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9.1 IntroductIon

This article is motivated by application of thermo/photo/
optoacoustic tomography to mammography. Early experi-
mental work generated impressive reconstructions despite 
several simplifying assumptions about the physics of acous-
tic wave propagation and detection with standard ultrasound 
transducers [1−10]. Idealized thermo- and photoacoustic data 
represent spherical integrals, and reconstruction requires 
inverting the spherical Radon transform. Therefore, we use 
the acronym TCT for thermoacoustic computerized tomogra-
phy, to emphasize similarities with inversion of the standard 
Radon transform in x-ray computerized tomography (CT).

A clinically unrealizable assumption is that transduc-
ers may be placed at any point on a surface that completely 
encloses the object. Clinically realizable mammography data 
sets will permit roughly one-half of the desired measure-
ments because transducers may be placed only on the lower 
hemisphere of a tank in which the breast is immersed, as 
depicted in Figure 9.1. This deficiency is typically ignored, 
by simply zero-filling missing measurements. A computa-
tionally efficient method for extending incomplete data sets 
so that they obey a necessary and sufficient subset [11] of the 
consistency conditions upon idealized TCT data was derived 

in Ref. [12]. We validate these theoretical results numeri-
cally, demonstrating that enforcing consistency conditions 
can reduce low-frequency errors in reconstructions of zero-
filled partial-scan data. This permits tighter windowing of 
displayed images, improving visibility of low-contrast inclu-
sions that are washed out by a large display window.

9.1.1 MatheMatical Model

Pressures generated by TCT excitation are governed by the 
inhomogeneous wave equation with separable source term 
and homogeneous initial conditions [13]
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where b is the thermal expansion coefficient (in K−1), CP is the 
specific heat capacity at constant pressure (in units of J/kg/K) 
and νs is the speed of sound (in m/sec); Ae(x) is the specific 
energy absorption at point x (in J/m3/sec), and the dimension-
less function At(t) gives the temporal shape of the pulse. This 
model neglects several physical nonidealities, such as acoustic 
attenuation and nonconstant propagation speed, νs = νs(x), etc. 
For simplicity, we rescale, setting vs ≡ 1 ≡ b/CP. Photoacoustic 
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104 Photoacoustic Imaging and Spectroscopy

excitation pulses are often approximated as At(t) = δ(t) func-
tions, resulting in solutions for p related to integrals of the 
heating function, Ae, over spheres, as depicted in Figure 9.1a
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The inversion problem is to recover the absorptivity function, 
Ae(x), from measured data, p(x, t), where x lies on a two-
dimensional surface, S, surrounding the object. This implies 
that Ae is supported inside S. For the purposes of this paper, 
we assume Ae ≥ 0 and take a spherical measurement aperture, 
S = S2 = {x|||x|| = 1} parametrized with the standard (q, φ), so 
that x ∈ S implies

 x =
















sin cos

sin sin

cos

q ϕ
q ϕ
q

 

for q ∈[0, π] and φ ∈[0, 2π). We use the filtered backprojec-
tion (FBP) inversion as derived in Ref. [14] to reconstruct at 
points ||x|| < 1
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Application of thermoacoustics to breast imaging requires 
reconstructing at all points x below the equatorial plane. 
Fortunately, inversion Formula 9.3 weights data from admis-
sible transducer locations on S− more heavily than data from 
S+ for reconstruction points x below the equatorial plane. 

Numerical validation of TCT image reconstruction via FBP 
as in Ref. [15] is used to generate the results presented below.

9.1.2 Background: inversion ForMulae

Background material on this spherical Radon transform can 
be found in the texts [16–18], as well as recent review articles 
[19,20]. The first inversion formulae for RTCT were derived 
for planar [21], cylindrical, and spherical measurement aper-
tures. Note that these geometries correspond to isosurfaces 
of orthogonal coordinate systems for which the Laplacian is 
separable. Infinite series solutions were derived in the early 
1980s for spherical measurement apertures in two and three 
dimensions [22,23]. These solutions echo those found by 
Cormack for standard x-ray CT [24,25]. Inversion formulae 
of both FBP and r-filtered type were derived in Ref. [14] for 
odd-dimensions, n  ≥  3. A formula of backprojection-filter 
type was derived in Ref. [26]. Recently, inversion formulae 
of FBP type were announced for even dimensions [27]. An 
FBP inversion that holds for any dimension is derived in Ref. 
[28]; a computationally efficient implementation is demon-
strated in Ref. [29]. Sophisticated mollification of the high-
pass filter in FBP reconstruction is presented in Refs. [30–32]. 
All of these results hold only for a spherical measurement 
aperture, but Kunyansky recently derived a mathematically 
exact series solution for nearly general measurement surfaces 
[28]. Like their counterparts in x-ray CT, these reconstruc-
tions are relatively stable. Unlike x-ray CT, however, TCT 
reconstruction is inherently three dimensional, and therefore 
easily localized to regions of interest (ROIs). Several pho-
toacoustic laboratories are revisiting ultrasound detection 
methods that may impact the data model in Equation 9.2 
[33–47]. For example, Finch and Rakesh reconstruct from 
the normal component of measured pressures in Ref. [19], 
largely accounting for anisotropic sensitivity of flat piezo-
electric transducers.
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FIgure 9.1 The breast is immersed in a tank of water and transducers surround the exterior of the tank, S−. Integrals of the RF absorption 
coefficient over spheres centered at each transducer are measured. Only “partial-scan” data may be measured, as we cannot put transducers 
on S+.
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9.1.3  Background: uniqueness, invertiBility, 
consistency conditions

A plethora of mathematical results on invertibility of spheri-
cal Radon transforms and thermoacoustic pressures exist; 
only a brief overview follows. Injectivity sets are those on 
which identically zero measurements imply an identically 
zero imaging object—and therefore unique reconstruction of 
nonzero data. Injectivity sets for two-dimensional RTCT data 
are characterized in Ref. [48]; for a thorough survey of injec-
tivity RTCT in the plane see Ref. [49]. Injectivity in higher 
dimensions is discussed in Ref. [50].

The thermo- and photoacoustic effects map electromag-
netic (EM) absorptivity functions Ae to measured pressures, 
or equivalently spherical integrals of Ae.

 TCT : Ae(x) → p(x, t). (9.4)

The TCT map takes a function Ae(x) defined on x  ∈ R3 to a 
function p(x, t) defined on (x, t) ∈ R3 × R+. Clearly, the fact 
that the TCT map takes a function of three variables to a func-
tion of four variables implies the existence of very strong con-
sistency conditions upon measured pressures. The strongest 
consistency condition is the differential condition imposed by 
the acoustic wave Equation 9.1, which reduces the number of 
independent variables upon which p is a function. Knowledge 
of p on suitable three-dimensional manifolds in R3  ×  R+ per-
mits one to compute p in a four-dimensional volume bounded 
by the manifold by solving Equation 9.1. The domain of the 
TCT map is the class of all physically feasible—or consis-
tent—functions, Ae(x); the range contains all physically fea-
sible measurements, p(x, t). Characterization of the range is 
important because the range of a forward map is the domain 
of its inverse map. Consistency conditions upon measured 
data are often called range conditions in the mathematical lit-
erature. The range has recently been completely characterized 
for measurements restricted to the sphere in two space dimen-
sions [51]; in odd space dimensions n = 3,5,7, …  [52]; and also 
arbitrary dimensions [11].

The differential condition 9.1 implies that p(x,t) is closely 
related to spherical integrals of Ae in Equation 9.2, and this 
relationship can be inverted by the FBP Formula 9.3. Although 
integral conditions are weaker than differential conditions, 
they can be used to improve image quality (IQ). In x-ray CT, 
moment conditions may be used to detect faulty detector chan-
nels [53]. Below, we enforce some (but not all) of the integral 
consistency conditions to estimate data that cannot be mea-
sured by a clinical TCT breast imaging system, as depicted in 
Figure 9.1

9.1.4 liMited angle reconstruction

Mathematical results on tomographic inversion of partial-
scan data typically focus on the ability to recover “singu-
larities”, i.e., edges in the image. However, clinical imaging 
systems measure band-limited and discretely sampled data 
sets, from which true singularities cannot be recovered. 

Nevertheless, large gradients in reconstructed images, 
visually perceived as jumps or interfaces, can be recovered 
and provide diagnostic value. We therefore give a brief 
(and by no means complete) review of limited angle recon-
struction results. The “audible zone” of an object from a 
partial-scan data set refers to recoverable features [54] and 
is a particularly apt term for thermoacoustic tomography! 
Reconstruction of limited angle data is highly unstable 
outside of the “audible zone” for both standard x-ray CT 
[54–56] and spherical means, as measured in TCT [57] and 
SONAR [58]. Iterative reconstructions have already dem-
onstrated that good IQ can be attained within the audible 
zone [57,59–63], but at prohibitively high computational 
cost. A FBP method was used for the two-dimensional 
problem in Ref. [64]. We corroborate these iterative results, 
improving reconstruction of zero-filled data with a compu-
tationally cheap two-step direct method:

 1. Complete partial-scan data sets by enforcing low 
frequency consistency conditions on idealized TCT 
data.

 2. Reconstruct complete data set.

This direct method is not a panacea, but can quickly create 
the initial image for updating via standard iterative methods. 
The phantom used to demonstrate our method  (Figure ??) 
 consists of a large sphere centered at the origin in which 
Ae = 1 with low-contrast spherical inclusions, as described 
in Table 9.1. For fixed φ, the TCT analog of x-ray CT sino-
grams is shown in Figure 9.2a. Finally, time-series data 
measured by a single transducer near the equator is plotted 
in Figure 9.2b. Reconstructions of zero-filled partial-scan 
data suffer severe shading, which obscures the low-contrast 
occlusions. Extending partial-scan data by enforcing con-
sistency conditions reduces low-frequency errors, reduc-
ing window width and improving visibility of low contrast 
inclusions.

The backprojection step applies the adjoint operator to the 
Radon transform and therefore annihilates all errors that lie 
outside the range. Therefore, enforcing consistency conditions 
upon complete scan data typically does not improve IQ [53]. 
In this case, however, consistently extending partial-scan data 
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table 9.1
centers, eccentricities, and Weight for test Phantom

sphere number center radius Weight

1 (0,0,0) 0.9 1

2 (0,0,0) 0.03125 0.1

n = 3, … , 6 0.2 (0, cos(nπ/2), sin(nπ/2)) 0.03125 0.1

n = 7, … , 14 0.4 (0, cos(nπ/4), sin(nπ/4)) 0.03125 0.1

n = 5, … , 26 0.6 (0, cos(nπ/6), sin(nπ/6)) 0.03125 0.1

n = 27, … , 42 0.8 (0, cos(nπ/8), sin(nπ/8)) 0.03125 0.1

Note: The spherical background has constant density, f  ≡ 1, and inclusions 
have 10% contrast, f  = 1.1.
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106 Photoacoustic Imaging and Spectroscopy

adds signal to the data input into the reconstruction algorithm, 
increasing signal in the reconstructed image. Measurement 
errors may also propagate into estimated data, but the moment 
conditions are necessary and sufficient conditions upon the 
TCT transform, so enforcing them provides the most physi-
cally consistent method for estimating unmeasured data. The 
implementation presented below robustly estimates low fre-
quencies in unmeasured data. It is, therefore, extremely robust 
to high-frequency noise, but may propagate low-frequency 
measurement errors into estimates of unmeasured data.

9.2  theory: consIstency condItIons 
on Measured Pressures

We work with consistency conditions upon idealized TCT 
data that are direct analogs to the moment conditions upon 
the standard Radon transform and are derived for RTCT in 
Ref. [12]. We use them to derive similar moment conditions 
upon measured pressures, p(x, t), in Theorem 9.2.1. To provide 
theoretical background for this work, several recent results 
are restated for this particular problem. A strong sufficiency 
result stated in terms of monomial moment conditions is cop-
ied from Ref. [11] in Theorem 9.2.2. In Corollary 9.2.1, we 

restate these consistency conditions in a form that is similar to 
additional conditions that completely characterize the range, 
as recited in Theorem 9.2.3. The section closes with a brief 
comparison of the conditions and their relative strengths.

Theorem 9.2.1 TCT pressures generated according to 
Equation 9.1 can be expanded as a Legendre series for each 
transducer location x with only even terms

 
p t c P t

k
k k( ) ( ) ( )x x, =

=

∞

∑
0

2

 
(9.5)

where the coefficients, ck(x), are inhomogeneous poly-
nomials of degree 2(k − 1) in terms of the elements of x. 
Restricting x to the surface of a sphere, ||x|| ≡ r, implies 
deg ck ≤ (k−1).

Proof For simplicity, rescale so that S = {x|||x|| = 1/2} and 
supp Ae ⊂ B1/2. Furthermore, take the even extension of RTCT 
with respect to t, which therefore suggests an even extension 
of p with respect to t, p(x, −t) = p(x,t) with support only for 
t ∈[−1,1]. For each transducer location x, ck(x) are the stan-
dard Legendre coefficients
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FIgure 9.2 TCT pressures in the x1 − x3 plane where φ = 0.
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  = Q2(k − 1)(x) a polynomial of degree  
 2(k − 1) in elements of x  ∈ R3  (9.7)

 ck(x) = Q(k − 1)(x) a polynomial of degree  
 (k − 1) when ||x|| ≡ r. (9.8)

end proof

Note that Equation 9.7 holds because P2k(t) is an even poly-
nomial of degree 2k in t so ( ( )/ )P t tk′2  is also an even polyno-
mial of degree 2(k − 1) in t. As noted in Ref. [11], if monomial 
moments of data measured on the sphere extend from the 
sphere to its interior as described below, then the measure-
ments represent thermoacoustic pressures. The theorem is 
restated below for measured pressures in three dimensions,

Theorem 9.2.2 Let p(x, t) ∈ C∞(S × [0,1]) be measured data 
on the sphere of radius 1/2. Then p represents measured 
pressures generated by some source function Ae(x) iff the 
monomial moments
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extend from the sphere to its interior as polynomials bounded 
by | |<M Ck

kext  for some constant C and also satisfy the recur-
rence relation

  ∆Mk(x) = 2k(2k + 1). (9.10)

Another way to state the conditions used to derive 1 is given 
below for comparison to a larger set of conditions.
Corollary 9.2.1 TCT pressures generated according to 
Equation 9.1 satisfy

 0 2

1
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= ,
∈ =−
∫ ∫Φm
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t

P t p t dt d( ) ( ) ( )x x x
x

, (9.11)

where Φm
k  is a spherical harmonic of degree k and l = 0,1,2,.., 

(k − 1).
Different conditions that are both necessary and sufficient 

for measured data to represent thermoacoustic pressures are 
derived in Ref. [52].

Theorem 9.2.3 p(x, t) ∈C∞(S × R+) is in the range of the 
TCT transform for x|S iff

 0
0

1

= ,
∈ =
∫ ∫Φm

k

S t
lt p t dt d( ) ( ) ( )x x

x

cos ω x,  (9.12)

where Φm
k  is a spherical harmonic of degree k, ωl  >  0 is a 

root of the Bessel function Jk + 1/2(ω/2), and S is the sphere of 
radius 1/2.
In Corollary 9.2.1, a particular spherical harmonic Φm of 
degree k is orthogonal to exactly (k + 1) moments of the 
measured pressure, ∫ ,= −t lP t p t dt1

1
2 ( ) ( )x  for l = 0,1,2, … ,k. In 

contrast, Theorem 9.2.3 implies that Φm
k  is orthogonal to infi-

nitely many weighted integrals of p, ∫ ,= −t lt p t dt1
1 cos( ) ( )ω x

for l = 0,1,2, … ,∞. Fortunately, the necessary and sufficient 
monomial moment conditions in Theorem 9.2.2 are equiva-
lent to those enforced in Theorem 9.2.1.

9.3  aPPlIcatIon: consIstency 
condItIons on Measured Pressures

The simpler moment conditions in Theorem 9.2.1 are 
enforced to consistently extend partial-scan data, adding 
low-frequency signal where there would otherwise be zero-
valued data. Zero-filling partial-scan data for unmeasured 
transducer locations truncates coefficients, ck(x), converting 
them from low-order polynomials to very high-order func-
tions, as shown in Figure 9.3. The DC coefficient is always 
zero, c0(x) ≡ 0, and c1(x) is a nonzero constant
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C1 is a polynomial of degree zero, whereas for zero-filled 
 partial-scan data c1

PS ( )x  has a sharp discontinuity with respect 
to x at the equator, and is therefore no longer a  constant. 
Although the expansion of c1

PS ( ( ))x φ q,  is independent of φ, it 
is a complicated function of q
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is the indicator function supported on the lower hemisphere, 
S 2

−. With this scaling, t ∈[0,1] and for each transducer loca-
tion, the data p(x,t) are sampled with very high frequency 
in t. From these measurements, we first estimate ck(x) for 
all measured transducer locations qi ∈[π/2,π) and φj ∈[π/2,π) 
from Equation 9.6. (Note that if the measurement sphere 
were of a different radius, the coefficients in Equation 9.13 
and Equation 9.14 would change but the principle would still 
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apply.) The next step is to exploit the fact that ck is a (real-
 valued) polynomial of degree (k−1) in the coordinates of 
x ∈S, decomposing ck into spherical harmonics
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In an ideal situation, noise-free measurements are made for 
all points on S− and from all of these measurements { }dk

l m
k l m

,
, ,  

is accurately estimated. Knowledge of { }dk
l m

k l m
,

, ,  allows us to 
evaluate ck on S+, and plugging into Equation 9.5 we  evaluate 
p(x, t) for x ∈S+. For computational simplicity, results are pre-
sented for phantoms symmetric with respect to φ:

 Ae(x(r,q,φ)) = Ae(x(r,q,−φ)) = Ae(x(r,q,π + φ)) 
                                  = Ae(x(r,q,π−φ)), (9.16)

which implies symmetries on pressures measured on the 
sphere r = |x| = 1

 p(x(q,φ),t) = p(x(q,−φ),t) = p(x(q,π + φ),t) 
                                   = p(x(q,π−φ),t), (9.17)

using these facts along with the fact that for our experiments 
p(x, t)  ∈ R the expansions for coefficients ck can be simplified 
compared to Equation 9.15
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where fl is the floor function. Pl
m2 are polynomials, so ck is a 

polynomial with respect to cos q = x3 for fixed φ
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For the measured partial-scan data x  ∈ S− so x3 = cosq ∈[−1,0] 
because q ∈[π/2,π]. Rescaling makes ck into a new polyno-
mial over the interval [−1,1]. Let

 x̃  =  2x3 + 1∈[−1,1], (9.20)
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Numerically integrating ck(x̃, φ) against (Pl(x̃) / (2/(2l + 1))) for 
l = 0,1,2, … ,(k−1) computes dk

l ( )φ .
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9.4 nuMerIcal Methods

Many parts of human anatomy are nearly piecewise con-
stant with respect to the x-ray linear attenuation coefficient. 
Reconstructions of backprojection type tend to suffer streak 
artifacts off of edges, so phantoms with jump discontinuities 
are difficult to reconstruct accurately. Therefore, piecewise 
constant phantoms are commonly used to test standard x-ray 
CT reconstruction algorithms, and we also consider a piece-
wise constant phantom. Although RTCT(x, t) is continuous with 
respect to t for most physiologically relevant piecewise constant 
phantom functions, measured pressures are often discontinuous 
with respect to t as shown in Figure 9.2b. Polynomial expan-
sions of measured pressures may therefore converge slowly and 
high-order polynomial expansions are required to accurately 
model measured pressures according to Equation 9.5. We 
sample at finitely many times, tj, and can therefore estimate a 
limited number of coefficients ck(x) for each transducer loca-
tion, x. Furthermore, we sample only finitely many x  ∈ S− and 
measured data always contains noise. Therefore, we recover at 
best a band-limited representation, { }dk

l m
k K

,
≤ .
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In the results presented below, images are reconstructed 
by implementing the FBP Formula 9.3 as described in Ref. 
[15]. The phantom as described in Table 9.1, is a sum of indi-
cator functions on spheres so data are computed analytically 
by evaluating Equation 9.2. A spherical inclusion of radius a 
centered a distance L from transducer location x generates 
the pressure

 

p t
t t

t

L
L t a

L t
( ) ( )x, = ∂
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− −





 | − |<

1 2 2π χ
aa

L t a

t
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t
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( ).= −








 | − |<2 1π χ

This formula was evaluated numerically, assuming  transducer 
locations at 400 Gaussian quadrature nodes x3,i = cos qi ∈[−1,1] 
and 800 equally spaced angles φj = 2π( j/800). Partial-scan 
data has only transducers placed at 200 of 400 Gaussian 
quadrature nodes cosqi ∈[−1,0]. Each transducer samples 
with respect to the radial variable so that ∆t = 1/512. Centered 
finite differences, Gaussian quadrature with respect to cosq, 
and the trapezoid rule with respect to φ were used to evalu-
ate the inversion Formula 9.3. Noisy data reconstructions 
shown in this section correspond to additive white noise with 
σabs = 0.25 where

 pnoisy(x(qi,φj),tk) = ptrue(x(qi,φj),tk) + σabsX, (9.23)

where X ~ N(0,1) is a Gaussian random variable with mean 
zero and standard deviation 1 realized for each measurement 
point (qi, φj, tk) using MATLAB®’s ran dom number genera-
tor, “randn”.

9.4.1 coMputing MoMents, ck(x)

Because p(x,t) is discontinuous with respect to t, Equation 9.6 
was evaluated using the Trapezoid rule where vs∆t = 1/512. 
Higher order methods are even more unstable with respect to 
jumps in the integrand, however. Note that, in practice, sam-
pling rates on the order of 2E−9s = 2 ns are possible, yielding 
vs∆t = 1.5 mm/µs × 2E −9s = 3 µm. Ideal and noisy time series 
are plotted in Figure 9.4d and 9e. Estimating Legendre coef-
ficients according to Equation 9.6 results in an additive error 
according to

 c c
k

X t P tk k k, −
= + +

∫noisy abs( ) ( )
( )

( ) ( )x x σ 4 1

2 1

1

2 ddt . (9.24)

Clearly, the expected value of the 0th order coefficient is the 
true value, E(c0,noisy) = c0 and estimates of low order coeffi-
cients are robust to additive white noise. The statistical prop-
erties of error in numerical estimates can be analyzed
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(a)Degree 6 extension

(e) p(x,t) for x near θ = 45⁰(d) p(x,t) for x near equator
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where ∼X N( )0 2,σ  and σ2
1 2

2
2

21= / ∑ =N P t Pk
N

k k kt
t ( )∼  . 

Although the variances of the error term increases with data 
extension order, k, the expected value remains zero.

9.4.2  coMputing coeFFicients dk
l ( )φ

Measured data are sampled on standard Gaussian quadra-
ture nodes [−1,1], but only samples within the subinter-
val x3 ∈[−1,0] are measured. To evaluate Equation 9.22, 
we first linearly interpolated measurements for x3 ∈[−1,0] 
onto Gaussian quadrature nodes for x̃ ∈[−1,1]. Results pre-
sented here were computed by interpolating a subset of 200 
Gaussian quadrature nodes x3,i = cosqi ∈[−1,0] onto a com-
plete set of 200 Gaussian quadrature nodes x̃j ∈[−1,1]. This 
low-order interpolation contributes significantly to errors in 
the data extensions shown in Figure 9.4. Equation 9.22 was 
then evaluated using Gaussian quadrature, which is exact 
for low-degree polynomials and would therefore be math-
ematically exact for a true estimate of ck(x̃, φ) is a polyno-
mial in x̃.

9.4.3  estiMating unMeasured pressures p(x3, φ, t):  
staBility and coMputational cost

Plugging the coefficients dl
k back into Equations 9.21 and 9.5 

allows us to evaluate at the unmeasured transducer locations 
x  ∈ S+ where x̃ ∈[1,3]
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φ   (9.26)

where dl
k are computed from Equation 9.22. Extensions of 

half-scan data are shown in Figure 9.4 for extension degrees, 
XDeg = 6, 12, and 14.

9.4.3.1 stability
This is where instability of analytic continuation reveals itself. 
Errors in estimates of dl

k are amplified because Legendre 
 polynomials tend to blow up outside of the fit interval 
[−1,1] and we evaluate for x̃ ∈[1,3]. See Figure 9.5 for plots 
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FIgure 9.5 Legendre polynomials are orthogonal and bounded over the interval [–1,1], but blow up in the extension region [1,3].
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demonstrating the blowup of Legendre polynomials evaluated 
beyond the interval [−1,1]. Corresponding blowup can be seen 
in extensions of noisy Defrise data in Figure 9.4. This instabil-
ity limits the order, XDeg, of the fit we seek. Results presented 
below are for XDeg = 0, 6, 12, 14.

9.4.3.2 computational cost
Evaluating Equation 9.26 for all unmeasured transducer 
locations is relatively cheap compared to the cost of image 
reconstruction. Order of magnitude estimates for each step 
are listed in Table 9.2. Here Nq = 400, Nφ = 800, Nt = 1,024, 
and XDeg ≤ 14. The order of magnitude flop (floating point 
operations) count is O(Nt Nq Nφ XDeg), which is far less costly 

than the O(N 3NqNφ) cost of backprojecting onto an N 3 recon-
struction volume.

9.5 nuMerIcal results

Reconstructions of the φ = 0 plane from all combinations of 
noise-free and noisy vs. complete and zero-filled, partial-scan 
data are shown in Figure 9.6. Noise is additive white noise with 
σabs = 0.25 and max p(x,t)~2π × 0.9 = 5.7. Zero-filled partial-
scan reconstructions, i.e., with XDeg = 0, show affine shading 
in the vertical direction. Inclusions that are clearly detectable 
in the full scan reconstructions are barely discernable in the 
noise-free half-scan reconstruction and are lost entirely when 
noisy half-scan data is zero-filled. Reconstructions of noisy 
partial-scan data extended to varying degrees are displayed 
in Figure 9.7. Even the lowest order extension of degree 6 
corrects the low-frequency shading sufficiently so that all 
inclusions are visible. The degree-14 extension becomes 
unstable in the presence of noise, but extensions of degree 12 
and lower are stable and drastically improve IQ,  making 
most low-contrast inclusions visible. Profiles along the 
x3-axis plotted in Figure 9.7d demonstrate that low-frequency 
extension of partial-scan data reduces low-frequency  shading  
without enhancing noise in reconstructions below the equator. 
Reconstructions above the equator quickly become unstable, 
as indicated by the profile for XDeg = 14.

table 9.2
order of Magnitude Flop counts for Various steps in 
data extension

evaluate description no. Flops

Moments in Equation 9.21 Quadrature wrt t Nt Nq Nφ XDeg

Evaluate on Gauss quad nodes Interpolate wrt x̃ Nq Nφ XDeg

dk
l ( )φ  in Equation 9.22 Quadrature wrt x̃ Nq Nφ XDeg2

Right-most sums in Equation 9.26 Summations Nq Nφ XDeg2

Equation 9.26 Summations Nt Nq Nφ XDeg
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This is not surprising because data is estimated most 
 stably for transducer locations near the equator, as depicted 
in Figure 9.4. As one moves further from the measure-
ment surface S−, the more difficult it becomes to estimate 
 unmeasured pressures. Furthermore, the FBP inversion 
Formula 9.3 preferentially weights measurements taken close 
to the reconstruction point x. On average, for reconstruction 
points below the equator, measured data is weighted more 
heavily than estimated data. Furthermore, stably estimated 
data corresponding to transducer locations near the equator 
is weighted more heavily than data estimated for transducer 
locations near the north pole.

9.6 conclusIons

We have shown that partial-scan reconstructions of TCT 
data agree with theoretical predictions from integral 
geometry. Low-frequency shading degrades IQ when par-
tial-scan data is naïvely reconstructed by zero-filling miss-
ing data, as demonstrated in Figure 9.6d and e. Strong, 
but low- frequency shading across zero-filled partial-scan 
reconstructions can obscure low-contrast inclusions. 
Low-frequency extension of partial-scan data by enforc-
ing consistency conditions upon TCT data can remove 
low-frequency shading and therefore improve visibility of 
small, low-contrast inclusions.

Data extension by enforcing moment conditions up to 
degree 12 drastically reduced low-frequency shading and is 
robust to additive white noise in measured data. We dem-
onstrated this by using phantoms with sufficient symmetry 
to greatly simplify data fitting. Clinical implementation of 
this data extension method requires generalizing the data 

fits to asymmetric objects and fitting data for all transducer 
locations simultaneously, i.e., over all (qi, φj ).

This work shows that extensions up to degree 12 are fea-
sible and can improve visibility of low-contrast lesions over 
simple zero filling with minimal computational cost. This 
method of data extension could perhaps be used to quickly 
generate a good initial image for computationally costly 
iterative methods, thereby reducing the number of iterations 
required for high-quality image reconstruction.
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