXy As+ Xy AL(S))]
s—>aq s—dq

= E[u(X1 A di + X3 AL(d1))] = M(dy, L(dv)),

which means that M (s, L(s)) is continuous at d;.
Similarly,

lim M(d, L(d4))

d{—o0

= lim E[u(X; Adj +Xo A L(d1))]

di—o0

= E[dllm U(Xl ANdi+Xo A L(d]))]

= E[u(X; + Xz A L(00))] = E[u(X; + Xz A dy)],
and

d111?411 M(d, L(d1))

dlim ML (dy), do)
h—00

lim E[u(X; AL7'(dy) + X3 A dy)]

dy— 00

E[dlim uX; AL (dy) + X2 A do)]
2—>OO

E[u(X; A L7"(00) + X,)]
= E[U(Xl /\Ql +X2)] O

Proof of Lemma 4.3. Denote f (w, s) = u(X;(w) As+X3(w)AL(S)),
then M(dq, d3) = E[f (w, dy)] = fgf(a), s)P(dw). Notice that for
any fixed w € £2, the right derivative of f (w, s) with respect to s
exists for any s € (d,, 00) and

+
?Tsf(a), ) =u' Xy As+ Xy AL(S))

as

Let[a, d;] C (d,, o0), thenforany (w, s) € £2 x[a, d], we have
0<XiAs+Xo AL(S) <s+L(s) <di; + L(a) < oo, since L(s) is
decreasing. Therefore 1’ (X; As+X; AL(s)) is bounded on £2 x [a, d;]
since u/(x) is continuous and thus bounded on the closed interval
[0, dq + L(a)]. Also, by Lemma 4.1, we have

( 8L(s))
X | {X; > s} + {Xy > L(s)} .

F] (s)
Fa(L(s))
F] (@)

—— <00
F3(L(a))

Therefore, %f(a), s) is bounded on £2 x [a, d;]. Denote the bound
as A, then

[

ot
gf(wa S)

i|ds§A(d1—a) < Q.

According to Fubini’s theorem, we could exchange the order of
integration and expectation:

di ot di g+
/ E [f(w, s)} ds=FE [/ —f(w, s)ds:| )
a as « OS

For any fixed w € £2, it is easy to verify that u(x) and g(s) =
X1(w) A's+ Xa(w) A L(s) satisfies Lipschitz condition on [0, di +
L(a)] and on [a, d;] respectively. Therefore f(w,s) = u o g(s)
also satisfies Lipschitz condition on [a, d;], and thus is absolute
continuous on [a, d,]. Then f (w, s) is differentiable with respect to
s almost everywhere on [a, d;], and the derivative is equal to the
right derivative. By Fundamental Theorem IT of Lebesgue integral,
we have

dq 8+ di 0
| st = [ L9 =f@.d) - f.a,
a S a 0S

Therefore,

dq a+
/ E [f(w, s)} ds
a as
di 5+
=E[f —f(w, s)ds]
a 08

= Elf (w, d1) — f(@, 9)] = M(dy, d3) — E[f (0, @)].

Since %f(w,s) is right continuous in s and is bounded on
[a, dq], according to Lebesgue dominated convergence theorem,

(A2)

+ . . . .
we have E [%—Sf(a), s)] is right continuous in s.

It is easy to show that if g (x) is right continuous and integrable
on closed interval I and G(x) = faxg(t)dt, where a € I, then

%G(x) = g(x), Vx € I. Thus, taking right derivative on both sides
of (A.2), we get

a+
—M(d,, d
od, (dy, d2)

A N ot
= 37611 ] E[asf(a), S)} dS:E[adlf(X,d])]

ad
=E I:u/(X1 A\ d] +Xo A dz) (H{X] > d]} =+ H{XZ > d2}8dz)i|
1

=E[u'(d1 + Xo A d2) I{Xq > di}]
_ F1(dy)
Fy(d>)

= F1(d) (B[ (d + X A do) | Xi > di]

E[u' (X1 A dy + dy) I{X > db}]

—EW(dy+ X Ady) | Ko > d2]>. (A3)

The last equality follows from the fact that E[X I{Y € B}] = E[X |
Y € BIP{Y € B} if P{Y € B} > 0. The right continuity of

%M(dh dy) is from (A.3). O
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