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ABSTRACT

In this paper the exact form of information matrix for Pareto(IV)

and related distributions is determined. The Pareto(IV) family being

very general includes more specialized families of Pareto(I),

Pareto(II), and Pareto(III), and the Burr family of distributions, as

special cases. These distributions, for example, arise as tractable

parametric models in actuarial science, economics, finance, and

telecommunications. Additionally, a useful mathematical result

with its own domain of importance is obtained. In particular, explicit

formula for the improper integral
R1

0
ððlogxÞm=ð1þ xÞ1þbÞ dx, with

b > 0 and non-negative integer m, is derived.
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1. INTRODUCTION

In this paper the exact form of (Fisher) information matrix for

Pareto(IV) and related distributions is determined. It is well-known

that information matrix serves as a valuable tool for derivation of

covariance matrix in the asymptotic distribution of maximum likelihood

estimators (MLE). As discussed in Serfling (1980), Sec. 4.1, under suita-

ble regularity conditions, the determinant (divided by the sample size) of

the asymptotic covariance matrix of MLE reaches an optimal lower

bound for the volume of the ‘‘spread ellipsoid’’ of joint estimators. In

the univariate case, this optimality property of MLE is widely used in the

‘‘robustness versus efficiency’’ studies as a quantitative benchmark for

efficiency considerations. See, for example, Brazauskas and Serfling

(2000a, 2000b), Hampel et al. (1986), Huber (1981), Kimber (1983a,

1983b), and Lehmann (1983), Chapter 5.

The Pareto(IV) family being very general includes more specialized

families of Pareto(I), Pareto(II), and Pareto(III), and the Burr family of

distributions, as special cases. These distributions are suitable for

situations involving relatively high probability in the upper tail. More

specifically, such models have been formulated in the context of actuarial

science, economics, finance, and teletraffic, for example, for distributions

of variables such as sizes of insurance claims, sizes of firms, incomes in a

population of people, stock price fluctuations, and length of telephone

calls. (See Arnold (1983) and Johnson et al. (1994), Chapter 19, for a

broad discussion of Pareto models, and their diverse applications.) New

application contexts continue to be found. For example, Crato et al.

(1997) have recently discovered Pareto-type tail behavior in the cost

distributions of combinatorial search algorithms.

As a by-product of the main result, a useful mathematical formula

(which plays a very important role in our derivations) is obtained. In

particular, explicit formula for the improper integral

Z 1

0

ðlog xÞm

ð1þ xÞ1þb
dx, ð1:1Þ

with b > 0 and non-negative integer m, is derived. Surprisingly, however,

computation of integral (1.1) has not been addressed in the mathematical
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literature including such comprehensive handbooks of mathematics as

Abramowitz and Stegun (1972) and Harris and Stocker (1998).

A hierarchy of Pareto models as well as their relation to the Burr

family is discussed in Sec. 2. Elements of the information matrix for

Pareto(IV), Burr, and related distributions are computed in Sec. 3.

Derivation of integral (1.1) along with other intermediate integrals and

formulas are presented in the Appendix.

2. PARETO(IV) AND RELATED DISTRIBUTIONS

As discussed in Arnold (1983), Chapter 3, a hierarchy of Pareto

distributions is established by starting with the classical Pareto(I)

distribution and subsequently introducing additional parameters which

relate to location, scale, shape, and inequality. Such an approach leads to

a very general family of distributions, called the Pareto(IV) family, with

the cumulative distribution function

FðxÞ ¼ 1� 1þ
x� �

�

� �1=�
� ���

, x > �, ð2:1Þ

where �1 < � < þ1 is the location parameter, � > 0 is the scale

parameter, � > 0 is the inequality parameter, and � > 0 is the shape

parameter which characterizes the tail of the distribution. We denote

this distribution by Pareto(IV) ð�, �, �,�Þ.

Note that in general statistical science there is no such type of param-

eters like ‘‘inequality.’’ Parameter � is called the inequality parameter

because of its interpretation in the economics context. That is, if we

choose � ¼ 1 and � ¼ 0 in expression (2.1), then parameter � (� � 1) is

precisely the Gini index of inequality.

Clearly, the other three types of Pareto distributions can be identified

as special cases of the Pareto(IV) family by appropriately choosing

parameters in Eq. (2.1) (see Arnold (1983), pp. 44–45):

Pareto(I) ð�, �Þ ¼ Pareto(IV) ð�, �, 1, �Þ,

Pareto(II) ð�, �, �Þ ¼ Pareto(IV) ð�, �, 1, �Þ,

Pareto(III) ð�, �, �Þ ¼ Pareto(IV) ð�, �, �, 1Þ:

The Burr family of distributions is also sufficiently flexible and enjoys

long popularity in the actuarial science literature (see, for example,
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Daykin et al. (1994) and Klugman et al. (1998)). However, even this

family can be treated as a special case of Pareto(IV):

Burr ð�, �, �Þ ¼ Pareto(IV) ð0, �, 1=�, �Þ

(see Klugman et al. (1998), p. 574).

In order to make the Pareto(IV) distribution a regular family, we

assume that parameter � is known and, without loss of generality, equal

to 0. (For regularity conditions on F and their interpretation, see, for

example, Serfling (1980), pp. 144–145.) Also, we note that this assump-

tion is not too restrictive for modeling purposes because in typical appli-

cations the lower limit of variables of interest is known. In insurance

and reinsurance context, for example, the lower limit is pre-defined by

a contract and can be represented as a deductible or a retention level.

(This perhaps is one of the main reasons why generality of the Burr

distribution remains sufficient for actuarial modeling.)

3. INFORMATION MATRIX FOR PARETO(IV)

Suppose X is a random variable with the probability density function

f�ð�Þ where � ¼ ð	1, . . . , 	kÞ. Then the information matrix Ið�Þ is the

k	 k matrix with elements

Iijð�Þ ¼ E�

@ log f�ðXÞ

@	i
�
@ log f�ðXÞ

@	j

� �

:

For the Pareto(IV) ð0, �, �, �Þ distribution, we have � ¼ ð	1, 	2, 	3Þ ¼

ð�, �,�Þ and the density function

f ðxÞ ¼
�

��
�

ðx=�Þ1=��1

ð1þ ðx=�Þ1=�Þ�þ1
: ð3:1Þ

Thus the required partial derivatives are

@ log f�ðxÞ

@	1
¼
@ log f ðxÞ

@�
¼
�

��
�
�þ 1

��
�

1

1þ ðx=�Þ1=�
,

@ log f�ðxÞ

@	2
¼
@ log f ðxÞ

@�
¼
�

�2
log

x

�

� �

�
�þ 1

�2
�
logðx=�Þ

1þ ðx=�Þ1=�
�
1

�
,

@ log f�ðxÞ

@	3
¼
@ log f ðxÞ

@�
¼ � log 1þ

x

�

� �1=�
� �

þ
1

�
:
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Note that for this problem the first two partial derivatives @2=@	i@	j
of f�ð�Þ exist and, therefore, an alternative (based on the second-order

derivatives) formula for computation of information matrix elements

may be used. We found, however, that, except for a couple of cases,

this approach does not simplify our derivations. Therefore it is not

pursued here.

Since the information matrix Ið�Þ is symmetric, it is enough to find

elements I11ð�Þ, I12ð�Þ, I13ð�Þ, I22ð�Þ, I23ð�Þ, and I33ð�Þ. Derivation of

these elements is based on the following strategy: first, we express each

Iijð�Þ, 1 � i � j � 3, in terms of integrals A1–A5, B1–B4, C1, C2, D1, D2,

which are defined (and their explicit formulas are presented) in Appendix

A.2; then, tedious algebraic simplifications yield the following formulas.

I11ð�Þ ¼

Z 1

0

@ log f ðxÞ

@�

� �2

f ðxÞ dx

¼
�

��

� �2

�
2�ð�þ 1Þ

ð��Þ2
� A1þ

�þ 1

��

� �2

� A2 ¼
�

ð��Þ2ð�þ 2Þ
,

I12ð�Þ ¼

Z 1

0

@ log f ðxÞ

@�
�
@ log f ðxÞ

@�

� �

f ðxÞ dx

¼
�
2

�3�
� B1�

2�ð�þ 1Þ

�3�
� B2�

�

�2�

ð�þ 1Þ2

�3�
� B3þ

�þ 1

�2�
� A1

¼
�

�2�ð�þ 2Þ
�
0ð1Þ �

�
0ð�Þ

�ð�Þ
þ
�� 1

�

� �

,

I13ð�Þ ¼

Z 1

0

@ log f ðxÞ

@�
�
@ log f ðxÞ

@�

� �

f ðxÞ dx

¼
1

��
�
�

��
� A3�

�þ 1

���
� A1þ

�þ 1

��
� A5 ¼ �

1

�� ð�þ 1Þ
,

I22ð�Þ ¼

Z 1

0

@ log f ðxÞ

@�

� �2

f ðxÞ dx ¼
�
2

�4
� B4þ

ð�þ 1Þ2

�4
� C2þ

1

�2

�
2�ð�þ 1Þ

�4
� C1�

2�

�3
� B1þ

2ð�þ 1Þ

�3
� B2

¼
�

�2ð�þ 2Þ

�
00ð�Þ

�ð�Þ
þ �

00ð1Þ þ 1

� �

þ
2ð�� 1Þ

�2ð�þ 2Þ
�
0ð1Þ �

�
0ð�Þ

�ð�Þ

� �

�
2�

�2ð�þ 2Þ
�
�
0ð�Þ

�ð�Þ
� �0ð1Þ,
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I23ð�Þ ¼

Z 1

0

@ log f ðxÞ

@�
�
@ log f ðxÞ

@�

� �

f ðxÞ dx

¼
1

�2
� B1�

�þ 1

��2
� B2�

1

��
�
�

�2
�D1þ

�þ 1

�2
�D2þ

1

�
� A3

¼
1

�ð�þ 1Þ

�
0ð�Þ

�ð�Þ
� �

0ð1Þ � 1

� �

,

I33ð�Þ ¼

Z 1

0

@ log f ðxÞ

@�

� �2

f ðxÞ dx ¼
1

�2
�
2

�
� A3þ A4 ¼

1

�2
:

Finally, elements I12ð�Þ, I22ð�Þ, and I23ð�Þ can be written in a simpler

form by using the polygamma functions  ðnÞðaÞ ¼ ðdn=danÞð�0ðaÞ=�ðaÞÞ,

for a > 0 and integer n � 0. Specifically, we use digamma  ðaÞ ¼  
ð0ÞðaÞ

and trigamma  0ðaÞ functions. Thus the information matrix, IP ð�Þ, for

the Pareto(IV) ð0, �, �, �Þ distribution is given by:

�

ð��Þ2ð�þ 2Þ

�  ð1Þ �  ð�Þ þ 1½ 
 � 1

�2�ð�þ 2Þ
�

1

��ð�þ 1Þ

�  ð1Þ �  ð�Þ þ 1½ 
 � 1

�2�ð�þ 2Þ

� ð ð�Þ �  ð1Þ � 1Þ2 þ  0ð�Þ þ  0ð1Þ
	 


þ 2ð ð�Þ �  ð1ÞÞ

�2ð�þ 2Þ

 ð�Þ �  ð1Þ � 1

�ð�þ 1Þ

�
1

��ð�þ 1Þ

 ð�Þ �  ð1Þ � 1

�ð�þ 1Þ

1

�2

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A

3.1. Special Cases

3.1.1. Burr(�, �,�) Distribution

Since the Burr distribution is a reparametrization of Pareto(IV)

ð0, �, �, �Þ, it follows from Lehmann (1983), Sec. 2.7, that its informa-

tion matrix IBð�Þ can be derived from J IPð�Þ J 0, where J is the

Jacobian matrix of the transformation of variables. Thus IB ð�Þ is then

given by:

�

ð��Þ2ð�þ 2Þ

�  ð�Þ �  ð1Þ � 1½ 
 þ 1

�ð�þ 2Þ
�

1

��ð�þ 1Þ

�  ð�Þ �  ð1Þ � 1½ 
 þ 1

�ð�þ 2Þ

�
2
� ð ð�Þ �  ð1Þ � 1Þ2 þ  0ð�Þ þ  0ð1Þ
	 


þ 2ð ð�Þ �  ð1ÞÞ
	 


�þ 2

�  ð1Þ �  ð�Þ þ 1½ 


�þ 1

�
1

��ð�þ 1Þ

�  ð1Þ �  ð�Þ þ 1½ 


�þ 1

1

�2

0

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

A
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3.1.2. Pareto(III) (0, �, �) Distribution

This is a special case of Pareto(IV) with � ¼ 1. Therefore third row

and third column (these represent information about parameter �) in

IPð�Þ vanish. And into expressions of the remaining elements we

substitute � ¼ 1. This yields

I�ð�; �Þ ¼

1

3ð��Þ2
0

0
1þ 2 0ð1Þ

3�2

0

B

B

B

@

1

C

C

C

A

¼

1

3ð��Þ2
0

0


2 þ 3

9�2

0

B

B

@

1

C

C

A

3.1.3. Pareto(II) (0, �,�) Distribution

This is a special case of Pareto(IV) with � ¼ 1. Therefore second row

and second column (these represent information about parameter �)

in IPð�Þ vanish. And into the remaining formulas we substitute � ¼ 1.

This yields

I��ð�; �Þ ¼

�

�2ð�þ 2Þ
�

1

�ð�þ 1Þ

�
1

�ð�þ 1Þ

1

�2

0

B

B

@

1

C

C

A

It should be noted here that information matrices I�ð�, �Þ and

I��ð�, �Þ are readily available in Arnold (1983), p. 210.

APPENDIX

A.1. Three Lemmas

Lemma 1. For b > 0 and non-negative integer m,

Z 1

0

ðlog xÞm

ð1þ xÞ1þb
dx ¼

1

�ð1þ bÞ

X

m

i¼0

m

i

� �

ð�1Þm�i �ðiÞð1Þ �ðm�iÞðbÞ,

ðA:1Þ

Information Matrix for Pareto(IV) 321



©2003 Marcel Dekker, Inc. All rights reserved. This material may not be used or reproduced in any form without the express written permission of Marcel Dekker, Inc.

MARCEL DEKKER, INC. • 270 MADISON AVENUE • NEW YORK, NY 10016

where �ðaÞ ¼
R1

0
xa�1e�x dx and �

ðnÞðaÞ ¼
R1

0
ðlog xÞn xa�1 e�x dx are

gamma function and its n-th order derivative, respectively.

Proof. We start with the following fact (Abramowitz and Stegun (1972),

p. 255):

1

xa
¼

1

�ðaÞ

Z 1

0

ta�1e�x t dt, x > 0, a > 0:

Next, after applying the above formula to the integral in Eq. (A.1) and

interchanging the order of integration we have

Z 1

0

ðlog xÞm

ð1þ xÞ1þb
dx ¼

1

�ð1þ bÞ

Z 1

0

tb e�t
Z 1

0

e�t x ðlog xÞm dx

� �

dt:

Further, substitution of variables z ¼ tx and application of the binomial

formula to ðlog z� log tÞm lead to the following expression

1

�ð1þ bÞ

Z 1

0

t b�1 e�t
Z 1

0

X

m

i¼0

m

i

� �

ðlog zÞi ð� log tÞm�i

" #

e�z dz dt:

Finally, simple reorganization of terms yields the result. v

Lemma 2. For b > 1 and integer n � 1,

�
ðnÞðbÞ ¼ ðb� 1Þ�ðnÞðb� 1Þ þ n�ðn�1Þðb� 1Þ, ðA:2Þ

where �ð�Þ and �ðnÞð�Þ denote gamma function and its n-th order derivative,

respectively.

Proof. Integration by parts of the first derivative of the gamma function,

�
0ðbÞ, leads to

�
0ðbÞ ¼ ðb� 1Þ�0ðb� 1Þ þ �ðb� 1Þ:

Differentiation of this equation n� 1 times yields Eq. (A.2). v

Lemma 3. For b > 0,

Z 1

0

logð1þ xÞ log x

ð1þ xÞ1þb
dx ¼

1

b

�
00ðbÞ

�ðbÞ
�

�
0ðbÞ

�ðbÞ

� �2

�
1

b

�
0ðbÞ

�ðbÞ
� �

0ð1Þ

� �

 !

,

ðA:3Þ
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where �ð�Þ and �ðnÞð�Þ denote gamma function and its n-th order derivative,

respectively.

Proof. Note that

Z 1

0

logð1þ xÞ log x

ð1þ xÞ1þb
dx ¼

d

d b
�

Z 1

0

log x

ð1þ xÞ1þb
dx

� �

:

Formula (A.1) and differentiation of the right-hand side yield (A.3). v

A.2. Useful Integrals

In all expressions below function f ðxÞ is the Pareto(IV) ð0, �, �, �Þ

density function given by Eq. (3.1).

Integrals A1�A5 are derived via straightforward integration.

A1 ¼

Z 1

0

f ðxÞ

1þ ðx=�Þ1=�
dx ¼

�

�þ 1
,

A2 ¼

Z 1

0

f ðxÞ

1þ ðx=�Þ1=�
	 
2

dx ¼
�

�þ 2
,

A3 ¼

Z 1

0

log 1þ ðx=�Þ1=�
	 


f ðxÞ dx ¼
1

�
,

A4 ¼

Z 1

0

log2 1þ ðx=�Þ1=�
	 


f ðxÞ dx ¼
2

�2
,

A5 ¼

Z 1

0

log 1þ ðx=�Þ1=�
	 


1þ ðx=�Þ1=�
f ðxÞ dx ¼

�

ð�þ 1Þ2
:

Integrals B1–B4 are computed by making use of formula (A.1).

B1 ¼

Z 1

0

logðx=�Þ f ðxÞ dx ¼ � �
0ð1Þ �

�
0ð�Þ

�ð�Þ

� �

,

B2 ¼

Z 1

0

logðx=�Þ

1þ ðx=�Þ1=�
f ðxÞ dx ¼

��

�þ 1
�
0ð1Þ �

�
0ð�Þ

�ð�Þ
�
1

�

� �

,

B3 ¼

Z 1

0

logðx=�Þ

ð1þ ðx=�Þ1=�Þ2
f ðxÞ dx ¼

��

�þ 2
�
0ð1Þ �

�
0ð�Þ

�ð�Þ
�
1

�
�

1

�þ 1

� �

,

B4 ¼

Z 1

0

log2ðx=�Þ f ðxÞ dx ¼ �
2

�
00ð1Þ � 2�0ð1Þ

�
0ð�Þ

�ð�Þ
þ
�
00ð�Þ

�ð�Þ

� �

:
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Lemmas 1 and 2 are applied in computation of integrals C1 and C2.

C1 ¼

Z 1

0

log2ðx=�Þ

1þ ðx=�Þ1=�
f ðxÞ dx

¼
��
2

�þ 1
�
00ð1Þ �

2�0ð�Þ

�ð�Þ

1

�
� �

0ð1Þ

� �

þ
�
00ð�Þ

�ð�Þ
�
2�0ð1Þ

�

� �

,

C2 ¼

Z 1

0

log2ðx=�Þ

ð1þ ðx=�Þ1=�Þ2
f ðxÞ dx ¼

��
2

�þ 2

 

�
00ð1Þ � 2�0ð1Þ

1

�
þ

1

�þ 1

� �

þ
�
00ð�Þ

�ð�Þ
þ

2

�ð�þ 1Þ
�
2�0ð�Þ

�ð�Þ

1

�
þ

1

�þ 1
� �

0ð1Þ

� �

!

:

Integrals D1 and D2 are derived by employing Lemmas 1–3.

D1 ¼

Z 1

0

logðx=�Þ logð1þ ðx=�Þ1=�Þ f ðxÞ dx

¼ �

 

�
00ð�Þ

�ð�Þ
�

�
0ð�Þ

�ð�Þ

� �2

�
1

�

�
0ð�Þ

�ð�Þ
� �

0ð1Þ

� �

!

,

D2 ¼

Z 1

0

logðx=�Þ logð1þ ðx=�Þ1=�Þ

1þ ðx=�Þ1=�
f ðxÞ dx

¼
��

�þ 1

 

�
00ð�Þ

�ð�Þ
�

�
0ð�Þ

�ð�Þ

� �2

�
1

�þ 1

�
0ð�Þ

�ð�Þ
� �
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