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1. Introduction

Notions of positive dependence and copulas play important
roles in modeling dependent risks. The invariant properties of
notions of positive dependence and copulas under increasing
transformations are often used in the studies of economics,
finance, insurance and many other fields. Throughout this paper,
‘increasing’ means ‘non-decreasing’ and ‘decreasing’ means ‘non-
increasing’. In the literature, some of these invariant properties
have been proved, while some were stated without proofs and have
been assumed to be true.

In this paper, we examine the notions of the conditionally
increasing (CI), the conditionally increasing in sequence (CIS),
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the positive dependence through the stochastic ordering (PDS),
and the positive dependence through the upper orthant ordering
(PDUO). The definitions of these notions will be defined later.

We first use two counterexamples to show that the statements
inTheorem 3.10.19 of Miiller and Stoyan (2002 ) about the invariant
properties of CI and CIS under increasing transformations are not
true. The counterexamples motivate us to verify the statements
of Theorem 3.10.19 of Miiller and Stoyan (2002) about the
invariant properties of other notions of positive dependence under
increasing transformations. Actually, it is easy to prove that most
of the notions of positive dependence mentioned in Theorem
3.10.19 of Miiller and Stoyan (2002) are preserved under increasing
transformations. However, it is not easy to verify if those notions
defined by using conditional expectations or conditional survival
functions, such as CI, CIS, and PDS, are preserved under increasing
transformations. It is straightforward to show that PDS is preserved
under strictly increasing transformations. Indeed, Theorem 2.1 of
Block et al. (1985) states that the negative dependence through
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the stochastic ordering (NDS), which is the counterpart of PDS, is
preserved under strictly increasing transformations. To the best
of our knowledge, the proof for the invariant property of PDS is
not available. Indeed, the proof is not trivial and we need to prove
several preliminary results.

As we know that there are connections between the notions
of positive dependence of a random vector and its copula. A
copula is the joint distribution function of a uniform random
vector (Ui, ..., U,) defined on [0, 1]". For any random vector
(X1, ..., Xp) with marginal distribution functions F;(x;) = P{X; <
xi}, i = 1,2,...,n, there exists a copula C such that the joint
distribution function of (Xi,...,X;) can be expressed as the
function of its marginal distributions through the copula C, namely,
forany (xq,...,x,;) € R",

PiX; <x1, ..., X0 <X} = C(F1(X1), ..., Fa(Xp)).
Such a copula C is called a copula of the random vector (X1, . .., X;)
or its joint distribution function. In particular, if (Xq,...,X;)

has continuous marginal distribution functions, then the joint
distribution function of (F;(X4), ..., F;(Xy)) is its unique copula.

Under certain conditions, some notions of positive dependence
of a random vector are the properties of its copula in the sense
that a random vector has a notion of positive dependence if and
only if its copula has the notion. In addition, some notions of
positive dependence of a random vector can be characterized
by its copula. Actually, we will show that a random vector
(X1, ..., X,)isPDS(PUDO)ifand only if (F; (X7), . . ., F,(X;,)) is PDS
(PDUO). Consequently, if (X1, ..., X;;) has the continuous marginal
distribution functions, then (X, ..., X,) is PDS (PDUO) if and only
if its copula is PDS (PDUO).

A very useful property of a copula is the invariance under
strictly increasing transformations on the components of a
continuous random vector or under increasing and continuous
transformations on the components of any random vector.
See, for example, Proposition 5.6. of McNeil et al. (2005),
Proposition 4.7.4 of Denuit et al. (2005), Theorem 3.4.3 of Nelsen
(2006), and Theorem 2.8 of Cherubini et al. (2004). Using the
properties of generalized left-continuous and right-continuous
inverse functions, we give rigorous proofs for the invariant
properties of copulas under increasing transformations on the
components of any random vector.

The invariant properties of notions of positive dependence and
copulas under increasing transformations are often used in the
studies of economics, finance, insurance and many other fields.
It is necessary for one to give a detailed study of these invariant
properties. In this paper, ‘=’ means ‘equal in distribution’.

The rest of the paper is organized as follows. In Section 2,
we revisit several notions of positive dependence including the
stochastically increasing (SI), CI, CIS, PDS, and PDUO. We use two
counterexamples to show that the statements in Theorem 3.10.19
of Miiller and Stoyan (2002) about the invariant properties of
Cl and CIS under increasing transformations are not true. We
prove that CIS and CI are preserved under strictly increasing
transformations. We give rigorous proofs for the invariant
properties of SI, PDS, and PDUO under increasing transformations.
These invariant properties enable us to show that a continuous
random vector is PDS (PDUO) if and only if its copula is PDS (PDUO).
In Section 3, using the properties of the generalized inverse
functions, we also give a rigorous proof for the invariant property
of copulas under increasing transformations on any random vector.
This result generalizes Proposition 5.6. of McNeil et al. (2005) and
Proposition 4.7.4 of Denuit et al. (2005). In Section 4, we give the
characterization of PDUO in terms of survival copulas.

2. The invariant properties of the notions of positive depen-
dence

In the literature, there are several notions of positive depen-
dence, which describe positive dependence for two random vari-
ables or two random vectors. We refer to Miiller and Stoyan (2002)
and Shaked and Shanthikumar (2007) for a detailed treatment of
these topics and to Denuit et al. (2005) for their applications in ac-
tuarial science and insurance. In this section, we will focus on the
notions of SI, CI, CIS, PDS, PDUO. The notions of SI, CI, CIS, and PDS
and their properties can be found in Block et al. (1985), Joe (1997),
Shaked (1977), and references therein. The PDUO will be defined
in this section. More notions of positive dependence can be found
in Colangelo et al. (2005) and references therein. A new character-
ization of CIS is given in Ferndndez-Poncea et al. (2011).

We recall that for a random vector Y = (Y, ..., Y,), a support
of Y, denoted by S(Y) or S(Yq, ..., Yy,), is a Borel set of R" such that
P{Y e S(Y)} = 1.

Definition 2.1. Let (X;, ..., X,) be a random vector and Y be a
random variable.

(1) Y is said to be stochastically increasing (SI) in random vector
(X1, ...,Xy), denoted as Y14 (Xq, ..., Xp), if P{Y >y | X1 =

X1, ..., Xn = Xy} is increasing in (x1, ...,x,) € SX1, ..., Xp)
for ally € R, or equivalently, Y14 (Xj, ..., X,) if and only
if Elu(Y) | Xy = Xx1,...,X, = Xu] is increasing in

(X1, ...,%,) € S(Xq, ..., Xp) for any increasing function u such
that the conditional expectation exists.

(2) (Xq,...,Xpy) is said to be stochastically increasing (SI) in ran-
domvariable Y, denoted as (X1, . .., Xp) 1Y, if E[u(Xy, ..., Xy)
| Y = y]isincreasing iny € S(Y) for any increasing function
u : R" — R such that the conditional expectation exists.

(3) (X1, ...,Xy,) is said to be conditionally increasing in sequence
(CS)ifXitg Xy, ..., Xi—g) foralli=2,...,n.

(4) (X1, ...,Xy,) is said to be positively dependent through the
stochastic ordering (PDS) if (Xi, ..., Xi—1, Xit1, ..., Xn) TgXi
foralli=1,...,n

(5) (X1,...,X,) is said to be conditionally increasing (CI) if
Xz (1ys - - - » Xz(m) isCISforall permutations w of (1, ..., n). O

The natural extensions of (Xi, ..., X;) 1Y and PDS are to de-
fine a notion of positive dependence by using the weaker condition
of the conditional survival function Pr{X; > x1,...,X, > x,]Y =
y} instead of using the stronger condition of the condition expec-
tation E[u(Xy, ..., X,)|Y = y]. Thus, we can define the weaker no-
tions of positive dependence than SI and PDS.

We first recall the definition of the upper orthant order.

Definition 2.2. Ann-dimensional randomvectorX = (Xi, ..., X,)
is said to be smaller than an n-dimensional random vector Y =
(Y, ...,Yy,) in the upper orthant order, denoted as X <,,Y, if
P{X;1 > x1,...,Xn > X} < P{Y7 > xq,...,Y, > x,} for any
X1,...,%) €R". 0O

Definition 2.3. Let X = (X1, ...
arandom variable.

(1) Xq,...,Xy,) is said to be weakly stochastically increasing
(WSI) in Y, denoted as (X, ..., Xp)tws Y, if P{X1 > xq,...,
X, > x, | Y = y}isincreasing iny € S(Y) for any
(X1, ...,%,) € R".

(2) (X1, ...,Xy,) is said to be positively dependent through the
upper orthant ordering (PDUO) if (X1, ..., Xi—1, Xix1, - - - » Xn)
tweXiforalli=1,2,...,n. O

, X;,) be arandom vector and Y be



J. Cai, W. Wei / Insurance: Mathematics and Economics 50 (2012) 43-49 45

Note that X1 Y is equivalentto X | Y = y1 <0 X | Y =y
for any y1,y, € S(Y) with y; < y,. It is clear that for two
random variables X and Y, X1 Y is equivalent to X1Y, and for
a bivariate random vector (X1, X»), (X1, X») is PDUO if and only if
(X1, X3) is PDS. In general, we have S| =—> WSI and PDS = PDUO.
In addition, we will see that PDUO can be characterized by the
survival copulas for continuous random vectors. Hence, it is easy
to construct a continuous PDUO random vector by copulas.

From the definitions, we know that CI, CIS, PDS, and PDUO
describe the notions of positive dependence for a random vector
and are defined by using conditional expectations or conditional
survival functions. We summarize their implications as follows:

Cl = CIS
and
Cl = PDS — PDUO.

Theorem 3.10.19 of Miiller and Stoyan (2002) states (without
proofs) that several common notions of positive dependence in-
cluding CIS, CI and PDS are preserved under increasing transfor-
mations. We first give two counterexamples, which show that the
statements of Theorem 3.10.19 of Miiller and Stoyan (2002) about
CIS and (I are not true.

Example 2.4 (CIS is Not Preserved Under General Increasing Trans-
formations). Let X and Y be two independent random variables.
Then it always holds that X + Y14X. Now, assume that X and Y
have the following probability functions: P(X = 0) =P(X = 1) =
0.5,P(Y =0) =04,P(Y = 1) =0.2,and P(Y = 2) = 0.4. Then
it is easy to check that

PX>0|X+Y=1)=PX=1|X+Y=1)=2/3,
PX>0|X+Y=2)=PX=1|X+Y=2)=1/3.

ThenE[X | X+Y =1]=2/3 > E[X | X+ Y = 2] = 1/3, which
means E[X | X + Y] is not increasingin X 4 Y.

Let X1 = X,X2 =X+Y, and X3 = X. Then (X],Xz,X3) is
CISsince X; = X + Y1gXs = X and E[u(X3) | X1 = x1,X; =
x] = E[u(X) | X = x1,X 4+ Y = x3] = u(x;) is increasing in x;
and x, for any increasing function u. Now, consider the increasing
transformations of fi(x) = 1 and f,b(x) = f3(x) = x, then
(iX1), f2(X2), 5(X3)) = (1, X + Y, X) is not CIS since E[f3(X3) |
X)), LX)] = EX | 1,X+Y] = E[X | X + Y] is not
increasing in X+Y. Therefore, CIS is not preserved under increasing
transformations. 0O

Example 2.5 (Cl is Not Preserved Under General Increasing Transfor-
mations). Assume the conditional distribution of X, conditioning on
Y, is given by the first table below. For instance, from the table,
P{X = 1| Y = 2} = 0.2. Assume the marginal distribution of
YisP{Y =i} = 1/3,i = 0, 1, 2. Thus, the conditional distribu-
tion of Y, conditioning on X, is given by the second table below.
For example, from the table, P{Y =2 | X = 1} = 2/7.

Xy o 1 2

0 04 02 04
1 02 03 05
2 02 02 06
YIX 0 1 2
1 1 1
0 2 1 3
2 3 2
1 i3 3
4 1 2
2 5 3 5

It is easy to verify that X1¢Y and Y1 ¢X. Consider the random
vector V = (Vq, V5, V3) = (X, Y, X). Obviously, V. = (Vq, V,, V3)

is CI. Consider the increasing transformations of f; (x) = (x — 1),
f2(x) = f3(x) = x. Now we examine the CI property of the random

vector (f1(V1), 2(V2), 3(V3)) = (X — 1)4, Y, X).

Note that
EX|(X—-1)4,Y)=@0,1D]=EX|0<X<1,Y=1]=0.6,
EX | (X—1D4+,Y)=(0,2)] = EX[|0=<X=<1Y =2]

= 0.5 < 0.6,

which means E[X|((X — 1),,Y) = (x, y)] is not increasing in x
and y, and thus X is not stochastically increasing in (X — 1), Y).
Therefore, (fi(V1), 2(V2), f3(V3)) = (X — D4, Y, X)isnotCl. O

However, we can show that the invariant properties of CIS and
CI hold under strictly increasing transformations. Furthermore, we
give rigorous proofs about the invariant properties of PDS and
PDUO under increasing transformations.

Definition 2.6. For an increasing function g : R — R, we denote
the generalized left-continuous inverse functionofg byg~! : R —
[—00, oo] and the generalized right-continuous inverse function of
gbyg " : R — [—00, 0o], which are defined as g~ (y) = inf{x |
g(x) > y}and g~ (y) = sup{x | g(x) < y} with the convention
inf{f)} = oo and sup{@} = —occ. O

Proposition 2.7. Assume random vector (Xi, ...
for any strictly increasing functions f;,i = 1, ...,

, Xy) is CIS. Then
n, random vector

(f1(X1), ..., fu(Xyp)) is also CIS.
Proof. For any k € {2,3,...,n}, we have o(fi(X1), ..., fi—1
Xk=1)) Co(Xq, ..., Xk—1). Thus,
ElfeXi) | fiX1), -+, fie1(Kem1)]
= E[E[fiX) | X1, ..., Xe1] [ 1K), -+, fem1 K—1)]
=EhXq, ..., Xe—1) 1 [1iXD, oo fime1 K1) ], (2.1)

where hg(x1, ..., Xk—1) = BlfiXp) | X1 = X1, ..., X1 = X1l
Since X1 (X1, - . . , Xk—1), by the definition of 1, we know that hy
is increasing in each argument. Recall that f; is strictly increasing.

Thus,fi_1 is increasing andfi_](fi(x)) = x. Therefore, by (2.1), we
have
ElfieXi) | fiX1), -+, fie1Kem1)]

= E[h(f; ' (s (Xl))’ e F 1 (Xae1)))

[ iXD), .., i1 K= )]

= he(f;7 A XD)s - fi (1 Kiem1))

=g(fiX1), -, fie1(Xe—1)), (2.2)
where g(x1, . .., Xk—1) = he(fy ' (x1), . .., f ' (xe—1)) is increasing

in each argument, which means fi, (Xg) 15 (f1(X1), - . -, fke1 Kk—1))-
It is interesting to note that the step (2.2) requires strict
increasingness and rules out increasingness. O

Corollary 2.8. Assume random vector (X, ..., Xy) is Cl Then for
any strictly increasing functions f;,i = 1,...,n, random vector
(fiXD), ..., fu(Xy)) is also CL

Proof. Itis straightforward from Proposition 2.7 and the definition
of C. O

For aset A C R, we denote the inverse image of the set A under
functiong : R — Rby g~ '(A) = {x € R | g(x) € A}. Thus, for any
yeR g () ={xeR|gx =y}
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For an increasing function g, we define the following three sets:

Fo={yeR|g '(ly) =0}
= {y € R| apoint does not exist
X € Rsuch that g(x) =y},
Fi = {y € R | g7'({y}) contains exactly one element}
= {y € R | there exists exactly one point
x € Rsuch that g(x) =y},
F, = {y € R | g7 '({y}) contains more than one element}
= {y € R | there exist more than one point
X € Rsuch that g(x) = y}.

Moreover, for an increasing function g, we recall that g has
at most countably many points of discontinuities and that if g is
discontinuous at x, then the left and right limits of g at x exist
with g(x—) < g(x+). Furthermore, since g is increasing, the sets
Fy, F1, F, are mutually disjoint and Fy U F; U F, = R. Note that if
g(x) € Fy, theng™'(g(x)) = x.

Lemma 2.9. If g is an increasing function, then the set F, is
countable.

Proof. For any y € F, there exist two points x{(y) < x,(y) in R
such that x;(¥), x2(y) € g~ '({y}), then g(x;(¥)) = g(x2(¥)) = y.
Thus g(x) = y for any x € (x1(y), x2(y)) since g is increasing.
Note that for any y; # y, € F,, the open intervals (x{(y1), X2(¥1))
and (x1(y2), x2(y2)) are disjoint. Therefore, there is a one-to-one
mapping between F, and the set of the mutually disjoint open
intervals of R and thus F, is countable. O

For increasing function g and random variablesX and Y = g(X),
denote F; = {y e i, | PlY =y} > 0}andF;, = {y € F, |
P{Y = y} = 0}, then F; and F, are disjoint and F; U F, = F,. From
Lemma 2.9, we know that F, is countable. Thus, P{Y € F;} = 0.
Note that ]P){Y € Fo} = ]P{X € Q)} = 0and FoUF UF3 UF4 = R.
Hence, P{Y eF, UF3} =1- ]P’{Y S F4} — P{Y S F()} =1

Furthermore, for any function u such that E[|u(X)|] < oo and
fory € F3, we define

B[O IY =y}
Q) = P{Y = y) .

Proposition 2.10. Let E[|u(X)|] < oo and g be an increasing
function. Then

EluX) [ gX)] = uX) {g(X) € Fi} + qu(g(X)) {g(X) € F5}.(2.3)

Proof. Let X be defined on the probability space (§2, §, P). Note
thatif g(X) € F;, theng~'(g(X)) = X. Denote Y = g(X) and

my(Y) = u@ "(Y)I{Y € Fi} + qu(Y) I{Y € F3}.

Thus, according to the definition of the conditional expectation, to
prove the expression (2.3), it is sufficient to show E[u(X) 4] =
E[my(Y)I4] for all A € o(Y). Forany A € o(Y), there exists
B € B(R)suchthatA = {Y € B} = {w € 2 | Y(w) € B}.
Recall that g7'(Y) = g '(g(X)) = XifY = g(X) € F; and
P{Y € F; UF3} = 1, we have

E[u(X) I4] = E[u(X) I{Y € B}]
= E[u(X){Y € BN (F; UF;)}]
= E[uX)I{Y € BNF;}] + E[uX)I{Y € BNF3}]

(2.4)

=Eluog (V) I{Y eBﬂFl}]—i-IE( Z u(X)JI{Y=yo})

Yo€BNF3

=E[uog ()Y € BNF}+ Y EuX)IY =y}l (25)
Yo€BNF3

=Eluog ' (MUY € BNF}I+ Y qu(0o)P{Y =yo} (26)
Yo€BNF3

=E[luog "(Y)I{Y € BNF}] 4+ E[qu(Y) {Y € BNF;}]
= E[m,(Y)I{Y € B}] = E[m,(Y) I,],

where (2.5) holds by the Lebesgue convergence theorem and (2.6)
holds by the definition of g, (y). O

Corollary 2.11. For increasing function g and random variable X, it
holds that X158 (X).

Proof. By Proposition 2.10, we have E[u(X) | g(X)] = my(Y),
where my,(Y) is defined by (2.4). In order to prove X1g(X), it
is sufficient to show that, for any increasing function u, m,(y) =
uog 'y € Fi} + qu(y) I{y € Fs}is increasinginy € F; U F;,
which is a support of Y since P(Y € F; UF3) = 1.

For any set A C R and the function u, we denote u(A) = {u(x) |
x € A}, sup{A} = sup{x | x € A} and inf{A} = inf{x | x € A}. Let
B(y) =g~ '({y}), then B(y) # ¥ forany y € F; U F5.Fory € F3, we
have

Eu)IY =y} _ EuX) HX € By}

T P(Y = y)
_ ESwpluBO X €BOI _ (oo
P{y =y}

Similarly, q,(y) > inf{u(B(¥))}. Ify € F1, we have inf{u(B(y))} =
u(g~'(y)) = sup{u(B(y))} since B(y) = {g~'(y)} is a single point
set in this case. Since for any fixed y € F; U F3, m,(y) is of the
form either u(g~'(y)) or q.(y), we have inf{u(B(y))} < m,(y) <
sup{u(B(y)}.

Consider y; < y, € F; UFs.Forany x; € B(y1), X, € B(y»), we
have g(x1) = y1 < ¥2 = g(x), then x; < x; since g is increasing.
Thus, u(x;) < u(xy) and then sup{u(B(y1))} < inf{u(B(y,))}.
Therefore my (y1) < sup{u(B(y1))} < inf{u(B(y2))} < my(y2). O

Proposition 2.12. Let X = (Xi,...,X,) be an n-dimensional
random vector and Y be a random variable. If X1gY, then
f(X)15g(Y) for any increasing functions f : R" — Rfandg : R —
R, where k € N.

Proof. First, it is easy to show that Xt Y = f(X)1Y. Indeed,
for any increasing function h : R* — R,hof : R" — R
is also increasing. By the definition of 1, we know that E[h o
fX1,...,Xy) | Y = ylisincreasing iny € S(Y), which means
f(X1a s 7XH)T51Y’

Then, to complete the proof, it is sufficient to show that
XtqY = X14g(Y). Denote Z = g(Y), note that 6(Z) C o (Y).
Thus, for any increasing function u : R" — R, we have

EluX) | Z] = E[E[u(X) | Y] | Z] = E[h.(Y) | Z], (2.7)

where h,(Y) = E[u(X) | Y] is increasing in Y since X4, Y. By the
properties of conditional expectations, we know that (2.7) implies
EluX) | Z = z] = E[hy(Y) | Z = z] for allz € S(Z), where
S(Z) is a support of Z. By Corollary 2.11, we have Y1Z and thus
hy(Y)1gZ. Therefore E[u(X) | Z = z] = E[hy(Y) | Z = z] is
increasing in z € S(Z), which implies that X1gZ. O

From Proposition 2.12, we immediately get the following
property.

Proposition 2.13. If random vector (Xi,...,X,) is PDS, then
(f1iX1), ..., fu(Xp)) is PDS for any increasing functions f;, i =
1,...,n. O
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Corollary 2.14. Random vector (X4, ..., Xy,) is PDS if and only if
(F1(Xy), ..., Fa(Xy)) is PDS, where F; is the distribution function of
X,',i: 1,...,1’1.

Proof. Since Fi(x),i = 1,...,n are increasing, according to
Proposition 2.13, we have (Xy, ..., X,) PDS implies (F;(X1), ...,
F,(X;,)) PDS. On the other hand, from Proposition A.4 of McNeil
etal. (2005), we know that X; = Fi_l o F;(X1) holds with probability
1foralli = 1,...,n. By Proposition A.3(i) of McNeil et al. (2005),
F7',i = 1,...,n are increasing. Thus, if (F(X1), ..., F(Xy)) is
PDS, by Proposition 2.13, we have (Fl’l oF1(X1), ..., Fn‘1 o Fp(Xy))

is PDS, and hence (X1, ..., X,) isPDS. O

Proposition 2.15. Assume g(x) and gi(x),i = 1,2,...,n, are
increasing functions. For random vector X = (Xi,...,X,) and
random variable Y, if X = (X, ..., X)) TwsY, then (g1(X1), ...,
En (X)) Pwsi& (V).

Proof. Since X1, Y, wehaveX | Y = y; <,, X | Y = y; for any
¥1,¥2 € S(Y) with y; < y,. Thus, by Theorem 6.G.3 of Shaked and
Shanthikumar (2007), we know that the upper orthant order <,, is
preserved under componentwise increasing transformations. Thus
we have (g1(X1), ..., 8. Xn)) | Y = ¥1 Suo(€1(X1), .- ., 8n(Xn)) |
Y = y, forany y;1,y, € S(Y) with y; < y,, which means
h@y) = P{g1(X1) > X1,...,8:.(X,) > x, | Y = y} is increasing
iny € S(Y) forany (xq, ..., x,) € R".
On the other hand, since o (g(Y)) € o (Y), we have

E[{g1(X1) > X1, ..., & Xn) > xn} | g(Y)]
= E[E[[{g1(X1) > X1, ..., & Xn) > xa} [ Y] | g(V)]
=E[h(Y) | g(M)].

According to Corollary 2.11, we have Y14g(Y), thus E[h(Y) | g(Y)
= y] is increasing in y € S(g(Y)), which implies P{g(X;) >
X1,...,8Xn) > x, | g(Y) = y}isincreasinginy € S(g(Y))
forany (x1,...,x;,) € R". O

Corollary 2.16. Assume g;j(x),i = 1,2, ..., n are increasing func-
tions. If random vector X = (X, . .., X;,) is PDUO, then (g,(X1), ...,
gn(Xy)) is PDUO. O

Proof. The proof follows immediately from the definition of PDUO
and Proposition 2.15. O

Corollary 2.17. Let F; be the distribution function of X; for
i = 1,...,n Then, (X1,...,X,) is PDUO if and only if
(F1(X1), ..., Fa(Xy)) is PDUO.

Proof. The proof is similar to that for Corollary 2.14 and is
omitted. O

Corollaries 2.14 and 2.17 imply that if (Xq,...,X;) has
continuous marginal distributions F;,i = 1,2,...,n, then
(X1, ..., Xy) is PDS (PDUO) if and only if its copula is PDS (PDUO).

3. Generalized inverse functions and the copula invariance

For the inverse functions g ! and g ~'* defined in Definition 2.6,
it is easy to check that g~! is left-continuous while g=1* is
right-continuous. The generalized inverse functions of increasing
functions appear in many studies. Below, we prove a property of
the generalized inverse functions, which will be used to derive the
invariant property of copulas under increasing transformations.

Proposition 3.1. Let g :
X,z €R

R — R be an increasing function and

(i) If g is left continuous, then g(x) < z ifand only if x < g7 * (2).
(i) If g is right continuous, then g(x) > z ifand only if x > g~ '(2).

(iii) The following implications hold: x < g~ T (z) = g(x) <
z=x<g " (.

Proof. (i) If g(x) < z,thenx € {y | g(y) < z} and thus
x < sup{y | g(¥) < z} = g7 (2). Conversely, ifx < g7 (2),
then g(x) < g(g~'*(2)) since g is increasing. Because g~ '+ (z) is
the supremum ofthe set {y | g(y) < z}, there exists a series {x,};2
in the set such that g(x,) < zandx, 1 g~ '*(z) asn — oo. Since
g is left-continuous, then g(g ™" (2)) = limy— 00 g(xy) < z. Thus,
g <gg @) <z

(ii) The statement is from Proposition A.3(iv) in McNeil et al.
(2005).

(iii) Assume x < g~ (2). If g(x) > z, theng(x) > g(y) for
ally € {t : g(t) < z}.Hence,x > yforally € {t | g(t) < z}
since g is increasing. Thus, x > sup{t | g(t) < z} = g7 " (2),
which contradicts the assumption of x < g~!T(z). Therefore,
x < g % (z) = g(x) < z. Furthermore, assume g(x) < z, then
xe{ylgy) <zjandthusx <sup{y |g(y) <z} =g '""(2). O

Lemma 3.2. Assume random variable X; has continuous marginal
distribution function F; fori=1,...,nand (X1, ..., X;) has copula
C.If f1, ..., fy areincreasing functions, then (f; (X1), . .., fu(Xy)) also
has the copula C.

Proof. Note that P{X; < xi,...,X; < X3} = C(Fi(X1),...,F,
(x2)). For any i = 1,...,n, we have P(X; = f '""(z;)} =
0 since X; has a continuous distribution function. According to
Proposition 3.1 (iii), we have for any i = 1,...,n,{X; <
@)} C i) < z) C {X; < f ()}, which, together with
P{X; = fi71+(2i)} = 0, implies that Ffi(Xi)(Zi) = P{fi(X;) < z;} =
P{X; < f'""(z:)} = Fi o f; " (z)). Therefore,

P{fi(X1) < z1,...,fu(Xa) < zn}
=PXi <fi @), .. X < f @)
=C(Frofy @), ..., Faofy " (z0)
= C(Fyx) (@), - -+ Fryx) (Z0)),
which means that C is also a copula of (f;(X7), ..., f(Xy)). O

Theorem 3.3. Assume f, ..., f, are increasing functions. If ran-
dom vector (Xi,...,X,) has copula C, then (fi(X1),...,[p(Xy))
also has the copula C.

Proof. Since random vector (X1, ..., X;) has copula C, by the last
paragraph of the proof for Theorem 5.3 of McNeil et al. (2005),
we know that there exists a uniform random vector (U, ..., U,)
defined on [0, 1]" such that (Uy, ..., U,) has distribution function
C@u, ..., uy)and (F;7 (UL, ..., By N (U) = (X1, - - - Xn)-

Thus, (fi(X1). . ... o) = (F1 (F{ ' (U1)), . ... fu(Fy ' (Up))) or
(X0, ... fa(Xn) and (fi(F7'(U). ... . fa(F; ' (Up))) have the
same joint distribution function and hence they have the
same copula. On the other hand, since f; o F,-’1 is increasing
and U; has the continuous marginal distribution function, by
Lemma 3.2, we know that (fi(F; ' (U1)), ..., fu(F;1(Uy))) and
(Uq, ..., U,) have the same copula C. Therefore, (f1(X1),...,fa
(X)) has the copula C aswell. O

Theorem 3.3 generalizes Proposition 4.7.4 of Denuit et al. (2005)
and Proposition 5.6. of McNeil et al. (2005).

4. The characterization of PDUO in terms of survival copulas

If the distribution function F; of X; is continuous fori = 1, ..., n,
then F;(X;) has the uniform distribution over [0, 1] and thus the
joint distribution function of (Fi(Xy), ..., F;(Xy)) is the unique
copula of (Xi,...,X;), which links the marginal distributions
of Xi,...,X,. This means that the PDS and PDUO properties
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P{U; > uy, ..., Uk > U, Upgr > Uggr, -0, U > U | U = g}

I P{U; > uq, ..., U > U, ..., Up > up} —PU > uy, ..., U > U+ Au, ..., Uy > Uy}
= lim

AUNO P{U, € (uk, e + Aul}
- lim 5(u1,...,uk,...,un)—E(ul,...,uk—i-Au,...,un)
T AuND Au

0 -
=——C(Uuq, ..., U, ..., Uy)

8uk

(4.1)

Box L.

of a continuous random vector can be characterized by their
copulas. Actually, if the joint distribution function of a continuous
random vector (Xi, ..., X,) is linked by a Gaussian copula, then
(X1, ..., Xy) is PDS if and only if all off-diagonal elements of the
covariance matrix in the Gaussian copula are non-negative. See, for
example, Joe (1997). Now, using Corollary 2.17, we could develop
a sufficient and necessary condition for PDUO in terms of survival
copulas.

Let (X1, ..., Xy) be a random vector with marginal distribution
functions Fy, . . ., F; and marginal survival functions F;(x;) = 1 —
Fi(x1), ..., Fa(x,) = 1 — Fy(x,). The joint survival function of the
random vectorisdenoted by F(xy, ..., X,) = P{Xq > Xq,...,X; >
Xn}, which is linked by a copula C as

Fx1, ... %) = C(E1(X1), - - - s Fa(n)).

Such a copula C is called a survival copula of the random vector
X1, ..., Xpy). See, for example, McNeil et al. (2005).

For a random vector (Xi, ..., X,) with continuous marginal
distribution functions Fi(x;)) = P{X; < x;} fori = 1,...,n,
the unique copula of (Xi,...,X,), denoted by C, is the joint
distribution of the uniform random vector (Ui,...,U;) =
(Fi(X1), ..., Fa(Xp)) valued on [0, 1]". We denote the survival
function of the copula C by C, which is the joint survival function
of the uniform random vector (Uy, ..., Uy) or C(xy,...,%;) =

P{Uy > X1, ..., Uy > x;}.Inthis case, let C be the joint distribution
of (1-Uy, ..., 1=U,), then, C is the survival copula of (X1, ..., X;)

and foru; € [0,1],i=1,2,...,n,

Clug, .. ) =CA—up, ..., 1—up.

See McNeil et al. (2005) for detailed discussions on survival
copulas.

Proposition 4.1. Assume (Xi,...,X,) has continuous marginal
distribution functions Fy, ..., F, with survival copula C. Then
(X1, ..., Xy) is PDUO if and only if C is concave in each argument.

Proof. Denote U; = Fi(X;),i = 1, 2, ..., n, then U; has a uniform
distribution over [0, 1]. According to Corollary 2.17, it is sufficient
toshow that (Uy, ..., U,) isPDUO if and only if C is concave in each
argument.

Let C be the survival function of (U, ..., Uy). Note that the
survival function C is decreasing in each argument and thus dif-
ferentiable with respect with each argument almost everywhere.
Thus, for any u; € [0,1] and k € {1,2,...,n}, Eq. (4.1) given
in Box I holds. Hence, (Xy, .. S X)Xk

—%kf(uh Up, ..., Uy) is increasing in u, € [0, 1] (almost every-

where) for any fixed uy, ..., Ug—1, Ugg1, - - ., Up &= Cis concave
in each argument. On the other hand, C(us, up, ..., u,) = C(1 —
uy, 1 —uy,..., 1 —uy). Hence, C(uy, ..., U, ..., U,) is concave
in uy if and only if C(uq, ..., u, ..., u,) is concave in uy. There-
fore, we conclude that continuous random vector (X, ..., Xy) is
PDUO if and only if their survival copula C is concave in each
argument. O

.y ka‘la Xk+]a .

Proposition 4.1 enables one to easily construct a PDUO random
vector by choosing a copula such that the copula is concave in each
argument. We give such an example below.

Example 4.2. Assume that the joint survival function of a con-
tinuous random vector (Xy, ..., X;) is linked by an Archimedean
copula with

n
Clur, uy, ..., up) =¥~ (Z W(uk)> :
k=1

ui € [0, 1], (4.2)

where the generator ¥~ !(x) is completely monotonic and the
function ¥ satisfies (1) = 0, limy_o¥(x) = oo, ¥'(x) < O,
and ¥”(x) > 0. R

Rewriting (4.2), we get ¥ (C) = ZZ=1 W (ug). Then, differen-
tiating with respect to u;, on both sides of the equation, we have

k=1,2,...,n,

'(C) x 2C = w'(uy). Therefore, 2 = %%) and
0’C  WOW W) — 'O K v ()
g v (O
_Wwar | wra w0
w'(C) 'l [ OP |

Recall that the survival copula C = E(ul, Up, ..., Uy) IS
a copula. By the Fréchet bounds for copulas, we have C =

C(ug, U, ..., uy) < min{uq,... ,Aun} < ug. Thus, C(uq, ..., uy)
is concave in each argument, or 3275 <Oforeachke {1,...,n},if
k
X)L o
——— isincreasing inx € [0, 1]. (4.3)
[¥' (0]

Hence, if the joint survival function of a continuous random
vector (Xy, ..., X,) is linked by the Archimedean copula (4.2), then
(X1, ..., Xy) is PDUO if (4.3) holds.

Two examples of the Archimedean copula satisfying (4.3) are
the multivariate Gumbel copula with ¥ (x) = (—Inx)?,0 > 1
and multivariate the Clayton copula with ¥ (x) =x? — 1, 6 > 0.
In both cases, the condition (4.3) holds. We refer to Miiller
and Scarsini (2005) for a detailed study of the relationships
between Archimedean copulas and other notions of positive
dependence. O
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