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Abstract: We perceive the world through images formed by scatte-
ring. The ability to interpret scattering data mathematically has opened
to our scrutiny the constituents of matter, the building blocks of life,
and the remotest corners of the universe. Here, we present an approach
to image formation based on the symmetry properties of operations in
three-dimensional space. Augmented with graph-theoretic means, this
approach can recover the three-dimensional structure of objects from
random snapshots of unknown orientation at four orders of magnitude
higher complexity than previously demonstrated. This is critical for the
burgeoning field of structure recovery by X-ray Free Electron Lasers, as
well as the more established electron microscopic techniques, including
cryo-electron microscopy of biological systems. In a subsequent paper, we
demonstrate the recovery of structure and dynamics from experimental,
ultralow-signal random sightings of systems with X-rays, electrons, and
photons, with no orientational or timing information.
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niqi, M. Bott, S. Schorb, D. Rupp, M. Adolph, T. Gorkhover, H. Hirsemann, G. Potdevin, H. Graafsma, B. Nils-
son, H. N. Chapman, and J. Hajdu, “Single mimivirus particles intercepted and imaged with an X-ray laser,”
Nature470, 78–81 (2011).

3. J. Frank, “Single-particle imaging of macromolecules by cryo-electron microscopy,” Annu. Rev. Biophys.
Biomolec. Struct.31, 303–319 (2002).

4. N. Fischer, A. L. Konevega, W. Wintermeyer, M. V. Rodnina, and H. Stark, “Ribosome dynamics and tRNA
movement by time-resolved electron cryomicroscopy.” Nature466, 329–333 (2010).

#162794 - $15.00 USD Received 9 Feb 2012; revised 11 May 2012; accepted 16 May 2012; published 23 May 2012
(C) 2012 OSA 4 June 2012 / Vol. 20,  No. 12 / OPTICS EXPRESS  12799



5. J. B. Tenenbaum, V. de Silva, and J. C. Langford, “A global geometricframework for nonlinear dimensionality
reduction,” Science290, 2319–2323 (2000).

6. S. T. Roweis and S. K. Saul, “Nonlinear dimensionality reduction by locally linear embedding,” Science290,
2323–2326 (2000).

7. M. Belkin and P. Niyogi, “Laplacian eigenmaps for dimensionality reduction and data representation,” Neural
Comput.13, 1373–1396 (2003).

8. D. L. Donoho and C. Grimes, “Hessian eigenmaps: New locally linear embedding techniques for high-
dimensional data,” Proc. Natl. Acad. Sci. U.S.A.100, 5591–5596 (2003).

9. R. R. Coifman, S. Lafon, A. B. Lee, M. Maggioni, B. Nadler, F. Warner, and S. Zucker, “Geometric diffusions
as a tool for harmonic analysis and structure definition on data,” Proc. Natl. Acad. Sci. U.S.A.102, 7426–7431
(2005).

10. R. R. Coifman and S. Lafon, “Diffusion maps,” Appl. Comput. Harmon. Anal.21, 5–30 (2006).
11. R. R. Coifman, Y. Shkolnisky, F. J. Sigworth, and A. Singer, “Reference free structure determination through

eigenvectors of center of mass operators,” Appl. Comput. Harmon. Anal.28, 296–312 (2010).
12. A. L. Ferguson, A. Z. Panagiotopoulos, P. G. Debenedetti, and I. G. Kevrekidis, “Systematic determination of

order parameters for chain dynamics using diffusion maps,” Proc. Natl. Acad. Sci. U.S.A.107, 13597–13602
(2010).

13. A. Singer, R. R. Coifman, F. J. Sigworth, D. W. Chester, and Y. Shkolnisky, “Detecting consistent common lines
in cryo-EM by voting,” J. Struct. Biol.169, 312–322 (2010).

14. http://www.youtube.com/watch?v=uat-1voeP3o.
15. P. Schwander, D. Giannakis, C. H. Yoon, and A. Ourmazd, “The symmetries of image formation by scattering.

II. Applications,” Opt. Express (2012). (submitted).
16. R. W. Gerchberg and W. O. Saxton, “A practical algorithm for the determination of the phase from image and

diffraction plane pictures,” Optik35, 237–246 (1972).
17. J. R. Fienup, “Reconstruction of an object from the modulus of its Fourier transform,” Opt. Lett.3, 27–29 (1978).
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1. Introduction

We perceive by constructing three-dimensional (3D) models from random sightings of objects
in different orientations. Our ability to recognize that we are seeing a profile even when the
face is unknown [1] suggests that perception may rely on object-independent properties of the
image formation process. The discovery of these properties would underpin our mathematical
formalisms, enhance our computational reach, and allow us to recover the structure and perhaps
dynamics of complex systems such as macromolecules.

Here, we show that image formation by scattering possesses specific symmetries, which stem
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from the nature of operations in three-dimensional (3D) space.This follows from a theoretical
framework, which considers the information contained in a collection of random sightings of
an object. An example is a collection of two-dimensional (2D) snapshots of a moving head, or
a rotating molecule. We show that the information gleaned from random sightings of an object
by scattering onto a 2D detector can be represented as a Riemannian manifold with properties
resembling well-known systems in general relativity and quantum mechanics. As demonstrated
below and in a subsequent paper, this allows one to efficiently construct models of an object and
its dynamics from random, ultralow-signal snapshots, as obtained, e.g., from single biological
molecules by X-ray Free Electron Lasers [2] and cryo-electron microscopy [3,4].

More generally, it is now well-established that numerical data clouds give rise to manifolds,
whose properties can be accessed by powerful graph-theoretic methods [5–10]. However, it
has proved difficult to assign physical meaning to the results [11, 12]. Using tools developed
in differential geometry, general relativity, and quantum mechanics, we elucidate the physical
meaning of the outcome of graph-theoretic analysis of scattering data, without the need for
restrictive a priori assumptions [13]. Finally, perception can be formulated as learning some
functions on the observation manifold. Our approach is then tantamount to machine learning
with a dictionary acquired from the empirically accessible eigenfunctions of well-known oper-
ators.

After a brief conceptual outline in Sec. 2, we summarize relevant previous work in Sec. 3.
The symmetry-based scheme for analyzing scattering data is developed in Sec. 4, and the util-
ity of these concepts demonstrated in Sec. 5 in the context of simulated images from X-ray
scattering. We present our conclusions in Sec. 6. Material of a more technical nature, including
mathematical derivations and algorithms, is provided in Appendices A and B. A movie of a re-
constructed object in 3D is presented as online material [14]. Further applications are described
in a subsequent paper [15], hereafter referred to as Paper II.

2. Conceptual outline

We are concerned with constructing a model from sightings of a system viewed in some pro-
jection, i.e., by accessing a subset of the variables describing the state of the system. A 3D
model of an object, for example, can be constructed from an ensemble of 2D snapshots. Each
snapshot can be represented by a vector with the pixel intensities as components. A collection
of snapshots then forms a cloud of points in some high-dimensional data space (Fig. 1). In fact,
the cloud defines a hypersurface (manifold) embedded in that space, with its dimensionality
determined by the number of degrees of freedom available to the system. Snapshots from a
rotating molecule, for example, form a 3D hypersurface.

This perspective naturally leads one to use the tools of differential geometry for data analysis,
with the metric playing a particularly important role. In non-technical terms, one would like to
relate infinitesimal changes in a given snapshot to the corresponding infinitesimal changes in
orientation giving rise to the changes in the snapshot. In other words, one would like to relate
the metric of the data manifold produced by the collection of snapshots to the metric of the
manifold of rotations. This would allow one to determine the rotation operation connecting
any pair of snapshots. The problem, however, is that the metric of scattering manifolds is not
simply related to that of the rotation operations. We solve this problem in two steps. First, we
show that the metric of the data manifold can be decomposed into two parts, one with high
symmetry, and an object-specific “residual” with low symmetry. Second, using results from Lie
group theory, we show that the eigenfunctions of the high-symmetry part are directly related
to those of the manifold of rotations. This allows one to deduce the snapshot orientations from
the high-symmetry part, which is the same for all objects, and use the object-specific part as a
fingerprint of each object.
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We conclude this section with four observations. First, real datasetsnecessarily contain a
finite number of observations. As such, they must be treated by graph-theoretic means, which
tend to the differential geometric limit under appropriate conditions. This issue is addressed
below, as needed. Second, we have not distinguished between image and diffraction snapshots.
If the dataset consists of the latter, each snapshot, or a reconstructed 3D diffraction volume must
be inverted by so-called phasing algorithms [16–18]. As this procedure is well established, we
do not address it further. Third, the discussion is restricted to the effect of operations on objects
with no symmetry. The case where the object itself has specific symmetries will be treated
elsewhere. Finally, the knowledge gained in the course of our analysis is sufficient to navigate
from any starting point to any desired destination on the manifold; i.e., given any snapshot,
produce any other as required. This is, of course, tantamount to possessing a 3D model of the
object. As this approach is somewhat unfamiliar, we provide actual 3D models to demonstrate
the power of our approach.

3. Previous work

In order to place our work in context, we present a brief summary of previous work. As a review
is beyond the scope this paper, the summary is necessarily brief, leaving out much excellent
work in this general area.

When the snapshots emanate from known object orientations and the signal is adequate,
powerful tomographic approaches [19–21] can be employed. 3D models can also be constructed
when the snapshot orientations are unknown and the signal is low [3] [signal-to-noise ratio
(SNR)∼−5 dB], or extremely low [22–24] (∼10−2 scattered photons per Shannon pixel with
Poisson noise and background scattering). Finally, efforts are underway to recover structure,
map conformations, and determine dynamics (“3D movies”) from random sightings of identical
objects [2], or non-identical members of heterogeneous ensembles [4, 24, 25] and/or evolving
systems [4,24].

Data-analytical approaches now include powerful graph-theoretic and/or differential geo-
metric means to deduce information from the global structure of the data representing the
(nonlinear) correlations in the dataset [5–10, 26, 27]. Ideally, this structure takes the form of
a low-dimensional manifold in some high-dimensional space dictated by the measurement ap-
paratus (see Fig. 1). These so-called manifold-embedding approaches are in essence nonlinear
(kernel) principal components techniques [28], which seek to display in some low-dimensional
Euclidean space the manifold representing the correlations in the data. While powerful, such
approaches face three challenges: computational cost; robustness against noise; and the assign-
ment of physical meaning to the outcome of the analysis, i.e., physically correct interpretation.

Bayesian manifold approaches [22, 29] and their equivalents [23, 30] are able to operate
at extremely low signal, but require prior knowledge of the manifold dimensionality and its
physical meaning. They also display extremely unfavorable scaling behaviors [22–24, 30]. It
has thus not been possible, for example, to reconstruct objects with diameters exceeding eight
times the spatial resolution, severely limiting the size of amenable objects and/or the resolution
of the reconstruction.

Non-Bayesian graph-theoretic methods are computationally efficient, but tend not to be ro-
bust against noise [31,32]. More fundamentally, it has proved difficult to assign physical mean-
ing to the outcome of graph-theoretic analyses [11], in the sense that the meaning of the space
in which the data manifold is embedded is unknown. Strategies to overcome this problem have
included exploring the graph-theoretic consequences of specific changes in model systems [12],
making restrictive assumptions about the nature of the data, and/or extracting specific informa-
tion from the data first and subjecting this information to graph-theoretic analysis [11,13].

In this paper, we present a computationally efficient theoretical framework capable of inter-
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Fig. 1. Intensity values of a snapshot on a detector withn pixels, represented as ann-
dimensional vector. Changes in the object or its position alter the snapshot, causing the
vector to trace out a manifold in then-dimensional data space. The dimensionality of man-
ifold is determined by the number of degrees of freedom available to the object. For in-
stance, the rotations of a rigid object give rise to a 3D manifold.

preting the outcome of graph-theoretic analysis of scattering data without restrictive assump-
tions. Using this approach, we demonstrate 3D structure recovery from 2D diffraction snap-
shots of unknown orientation at computational complexities four orders of magnitude higher
than hitherto possible [22, 23]. In Paper II, we show that this framework can be used to: (1)
recover structure from simulated and experimental snapshots at signal levels∼ 10× lower than
currently in use; and (2) reconstruct time-series (movies) from ultralow-signal random sight-
ings of evolving objects. In sum, therefore, our approach offers a powerful route to recovering
structure and dynamics (3D movies) from ultralow-signal snapshots with no orientational or
timing information.

4. Symmetry-based analysis of scattering data

In this section we develop a mathematical framework for analyzing ensembles of 2D snap-
shots, using far-field scattering by a single object as a model problem to focus the discussion
(see Sec. 4.1). (For a less mathematical description, see Paper II, section 3.) The basic principle
of our approach, laid out in Sec. 4.2, is that the data acquisition process can be described as
a manifold embeddingΦ [33, 34], mapping the set of orientations of the object, SO(3), to the
(Hilbert) space of snapshots on the detector plane. As a result, the differential-geometric prop-
erties of the rotation group formally carry over to the scattering dataset. In particular, the dataset
can be equipped with a homogeneous Riemannian metricB, whose Laplacian eigenfunctions
are the well-known WignerD-functions [35–37]. Here, a metric is called homogeneous if any
two points on the data manifold can be connected via a transformation that leaves the metric in-
variant. We refer to this class of transformations as symmetries. In Sec. 4.3, we show that taking
advantage of symmetry, as manifested in the properties of homogeneous metrics on SO(3) [38],
leads to a powerful means for recovering snapshot orientations and hence the 3D structure of
objects.

A number of sparse algorithms [7,10] are able to compute discrete approximations of Lapla-
cian eigenfunctions directly from the data. However, these algorithms do not provide the eigen-
functions associated withB, but rather the eigenfunctions of an induced metricg associated
with the embeddingΦ (i.e., the measurement process). The properties of this induced metric
are discussed in Sec. 4.4. There, we show thatg is not homogeneous, but admits a decompo-
sition into a homogeneous metric plus a residual. The homogeneous part ofg corresponds to a
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well-known solution of general relativity (the so-called Taubsolution [39]), which has the im-
portant property of preserving the WignerD-functions as solutions of the Laplacian eigenvalue
problem [38]. As described in Sec. 4.5 (and demonstrated in Sec. 5 and Paper II), this prop-
erty applies to a broad range of scattering modalities, and can be exploited to perform highly
accurate 3D reconstruction in a computationally-efficient manner.

4.1. Image formation

We first treat image formation as elastic, kinematic scattering of unpolarized radiation onto
a far-field detector in reciprocal space [40], where each incident photon can scatter from the
object at most once (kinematic scattering), and energy is conserved (elastic scattering). We
show later that our conclusions are more generally applicable. In this minimal model, illustrated
in Fig. 2, an incident beam of radiation with wavevectorqqq1 = Qzzz (we setQ > 0 by convention)
is scattered by an object of densityρ(uuu) with Patterson functionP(uuu) =

∫

duuu′ ρ(uuu′)ρ(uuu−uuu′) =
P(−uuu), whereuuu anduuu′ are position vectors inR3. The structure-factor amplitude at point~r on
a detector plane fixed at right angles to the incident beam is given by the usual integral,

a(~r) =

[

ω(~r)
∫

duuuP(uuu)exp(((iuuu ···qqq(~r))))

]1/2

, (1)

whereω(~r) is an obliquity factor proportional to the solid angle subtended atuuu = 000 by the
detector element at~r, andqqq(~r) is the change in wavevector due to scattering. In elastic scattering
we have

qqq(r) = qqq2(~r)−qqq1,

qqq2(~r) = Q(sinθ cosφ ,sinθ sinφ ,cosφ),
(2)

whereqqq2(~r) is the scattered wavevector, andθ andφ are the polar and azimuthal angles in
reciprocal space corresponding to position~r on the detector plane (see Fig. 2). Note that, by
the convolution theorem, the Fourier transformF (P) of the Patterson function is equal to the
non-negative function|F (ρ)|2. As a result, no modulus sign is needed in Eq. (1), anda2(~r j) is
equal to the intensityI j at pixel j in Fig. 1.

In an idealized, noise-free experiment involving a single object conformation, one observes
a sequence ofs snapshots on a detector of infinite extent, with the snapshots arising from ran-
dom orientations of the object. Each snapshot is obtained from Eq. (1) by replacingP(uuu) with
PR(uuu) = P(R−1uuu), whereR is a 3×3 right-handed rotation matrix; i.e.,RTR= I and det(R) = 1.

The set of all matrices satisfying these conditions form the 3D rotation group, SO(3). It
is well known that SO(3) is a Lie group, i.e., it is a differentiable manifold (in this case of
dimension 3) [33,37,41]. Among the several parameterizations (coordinate charts) of SO(3), of
interest to us here will be Euler angles, unit quaternions, and hyperspherical coordinates [42].
The last coordinate system stems from the fact that SO(3) has the topology of a three-sphere
with its antipodal points identified.

For the remainder of this section, SO(3) will play the role of thelatent manifold S , i.e., the
set of degrees of freedom available to the object. In more general applications, the latent mani-
fold would be augmented to contain the additional degrees of freedom, provided, of course, that
these degrees of freedom admit a manifold description—a natural requirement for operations
such as shifts and smooth conformational changes.

4.2. Riemannian formulation of image formation

We are concerned with intensity patterns generated by scattering, i.e., a subset of all possible
patterns on a planar detector, referred to asdata space. It is reasonable to expect that in a phys-
ical experiment involving a finite-power beam, the resulting distributions of structure-factor
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Fig. 2. Geometry of image formation by scattering.qqq1 andqqq2 representthe wavevectors
for the incident and scattered radiation, respectively,(x,y,z) the lab frame, and(r,φ) coor-
dinates in the detector plane.

moduli belong to the set of square-integrable functions on the detector plane,L2(R2). This is a
Hilbert space of scalar functionsfi equipped with the usual inner product

( f1, f2) =
∫

d~r f1(~r) f2(~r), (3)

and corresponding norm
‖ fi‖= ( fi, fi)

1/2. (4)

In many respects,L2(R2) can be though of as a generalization of Euclidean space to infinite
dimensions. In particular, theL2 norm induces a distance‖ f1− f2‖ analogous to the standard
distance in finite-dimensional Euclidean space. Moreover, viewed as a manifold [43],L2(R2)
has the important property that its elements are in one-to-one correspondence with its tangent
spaces. Thus, the inner product in Eq. (3) can be interpreted as a metric tensor acting on pairs
of tangent vectors onL2(R2), or manifolds embedded inL2(R2).

We describe the image formation process as an embedding [33,34],Φ : S 7→ L2(R2), taking
the latent manifold into data space. For instance, in the present application withS = SO(3),
we have the explicit formulaΦ(R) = aR, whereR is an SO(3) rotation matrix andaR is the
pattern on the detector given by Eq. (1) withP(uuu) replaced byP(R−1uuu).

The imageM = Φ(S ) of the latent manifold in data space is called thedata manifold (see
Fig. 1). In the absence of degeneracies such as object symmetry, the data and latent manifolds
are diffeomorphic manifolds, i.e., completely equivalent from the point of view of differential
geometry. In contrast with manifolds of shapes [26, 44] which can contain singularities, these
are manifolds of operations and thus generally well-behaved. The image of the latent mani-
fold in data space is then a smooth (here, three-dimensional) embedded hypersurface, which
preserves the topology of the latent manifold, and the structure of its tangent spaces [45]. Per-
ception, at least in this simple model, can be viewed as understanding the map between the
latent manifold of orientations and the data manifold of pixel intensities.
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The inner product induced on the data manifold by the inner productin data space leads
to a metric tensorg on the latent manifold, which encodes the properties of the object and the
imaging process. This metric is constructed by converting the inner product ofL2(R2) in Eq. (3)
to an equivalent inner product between tangent vectors on the data manifold. Specifically, given
tangent vectorsv1 andv2 onS , the induced metricg is defined through the action

g(v1,v2) = (((Φ∗(v1),Φ∗(v2)))), (5)

whereΦ∗ is the so-called derivative map associated withΦ [43, 46], carrying along tangent
vectors onS to tangent vectors onM . The induced metric can be expanded in a suitable
tensorial basis forS as a 3× 3 symmetric positive-definite (SPD) matrix with components
gµν , viz.,

g =
3

∑
µ ,ν=1

gµν Eµ Eν , (6)

where{E1,E2,E3} is a basis of dual vector fields onS . Note thatds2 = g(δv,δv) corresponds
to the squared distance between two nearby points onS with relative separationδv. The inte-
gral of ds2 over curves onS provides the data manifold with a notion of length and distance.

For the purposes of the symmetry analysis ahead, it is useful to consider expansions ofg in
a basis of right-invariant vector fields [33,41], where, following the derivation in Appendix A,
the components ofg at orientationR are found to be

gµν(R) =−
∫

d~r ω(~r) ∇∇∇ ··· [Jµ qqqaR(qqq)]∇∇∇ ··· [Jν qqqaR(qqq)]
∣

∣

qqq(~r) . (7)

In the above,
∫

d~r denotes integration over the detector plane;qqq(~r) is the change in wavevector
given by Eq. (2);∇∇∇ = (∂/∂qx,∂/∂qy,∂/∂qz) is the gradient operator in reciprocal space; and
Jµ are the 3× 3 antisymmetric matrices in Eq. (36) generating rotations about thex, y, and
z axes, respectively. As stated above,aR is the structure-factor amplitude corresponding to
orientationR.

4.3. Symmetries

We now show that the Riemannian formulation outlined above reveals important symmetries,
which can be used to determine the object orientation separately from the object itself. A funda-
mental concept in the discussion below is the notion of anisometry [33,46]. Broadly speaking,
an isometry is a continuous invertible transformation that leavesg invariant. More specifically,
any diffeomorphismφ : S 7→S mapping the latent manifold to itself induces a transformation
φ ∗ acting on tensors of the manifold; the latter will be an isometry ifφ ∗(g) = g holds every-
where onS . A symmetry, therefore, in this context is an operation that leaves distances on the
data manifold unchanged.

If the group of isometries ofg acts transitively onS (i.e., any two points inS can be con-
nected via aφ transformation), the pair(S ,g) becomes aRiemannian homogeneous space [41].
We refer to anyg meeting this condition as a homogeneous metric. Riemannian homogeneous
spaces possess natural sets of orthonormal basis functions, analogous to the Fourier functions
on the line and the spherical harmonics on the sphere, which can be employed for efficient data
analysis [37]. It is therefore reasonable to design algorithms that explicitly take into account
the underlying Riemannian symmetries of scattering data sets.

As discussed in more detail below, the isometry group ofg in Eq. (5) is generally not large-
enough to induce a transitive action; i.e., there exist points on the manifold that cannot be
mapped to one another through an isometry. Nevertheless, considerable progress in the inter-
pretation of datasets produced by scattering can be made by establishing the existence of a
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related metrich, whoseisometry group meets the conditions for transitivity. As shown below,
the properties ofh can be used to interpret the results of data analysis performed on(S ,g).
By combining aspects of group theory and differential geometry, the general techniques de-
veloped here constitute a novel approach for analyzing scattering data, and potentially other
machine-learning applications.

The canonical classes of symmetry operations in problems involving orientational degrees of
freedom are the so-called left and right multiplication maps [33, 41, 46]. These maps, respec-
tively denotedLQ andRQ, are parameterized by an arbitrary rotation matrixQ in SO(3), and
act on SO(3) elements by multiplication from the left or the right, respectively. That is,

LQ(R) = QR, RQ(R) = RQ. (8)

Viewed as groups, the collection of all left multiplication maps or right multiplication maps are
isomorphic to SO(3), from which it immediately follows that their action is transitive. Thus,
any metricg invariant underLQ or RQ (or both) makes(S ,g) a Riemannian homogeneous
space.

The natural metric for the SO(3) latent manifold of orientations with these symmetries is
the metric tensorB associated with the Killing form of the Lie algebra of SO(3) [33, 41]. This
metric is bi-invariant under left and right translations. The corresponding group of isometries
has SO(3)×SO(3) structure, i.e., it is a six-dimensional group. In hyperspherical coordinates
(χ ,θ ,φ), B is represented by the diagonal matrix

[Bµν ] = diag(1,sin2 χ ,sin2 χ sin2 θ), (9)

which is identical to the canonical metric on the three-sphereS3. For this reasonB is frequently
referred to as the “round” metric on SO(3).

A key implication of the symmetries ofB pertains to the eigenfunctions of the corresponding
Laplace-Beltrami operator∆B [47,48], defined as

∆B( f ) =−|B|−1/2
m

∑
µ ,ν=1

∂µ

(

|B|1/2Bµν ∂ν f
)

(10)

for |B|= det[Bµν ], [Bµν ] = [Bµν ]
−1, and a scalar functionf on SO(3). It is a well-known result

in harmonic analysis that the eigenfunctions of∆B are the WignerD-functions [37, 49, 50],
complex-valued functions on SO(3), which solve the eigenvalue problem

∆BD j
mm′(R) = j( j+1)Dj

mm′(R) (11)

with positive integerj and integersm andm′ in the range[− j, j]. Written out in terms of Euler
angles in thezyz convention,(α1,α2,α3), explicit formulas for thej = 1 D-functions are

D1
00(α1,α2,α3) = cosα2,

D1
±10(α1,α2,α3) =−e∓iα1

sin(α2)/21/2,

D1
0,±1(α1,α2,α3) =−e∓iα3

sin(α2)/21/2,

D1
11(α1,α2,α3) = e−i(α1+α3) cos2(α2/2),

D1
−1−1(α1,α2,α3) = ei(α1+α3) cos2(α2/2),

D1
−11(α1,α2,α3) = ei(α1−α3) sin2(α2/2),

D1
1−1(α1,α2,α3) = e−i(α1−α3) sin2(α2/2).

(12)
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As one can check by algebraic manipulation, the above ninefold-degenerate set of eigenfunc-
tions can be put into one-to-one correspondence with the elements ofR. That is, it is possible
to find linear combination coefficientscpqmm′ such that

Rpq =
1

∑
m,m′=−1

cpqmm′D1
mm′(R), (13)

whereRpq are the elements ofR. Thus, if eigenfunctions of∆B could be accessed by processing
the observed snapshotsaR on the data manifold, e.g., through one of the graph-theoretic algo-
rithms developed in machine learning [7, 10], Eq. (13) could be used to invert the embedding
mapΦ . This would be tantamount to having learned to “navigate” on the data manifold.

The method outlined above for symmetry-based inversion ofΦ is also applicable under
weaker symmetry conditions on the metric. In particular, it can be extended to certain met-
rics of the form

h = ℓ1E1E1+ ℓ2E2E2+ ℓ3E3E3, (14)

whereEµ are the right-invariant dual basis vectors in Eq. (39), andℓµ are non-negative pa-
rameters. These are the so-called spinning-top metrics of classical and quantum-mechanical ro-
tors [36,51], arising also in homogeneous cosmological models of general relativity [38,39,52].
In classical and quantum mechanics,h features in the Hamiltonian of a rotating rigid body with
principal moments of inertia given byℓµ . In general relativity,ℓµ characterize the anisotropy of
space in the so-called mixmaster cosmological model [52].

By construction, metrics in this family are invariant under arbitrary right multiplications,
i.e., they possess an SO(3) isometry group. This is sufficient to make(S ,h) a Riemannian
homogeneous space. If two of theℓµ parameters are equal (e.g.,ℓ1 = ℓ2), h describes the motion
of an axisymmetric rotor, or the spatial structure of the Taub solution in general relativity [39].
As one may explicitly verify, in addition to being invariant under left multiplications, the metric
of the axisymmetric rotor is invariant under translations from the left by the one-parameter
subgroup associated with rotations about the axis of symmetry, which corresponds here to the
direction of the incoming scattering beam. Therefore, it has a larger, SO(3)×SO(2) isometry
group than the more general metric of an asymmetric rotor. In the special case that all of theℓµ
are equal,h reduces to a multiple of the round metricB in Eq. (9).

Let ∆h denote the Laplace-Beltrami operator associated withh. It is possible to verify that∆h,
and the Laplacian∆B corresponding to the round metric commute. That is, it is possible to find
eigenfunctions that satisfy the eigenvalue problem for∆B and∆h simultaneously. In particular,
as Hu [38] shows, the eigenvalue-eigenfunction pairs(λ j

m,y
j
m) of ∆h can be expressed as linear

combinations of WignerD-functions with the samej andm quantum numbers:

y j
m =

j

∑
m′=− j

A j
mm′D

j
mm′ , (15)

for some linear expansion coefficientsA j
mm′ . For the most general metrics withℓ1 6= ℓ2 6= ℓ3,

no closed-form expression is available for eitherA j
mm′ , or the corresponding eigenvaluesλ j

m.

However, in the special case of axisymmetric rotors, anyA j
mm′ in Eq. (15) will produce an

eigenfunction of∆h. This means that the vector space spanned by thej = 1 eigenfunctions
associated with the metric of an axisymmetric rotor (denoted here byy j

mm′ ) is nine-dimensional.
In particular, Eq. (13) can be applied directly withD1

mm′ replaced byy1
mm′ .

The eigenvalueλ j
m corresponding toy j

mm′ in the so-called prolate configuration,ℓ1 = ℓ2 ≤ ℓ3,
is given by

λ j
m =

1
2ℓ1

j( j+1)−

(

1
2ℓ1

−
1

2ℓ3

)

m2, (16)
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with a similar formula for the oblate configurationℓ1 = ℓ2 ≥ ℓ3 [38]. An important point about
Eq. (16) (and its oblate analog) is that all of thej = 1 eigenvalues are greater than zero and
smaller than the maximalj = 2 eigenvalue; i.e., thej = 1 eigenfunctions can be identified by
ordering the eigenvalues. This property, which does not apply for general asymmetric-rotor
metrics, alleviates the difficulty of identifying the correct subset of eigenfunctions for orienta-
tion recovery via Eq. (13).

4.4. Accessing the leading Laplacian eigenfunctions of the homogeneous metric

The method outlined above for symmetry-based inversion ofΦ makes direct use of the fact
that(S ,h) is a Riemannian homogeneous space. However,(S ,h) is generally inaccessible to
numerical algorithms, which access a discrete subset of the manifold equipped with the induced
metricg, i.e.,(S ,g). For our purposes, it is important to establish the isometries ofg, because
the latter govern the behavior of the Laplacian eigenfunctions computed via graph-theoretic
algorithms [5–7,9,10].

In general,g is not invariant under arbitrary left or right multiplications. The lack of invari-
ance ofg under the right multiplication mapRQ can be seen by considering its components in
a right-invariant basis. In particular, it can be shown thatRQ is an isometry ofg if and only if
the componentsgµν in the right-invariant basis from Eq. (7) are invariant under replacingR by
RQ, which does not hold generally. What about the behavior ofg under left multiplications?
Here, an expansion ofg in an analogous left-invariant basis reveals thatg is not invariant under
left multiplications by general SO(3) matrices, but is invariant under left multiplication by a
rotation matrixQ about the beam axisz (see Fig. 2). This is intuitively obvious, because the
outcome of replacing a snapshotaR with aQR is then a rotation on the detector plane, which has
no influence on the value of theL2 inner product used to evaluateg. In summary, instead of the
six-dimensional SO(3)×SO(3) isometry group ofB, the isometry group of the induced metric
is the one-dimensional SO(2) group of rotations about the beam axis, which obviously cannot
act transitively on the three-dimensional latent manifold.

Despite the insufficiency ofg to make(S ,g) a Riemannian homogeneous space,g admits a
decomposition of the form

g = h+w, (17)

with the following properties: (1)h is a spinning-top metric from Eq. (14) withℓ1 = ℓ2 (i.e.,
an axisymmetric-rotor metric, not an arbitrary right-invariant metric); (2)w is a symmetric (but
not necessarily positive-definite) tensor, whose components average to zero over the manifold,
describing the inhomogeneous part ofg (see Appendix A.2 for a derivation). Property (1) is
a direct consequence of projection onto a circularly-symmetric 2D detector, and therefore an
essential aspect of scattering experiments.

The important point is this: scattering manifolds are associated with induced metricsg,
which, in themselves, possess low symmetry. But they can be decomposed into a homogeneous
part h with a high SO(2)×SO(3) symmetry and thus associated with well-known Laplacian
eigenfunctions independently of the object, plus a low-symmetry residualw, which depends on
the object. In general, there is no guarantee that the magnitude ofw relative toh [measured,
e.g., through the tensor norm in Eq. (56)] is small for arbitrary objects. However, as we demon-
strate in Sec. 5.2, certain results pertaining tog can be well-approximated by symmetry-based
analytical results forh, even if the norm ofw is significant. For the purposes of the orientation-
recovery scheme proposed here, the key properties in question are theleading eigenfunctions
of the Laplace-Beltrami operator∆g associated with the induced metric in Eq. (5). These eigen-
functions control the late-time evolution of the heat kernel (i.e., the fundamental solution to
the heat equation), which is in turn governed by the topological properties of the data mani-
fold [47,48]. Consequently, the leading-order eigenfunctions are highly robust against changes
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of metric. It is therefore natural to design algorithms that employ the leading eigenfunctions of
∆g as a set of basis functions to expand thej = 1 eigenfunctions of∆h, as described below.

Represent each snapshotaRi in the dataset as a point in nine-dimensional Euclidean spaceR
9

with coordinates given by(ψi1, . . . ,ψi9). Here,ψik are eigenvector components of a diffusion
operator on a graph constructed from thes observed snapshots(aR1, . . . ,aRs) in n-dimensional
data space (see Appendix B). This induces an embeddingΨ of the latent manifoldS in R

9

given by
Ψ(Ri) = (ψi1, . . . ,ψi9). (18)

Provided that the number of observed snapshots is sufficiently large, suitable algorithms (such
as Diffusion Map of Coifman and Lafon [10, 53]), lead to embedding coordinatesψik, which
converge to the corresponding values of the Laplacian eigenfunctions associated withg, even
if the sampling of the data manifold is non-uniform. More specifically, for large-enoughs we
have the correspondence

ψik ≈ ψk(Ri), (19)

whereψk(Ri) is thek-th eigenfunction of∆g, i.e.,

∆gψk = λkψk (20)

with

∆g(·) =−|g|−1/2
m

∑
µ ,ν=1

∂µ

[

|g|1/2gµν ∂ν(·)
]

. (21)

Now, we explicitly employ the symmetries of the homogeneous metrich in Eq. (14), mo-
tivated by the decomposition ofg in Eq. (17), as follows. Express each eigenfunction of the
homogeneous Laplacian∆h with j = 1 as a linear combination of the eigenfunctionsψk of the
inhomogeneous Laplacian, viz.,

D1
mm′ = ∑

k

cmm′kψk, (22)

where we have made use of the correspondence in Eq. (15) between WignerD-functions and
the eigenfunctions associated with the axisymmetric rotor. These eigenfunctions are related to
the matrix elements of the rotation operatorsRi, in accordance with Eq. (13). Retaining only
the first nineψk, determine the elements of the rotation matrix by a least-squares fit [Eqs. (62)]
of the coordinates computed in Eq. (19) via graph-theoretic analysis.

The symmetries ofh play an essential role in this procedure, since they yield: (1) the num-
ber and sequence of graph-Laplacian eigenfunctions used to represent the latent manifold in
Eq. (18); and (2) the procedure to infer the orientationsRi from the eigenfunctions [in par-
ticular, via the structure of the error functional in Eq. (62a)]. In essence, one can regard the
homogeneous metrich as an object-independent “Platonic ideal” [54] version ofg, and de-
velop algorithms, which make use of the properties ofh to analyze general scattering datasets.
In Sec. 5.2, we demonstrate accurate orientation recovery by using the leading-order Laplace-
Beltrami eigenfunctions. This approach is particularly attractive for biological objects, which
are generally weak scatterers of low symmetry. (The case of strongly symmetric objects will be
treated elsewhere.) As expected from the robustness of the leading eigenfunctions, orientation
recovery and object reconstruction are possible even when the induced metricg differs signif-
icantly from the axisymmetric-rotor metric, as quantified by the Lipschitz constant [Eq. (24)].
The symmetries ofh can also be exploited to enforce appropriate constraints in Bayesian algo-
rithms [22].

#162794 - $15.00 USD Received 9 Feb 2012; revised 11 May 2012; accepted 16 May 2012; published 23 May 2012
(C) 2012 OSA 4 June 2012 / Vol. 20,  No. 12 / OPTICS EXPRESS  12811



4.5. Extension to general scattering problems

Becausethe above analysis was performed under a restrictive set of experimental conditions,
we now consider the effect of removing these. The assumption of kinematic (single) scattering
introduces an additional symmetry due to Friedel’s law. As we have not used this symmetry, our
arguments remain valid under multiple scattering conditions. The use of linearly or elliptically
polarized radiation introduces a second preferred direction in addition to that of the beam, thus
removing the SO(2) isometry under left translations, but this can be restored by appropriate cor-
rection with the polarization factor. A detector not at right angles to the beam axis also reduces
the isometry to I×SO(3), but this can also be easily corrected by an appropriate geometric
factor. Absorption can be accommodated as a complex density function, inelastic scattering by
allowingqqq1 6= qqq2, etc. Neither affects our conclusions. Our approach is thus applicable to a wide
range of image formation modalities. Later in this paper and in Paper II, we demonstrate the
validity of our approach in the context of X-ray diffraction snapshots and cryo-EM micrographs
of biological molecules, and optical images of macroscopic objects. Only in the last example
does multiple scattering play a significant role. We recognize, however, the importance of prob-
lems, such as those involving microwaves [55,56], where multiple scattering is dominant. The
demonstration of applications in this domain remains a future task.

We note that our approach has to be modified when theobject has discrete or continuous
symmetries. This is because the data manifold in this case is not SO(3), but the quotient space
SO(3)/Γ whereΓ is a subgroup of SO(3) representing the object’s symmetries. Among the
eigenfunctions of the Laplacian on the SO(3) manifold, only those that are constant onΓ “sur-
vive” in the SO(3)/Γ environment. Thus, the orientation recovery procedure must be modified
depending on the form of the available eigenfunctions. This issue will also be addressed else-
where.

5. Demonstration of structure recovery in 3D

It has long been known that the use of problem-specific constraints can substantially increase
computational efficiency [57]. By combining wide applicability with class specificity, symme-
tries represent a particularly powerful example of such constraints. Exploiting these, we here
demonstrate successful orientation recovery for a system computationally 104× more complex
than previously attempted [22,23]. In Paper II we apply our framework to simulated and exper-
imental snapshots of various kinds with extremely low signal.

5.1. 3D reconstruction from diffraction snapshots with high computational complexity

We simulated X-ray snapshots of the closed conformation ofE. coli adenylate kinase (ADK;
PDB descriptor 1ANK) in different orientations to a spatial resolutiond = 2.45Å, using
1 Å photons. In this calculation, Cromer-Mann atomic scattering factors were used for the
1656 non-hydrogen atoms [58], neglecting the hydrogen atoms. We discretized the diffrac-
tion patterns on a uniform grid ofn = 126× 126= 15,876 detector pixels of appropriate
(Shannon) size, taking the corresponding orientations on SO(3) according to the algorithm in
Ref. [59]. The number of diffraction patterns required to sample SO(3) adequately is given by
8π2(D/d)3 ≈ 8.5×105, whereD = 54 Å is the diameter of the molecule [22]. In our simula-
tion, however, a largerD = 72 Å diameter was assumed, allowing, e.g., for the possibility to
reconstruct the structure of ADK’s open conformation. Hence, a total ofs = 2×106 patterns
were used in the present analysis.

The diffraction patterns were provided to our Diffusion Map-based algorithm with no orien-
tational information, and the orientation of each diffraction pattern was determined by means
of the algorithm described in Appendix B, executed with the following parameters: num-
ber of nearest neighbors in the sparse distance matrixd = 220; Gaussian kernel bandwidth
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ε = 1×104; number of datapoints for least-squares fittingr = 8×104. To estimate the differ-
ence between the deduced and true orientations, respectively represented by unit quaternionsτ̃i

andτi [see Eq. (66)], we used the RMS internal angular distance error,

ε =

[

1
s(s−1) ∑

i6= j

(D̃i j −Di j)
2

]1/2

. (23)

In the above,Di j = 2arccos(|τi ··· τ j|) andD̃i j = 2arccos(|̃τi ··· τ̃ j|) are respectively the true and
estimated internal distances between orientationsRi andR j, and··· is the inner product between
quaternions. The resulting internal angular distance error in the present calculation was 0.8
Shannon angles.

Next, we placed the diffracted intensities onto a uniform 3D Cartesian grid by “cone-
gridding” [60], and deduced the 3D electron density by iterative phasing with a variant of the
charge flipping technique [18] developed by Marchesini [61]. Charge flipping was prevented
outside a spherical support about twice the diameter of the molecule. TheR-factor between the
gridded scattering amplitudes and the ones obtained from phasing was 0.19. The close agree-
ment with the correct structural model is shown in Fig. 3 and the movie [14].

5.2. Robustness against metric inhomogeneity

As discussed in Sec. 4.4 above, the accuracy of our proposed orientation recovery scheme relies
on the leading nine Laplacian eigenfunctionsψk associated with the inhomogeneous metricg
being good approximations of the ninej = 1 eigenfunctionsy j

m of Eq. (15) associated with some
axisymmetric rotor metrich [Eq. (14) withℓ1 = ℓ2]. This is a significantly weaker condition
than requiring that the metrics themselves be close, or, equivalently, that a suitably-defined
norm‖w‖h quantifying the importance of the inhomogeneous termw in Eq. (17) relative toh
be small, as we now demonstrate.

A natural way of quantifying the closeness ofg to axisymmetric rotor metrics is through
Lipschitz constants, defined as the smallest constantsΛ−,Λ+ ≥ 1 meeting the condition

1

Λ2
−

h(v,v)≤ g(v,v)≤ Λ2
+h(v,v), (24)

for all tangent vectorsv and points on the data manifold [62]. These constants (which do not
necessarily exist for arbitrary pairs of metrics) bound the distortion in neighborhood distances
determined fromg relative to the corresponding distances measured with respect toh, with
Λ−,Λ+ ≈ 1 corresponding to small distortion.

We have used atomic positions and structure factors (knowna priori for the simulated data
used in this paper) to evaluate the componentsgµν(R) in a right-invariant basis through Eq. (7),
without having to perform finite-difference differentiation. In that basis, a general axisymmetric
rotor metric is represented by anR-independent diagonal matrix[hµν ] = K diag(ℓ,ℓ,1), where
ℓ = ℓ1/ℓ3 is an anisotropy parameter, andK a scaling factor controlling the volume of the
data manifold. As described in Appendix A.3,Λ− andΛ+ may be determined by solving a
generalized eigenvalue problem associated withgµν(R) andhµν for every orientationR in the
data set. Moreover, it is possible to introduce a norm‖·‖h with the properties that: (1)‖h‖h = 1
by construction; and (2)‖w‖h is bounded from below through the upper Lipschitz constant:

‖w‖h ≥ Λ+−1. (25)

Thus,w is negligible compared toh only if Λ+−1≪ 1. (See Appendix A.4 for details.)
First, we assess the discrepancy betweeng and the closest axisymmetric rotor metric,

which imparts the same volume to the data manifold asg. That is, we varyℓ to minimize
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Fig. 3. Three-dimensional electron density of the closed conformation ofE. coli adenylate
kinase, recovered from 2×106 diffraction patterns of unknown orientation at 2.45Å resolu-
tion. Hydrogen atoms were neglected in the electron density calculation. The ball-and-stick
model represents the actual structure. See also the movie [14].

Λ = max{Λ−,Λ+}, with K chosen such that∑i det[gµν(Ri)]
1/2 = sdet[hµν ]

1/2. (The sum runs
over thes samples in the data set.) The results of this calculation for ADK and chignolin
molecules (the latter studied in Paper II) are(Λ−,Λ+) = (1.20,1.21)and(1.52,1.41), respec-
tively. This means that the norm‖w‖h of the inhomogeneous term relative toh is at least 0.21
and 0.41 for these two objects, i.e., non-negligible.

Next, in order to assess the impact of inhomogeneity on the eigenfunctions used for orienta-
tion recovery, we compute the distanceγ between the vector spaceVg spanned by the leading
nine eigenvectorsψ

1
, . . . ,ψ

9
determinedthrough graph-theoretic analysis and the correspond-

ing spaceVh spanned by the leading nine eigenfunctions of the Laplace-Beltrami operator∆h

associated with the axisymmetric rotor metrich, evaluated at the known orientationsRi. A
standard measure of that distance from linear algebra is [63]

γ = ‖Πg −Πh‖2, (26)

whereΠg andΠh are orthogonal projectors fromRs (the space spanned by all eigenfunctions
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of a data set withs samples)to Vg andVh, respectively, and‖·‖2 denotes the spectral norm of
matrices (recall that‖A‖2 is equal to the largest singular value ofA).

Theγ distance measure lies in the interval[0,1], and may be interpreted as the sine of an angle
characterizing the deviation ofVg from Vh. For the ADK and chignolin data sets, the eigenvec-
tors computed via the Diffusion Map algorithm [10] (see Appendix B) lead toγ = 0.0017, and
γ = 0.0023, respectively. Thus, the empirical eigenfunctions provide a highly accurate basis
to expand thej = 1 eigenfunctions of∆h via Eq. (22), despite the fact that the corresponding
inhomogeneous terms are significant (as measured via‖w‖h). We expect that similar values of
Λ±, and correspondingly high accuracy of orientation recovery apply to a wide range of ob-
jects. Of course, it is possible that some objects, e.g., those with large aspect ratios, may lead
to induced metrics with significantly larger Lipschitz constants, and more significant discrep-
ancies between the empirical and symmetry-based eigenfunctions. These instances, which lie
outside the scope of the present paper, may become amenable to our approach after suitable
homogenization techniques, such as numerical Ricci flow [64,65].

5.3. Computational cost

In the absence of orientational information, the computational costC of orientation recovery
without restrictive sparsity assumptions scales as a power law

C ∝ R8 = (D/d)8, (27)

with D the object diameter andd the spatial resolution [22–24]. The analysis of ADK was
performed withR= 30, compared with the largest previously published value ofR≤ 8 [22–24].
This represents an increase of four orders of magnitude in computational complexity over the
state of the art, as shown below.

The computational cost of a single expectation-maximization (EM) step in Bayesian algo-
rithms (e.g., the GTM algorithm [29, 66]) scales asKsn, whereK, s, andn are the number of
quaternion nodes, the number of snapshots, and the data-space dimension, respectively [22].
Here, the data space dimension is equal to the number of Shannon pixels. Assuming an over-
sampling of 2 in each linear dimension, we have

K =
8π2

S

(

D
d

)3

,

s = f K =
8π2 f

S

(

D
d

)3

,

n =

{

4D
λ

tan

[

2arcsin

(

λ
2d

)]}2

≈ 16

(

D
d

)2

,

(28)

whereS is the object symmetry,f the number of snapshots per orientational bin, andλ the
wavelength. Assuming that the number of EM iterations is constant, Fung, Shneerson, Saldin,
and Ourmazd (FSSO) [22] estimate an eighth-power scaling of the form in Eq. (27) for the total
computational cost of orientation recovery with GTM. The fact that GTM is NP-hard remains
moot.

Loh and Elser (LE) [23] argue that their EM-based approach scales as

C ∝ Mrot sNphotons, (29)

whereMrot is the number of rotation samples (orientational bins), and that this leads to anR6

scaling. This is based on three assumptions: (1) A sparse formulation can be used to replace
the number of detector pixelsn with a much smaller number of scattered photonsNphotons; (2)
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Nphotonsdoes not depend onR, and thus can be ignored in the scaling behavior; (3) The number
of EM iterations is independent ofR (as in Ref. [22]), and ofNphotons. Note thatMrot and the
number of GTM bins,K, are equal.

Assumption (1) holds only for very small photon counts and in the absence of significant
background scattering. Assumption (2) is not justified [67]. For a globular protein, the total
number of photons scattered to large angle scales linearly with the number of non-H atoms,
and hence object volume, i.e., asD3. Thus,

Mrot =
8π2

S

(

D
d

)3

,

s =
8π2 f

S

(

D
d

)3

,

Nphotons∼ n = 16

(

D
d

)2

,

(30)

leadingto the sameR8 scaling behavior as FSSO. The validity of assumption (3) remains moot.
Equipped with the estimates from Eqs. (27)–(30), we now compare the computational com-

plexity of our ADK calculation with the reconstructions of the chignolin and GroEL molecules
by FSSO and LE, respectively (Table 1). Using Eq. (27), the increase in computation com-
plexity on going from chignolin (Dchig = 16 Å, dchig = 1.8 Å), to ADK (DADK = 54 Å,
DADK (support)= 72 Å, dADK = 2.45Å) is

(

DADK (support)/dADK

Dchig/dchig

)8

=

(

29.4
8.9

)8

= 1.4×104. (31)

Using the scaling expression of Eq. (29), the increase in complexity on going from GroEL to
ADK (72 Å support) for the Loh & Elser algorithm varies between O(103) and O(104) for
sparse and non-sparse representations, respectively (Table 1). As a sparse representation is not
generally possible and we have not had to resort to it, the appropriate comparison is 104.

Table 1. Computational complexity of orientational recovery for GroEL and ADK

GroEL ADK
Sparse No sparse

representation representation
Nphotons 102 ∼ 103 1.6×104

s 106 2×106 2×106

Mrot 2.5×104 2×106 2×106

Mrot sNphotons 2.5×1012 4×1015 6.4×1016

Ratio to GroEL 1 111...666×××111000333 222...666×××111000444

We conclude this section by addressing the issue of uniqueness.The non-convex least-
squares fit used to deduce orientations from the leading eigenfunctions of the embedding con-
stitutes a non-deterministic step in our procedure. It is thus possible that the resulting solution
corresponds to a local minimum. The correctness of this solution, however, can be checked as
follows. By Eq. (16), the first nine eigenfunctions of the axisymmetric top metric appear as six-
fold and three-fold degenerate sets. The latter set withm = 0 (and only this set) defines anS2
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[i.e., a spherical shell; see Eq. (12)], with each point on the surface defining the beam direction
for a snapshot in the molecular frame. It is thus straightforward to determine two of the three
angles specifying the particle orientation. The third angle corresponds to a rotation about the
axis defined by the other two angles, and can be determined by angular correlation between
different snapshots. This procedure can be used as an independent check on the correctness of
the solution obtained by the least-squares fit.

6. Conclusions

We have shown that a Riemannian formulation of scattering reveals underlying, object-
independent symmetries, which stem from the nature of operations in 3D space and projection
onto a 2D detector. These symmetries lead to identification of the natural eigenfunctions of
manifolds produced by data from a wide range of scattering scenarios, and thus to physically-
based interpretation of the outcome of graph-theoretic analysis of such data. In practical terms,
the ability to access the leading eigenfunctions of the homogeneous metric offers a compu-
tationally efficient route to determining object orientation without object recognition, while
the object-dependent term provides a concise fingerprint of the object for recognition pur-
poses. There are tantalizing indications that face perception in higher primates may occur in
this way [1]. The ability to use symmetries to navigate on the data manifold is tantamount to
efficient machine learning in 3D, in the sense that given any 2D projection, any other can be
reconstructed.

As shown in Paper II, the manifold itself offers a powerful route to image reconstruction
at extremely low signal, because snapshots reconstructed from the manifold achieve higher
signal-to-noise ratios than can be obtained by traditional methods relying on classification and
averaging. Combined with the ability to sort random snapshots of an evolving system into a
time-series, also demonstrated in Paper II, our approach offers a radically new way for study-
ing dynamic systems in 4D, with immediate applications to data from X-ray Free Electron
Lasers and electron microscopy. Fundamentally, the homogeneous metric describes the trans-
formations of objects without reference to any specific object. This is reminiscent of a Platonic
Form, from which specific objects emanate [54]. It is therefore tempting to regard the homo-
geneous manifold as a Platonic Form, from which our perception of three-dimensional objects
stems [68].

A. The induced metric tensor of scattering data sets

Here, we discuss the properties of the induced metric tensorg in Eq. (5). We begin in Ap-
pendix A.1 with a derivation of the explicit form for the components ofg in the right-invariant
basis from Eq. (7). In Appendix A.2 we perform the decomposition ofg in Eq. (17) into axisym-
metric (h) and inhomogeneous (w) parts. In Appendices A.3 and A.4 we describe the evaluation
of the Lipschitz constants betweeng andh, and discuss how the latter can be used to place a
lower bound on a norm forw relative toh.

A.1. Derivation

Following Sec. 4.2, we describe scattering as an embeddingΦ taking the latent manifoldS
to the set of square-integrable intensity patternsL2(R2) on a 2D dimensional detector. Broadly
speaking, the induced metric describes an inner product between tangent vectors on the latent
manifold S associated with that embedding. More specifically, in accordance with Eq. (5),
that inner product is computed by “pushing forward” tangent vectors onS to manifest space,
and applying the canonical Hilbert space inner product in Eq. (3). The map carrying along the
tangent vectors ofS is the derivative mapΦ∗ associated withΦ , which is evaluated as follows.
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First, note that every smooth tangent vector fieldv on S generatesa corresponding one-
parameter family of transformations [33,34,41],

φα(R) = Rα , (32)

with α a scalar parameter andRα an element ofS , which depends smoothly onα. In the
above,φα describes a curve on the manifold (called an integral curve ofv), which is tangent to
v at every point.

Likewise, the pushforwardΦ∗(v) of v is associated with a continuous transformationφ̃α of
intensity snapshots in manifest space. Denoting the snapshot associated with orientationR by
aR = Φ(R), that transformation is given by

φ̃α(aR) = aRα (33)

with aRα determined from Eq. (32). The outcome of acting onv with Φ∗ is then the directional
derivative of intensity snapshots along the path defined byφ̃α , viz.

Φ∗(v) = lim
α→0

aRα −aR
α

. (34)

The induced metricg resulting from the above procedure will depend on the explicit form of
the embedding mapΦ . Here, we consider the case whereΦ describes far-field kinematic elastic
scattering from a single object, where intensity amplitudes are given by the Fourier integral in
Eq. (1). Other scattering scenarios can be treated in a similar manner, provided thatΦ meets
the conditions of an embedding. For our purposes, it is sufficient to consider one-parameter
transformations arising from left multiplication by SO(3) matrices carrying out rotations about
one of thex, y, or z axes [see Eq. (8)]. That is, we set

Lµ
α(R) = exp(αJµ)R for µ ∈ {1,2,3}, (35)

whereα is the rotation angle in radians, andJ1, J2, andJ3 are 3×3 antisymmetric matrices
generating rotations about thex, y, andz axes:

J1 =





0 0 0
0 0 −1
0 1 0



 , J2 =





0 0 1
0 0 0
−1 0 0



 , J3 =





0 −1 0
1 0 0
0 0 0



 . (36)

We denote the vector fields generatingφ µ
α by eµ . It then follows from Eq. (34) withRα = Lµ

α(R)
that the pushforward fieldsΦ∗(eµ) are given by

Φ∗(eµ)(~r) = [ω(~r)]1/2 ∇∇∇ ···
[

Jµ qqqaR(qqq)
]

|qqq=qqq(~r). (37)

Note that in deriving Eq. (37) we have used the divergence-free property∇∇∇ ···
(

Jµ qqq
)

= 0, which
applies for any scattering wavevectorqqq and rotation generatorJµ .

As one may verify, the tangent vector fieldseµ are linearly independent. This means that the
set{e1,e2,e3} forms a basis to expand tangent vectors onS , and, in turn, the induced metric
can be represented by a 3×3 matrix with elements

gµν(R) = (Φ∗eµ ,Φ∗eν). (38)

Thegµν(R) above are the components of the induced metric in Eq. (6) at orientationR, provided
thatEµ are dual basis vectors toeν , defined through the relation

Eµ(eν) = δ µ
ν . (39)
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Moreover, it is possible to show thateµ are invariant under the right multiplication mapRQ in
Eq. (8) [46]. Substituting forΦ∗(eµ) in Eq. (38) using Eq. (37) then leads to the expression in
Eq. (7) for the components of the induced metric in a right-invariant tensorial basis.

Besides the form in Eq. (7), it is useful to express the components ofg in terms of spheri-
cal harmonics in reciprocal space. As is customary in diffraction theory [69], we write down
the reference scattering amplitudea = Φ(I) corresponding to the identity matrixI using the
expansion

a(qqq) =
∞

∑
j=0

j

∑
m=− j

am
j (q)Y

m
j (θ ,φ), (40)

wheream
j are complex functions of the radial coordinateq in reciprocal space, andY m

j are
spherical harmonics. Note the propertyam∗

j = (−1)ma−m
j , which is a consequence ofa(qqq) being

real. Making use of the standard formula describing rotations of spherical harmonics via Wigner
D-matrices,

Y m
j (((R

−1(θ ,φ)))) =
j

∑
m′=− j

D j
mm′(R)Y

m′

j (θ ,φ), (41)

it follows that the amplitude distributionaR = Φ(R) corresponding to object orientationR is
given by

aR(qqq) =
∞

∑
j=0

j

∑
m,m′=− j

am′

j (q)D j
mm′(R)Y

m
j (θ ,φ). (42)

Inserting the above in Eq. (7) leads to the following general expression for the metric compo-
nents,

gµν(R)=
∞

∑
j1, j2=0

j1

∑
m1,m′

1=− j1

j2

∑
m2,m′

2=− j2

(−1)m1+m′
1D j1

−m1,−m′
1
(R)D j2

m2,m′
2
(R)K

j1m1m′
1 j2m2m′

2
µν , (43)

In the above,K
j1m1m′

1 j2m2m′
2

µν are complex-valued coefficients, which vanish unless the following
conditions are met (together with the corresponding conditions obtained by interchangingµ
andν):

m2 = m1±2 or m2 = m1 for (µ ,ν) =

{

(1,1),

(2,2),

m2 = m1±2 for (µ ,ν) = (1,2) ,

m2 = m1±1 for (µ ,ν) =

{

(1,3),

(2,3),

m2 = m1 for (µ ,ν) = (3,3).

(44)

A.2. Decomposition into homogeneous and inhomogeneous parts

Even though the induced metric tensorg in Eq. (5) is not homogeneous, it is nevertheless
possible to decompose it as a sum

g = h+w, (45)

where h is a homogeneous metric with respect to a group acting transitively on the data
manifold, andw a tensor that averages to zero over the manifold. Using Fourier theory on
SO(3) [37, 70], here we compute the components ofh andw in the right-invariant basisEµ

from Eq. (39). The analysis presented below yields the important results that (i) the homoge-
neous parth of the metric belongs to the family of metrics associated with axisymmetric rotors;
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(ii) the Fourier spectrum ofw hasa highly sparse structure, with only a limited number of
nonzero coefficients contributing to metric inhomogeneity.

We begin by noting that the Fourier transform of the metric componentsgµν in Eq. (43)

consists for each(µ ,ν) of the sequence{ĝ j
µν}

∞
j=0 of (2 j+1)× (2 j+1) matricesg j

µν , whose
components are given by

[ĝ j
µν ]mm′ =

∫

dV (R)gµν(R)D
j
m′m(R

−1). (46)

In the above, integration is performed over SO(3) using the volume elementdV of the bi-
invariant metricB in Eq. (9), andD j

mm′ are the WignerD-functions from Eq. (11). An ex-
plicit formula for the volume element associated withB (the Haar measure), expressed in
terms of thezyz Euler angles(α1,α2,α3) parameterizing a rotation matrixR, is dV (R) =

|B|1/2dα1 dα2 dα3 with |B| = (det[Bµν ])
1/2 = sin(α2). The collection of the ˆg j

µν matrices in
Eq. (46) may be used to recoverg′(R) via the inverse transform

gµν(R) =
1

8π2

∞

∑
j=0

(2 j+1)tr(ĝ j
µν D j(R)), (47)

whereD j(R) = [Dh
mm′(R)] is the j-th Wigner matrix of size(2 j+1)× (2 j+1). BecauseD0 is

the trivial representation of SO(3), a constant scalar on the manifold, the term ˆg0
µν corresponds

to the homogeneous part of the metric. The ˆg j
µν with j ≥ 1 give rise to the inhomogeneous

tensorw, which encodes object-specific information. That is, we have

hµν = ĝ0
µν , wµν =

1
8π2

∞

∑
j=1

(2 j+1)tr(ĝ j
µν D j(R)). (48)

wherehµν andwµν are the components ofh andw in theEµ basis, respectively.
Since each component of the metric contains a product of two WignerD-functions [see

Eq. (43)], the calculation of the Fourier transform is facilitated significantly by the triple-
integral formula involving the 3-jm symbols of quantum mechanical angular momentum
[37,50],

∫

dV (R)D j∗
mm′(R)D

j1
m1m′

1
(R)D j2

m2m′
2
(R)

= (−1)m+m′
8π2

(

j1 j2 j
m1 m2 −m

)(

j1 j2 j
m′

1 m′
2 −m′

)

. (49)

In particular, inserting the metric components from Eq. (43) in Eq. (46), and making use of the
triple-integral formula, leads to the result

[ĝ j
µν ]mm′ =

∞

∑
j1=0

j1+ j

∑
j2=| j1− j|

j1

∑
m1,m′

1=− j1

j2

∑
m2,m′

2=− j2

K
j1m1m′

1 j2m2m′
2

µν
(−1)m1+m′

1+m+m′

16π2

×

(

j1 j2 j
−m1 m2 m

)(

j1 j2 j
−m′

1 m′
2 m′

)

, (50)

where we have employed the triangle inequality,| j1− j2| ≤ j ≤ j1+ j2, obeyed by the nonzero
3- jm symbols. The key point about Eq. (50) is that the selection rules for the 3-jm symbols

#162794 - $15.00 USD Received 9 Feb 2012; revised 11 May 2012; accepted 16 May 2012; published 23 May 2012
(C) 2012 OSA 4 June 2012 / Vol. 20,  No. 12 / OPTICS EXPRESS  12820



strongly restrict the values of the azimuthal quantum numberm for which [ĝ j
µν ]mm′ is non-

vanishing. Specifically, it is possible to show that the matrix elements[ĝ j
µν ]mm′ are zero unless

m ∈ {0,±2}, for (µ ,ν) = (1,1) or (µ ,ν) = (2,2),

m ∈ {±2}, for (µ ,ν) = (1,2),

m ∈ {±1}, for (µ ,ν) = (1,3) or (µ ,ν) = (2,3),

m ∈ {0}, for (µ ,ν) = (3,3).

(51)

It follows that the j = 0 term of the Fourier spectrum (defined only form = m′ = 0) giving
rise to the homogeneous part of the metric has no off-diagonal components. This in turn means
thath can be expressed in terms of some non-negative parametersℓµ in the form of Eq. (14).
An explicit evaluation of the on-diagonal terms yields the additional result that theℓ1 andℓ2

parameters are, in fact, equal. Thus, the components of the induced metric read

gµν = hµν +wµν , [hµν ] =





ℓ1 0 0
0 ℓ1 0
0 0 ℓ3



 . (52)

By construction, the average ofwµν over the manifold vanishes, i.e.,
∫

dV (R)wµν(R) = 0. (53)

A.3. Evaluation of the Lipschitz constant

According to Eq. (14), in the right-invariant basisEµ , a general axisymmetric top metric is rep-
resented by a diagonal matrix of the form[hµν ] = K diag(ℓ,ℓ,1), with ℓ > 0 andK > 0. On the
other hand, the induced metricg in Eq. (5) is represented by a non-diagonal, symmetric posi-
tive matrix with componentsgµν(R) determined from Eq. (6). In order to compute the Lipschitz
constantsΛ+ andΛ− in Eq. (24), we seek for every orientationR the extrema of the quadratic
form g(v,v) = ∑3

µ ,ν=1 gµν(R)vµ vν , subject to the constrainth(v,v) = ∑3
µ ,ν=1 hµν vµ vν = 1. This

problem is equivalent to solving for everyR a generalized eigenvalue problem

3

∑
ν=1

gµν(R)v
ν
k = Λ2

k (R)
3

∑
ν=1

hµν vν
k (54)

with k ∈ {1,2,3} andΛk > 0, and settingΛR,+ = max{Λk(R)} andΛR,− = max{1/Λk(R)}.
The Lipschitz constantsΛ+ andΛ− are then given by the suprema (least upper bounds) ofΛR,+

andΛR,− overR, respectively. In applications,Λ+ andΛ− are estimated through the maxima
of ΛR,+ andΛR,− over a finite set of available orientations{Ri}. This provides a lower bound
to the true Lipschitz constants.

As general background, Bérard, Besson, and Gallot [62] derive error bounds for the Laplace-
Beltrami eigenfunctions with reference to the Lipschitz constants. In particular, they show that
if the Ricci curvatures of two metrics,g and h, with finite Lipschitz constants are bounded
from below by some negative constant, then there exist constantsηi(Λ), which go to zero as
Λ = max{Λ−,Λ+} approaches 1, such that for any orthonormal basis of eigenfunctions{yi}

K
i=1

of ∆h, one can associate an orthonormal basis of eigenfunctions{ψi}
K
i=1 of ∆g satisfying the

bound
‖ψi − yi‖∞ ≤ ηi(Λ), (55)

where‖·‖∞ denotes the supremum norm. This means that if one approximates the set of (possi-
bly degenerate) eigenfunctions of∆h with corresponding eigenvaluesλ h

1 , . . . ,λ
h
K by the eigen-

functions of∆g with corresponding eigenvaluesλ1, . . . ,λK (sorted in increasing order), then
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the maximum error is bounded from above in a pointwise sense. Here,we do not attempt to
derive conditions on the properties of the object needed to guarantee that the Lipschitz constant
betweeng andh is finite.

A.4. The norm of the inhomogeneous term

Given the decomposition in Eq. (17) of the induced metricg into a homogeneous metrich
associated with an axisymmetric rotor plus an inhomogeneous termw, it is possible to construct
a norm‖w‖h of w relative toh with a lower bound determined through the upper Lipschitz
constantΛ+ betweeng andh in Eq. (24). First, note thath induces a norm‖·‖h on tensors of
type (0,2) on the manifold. For a sufficiently smooth tensor fieldu of type (0,2) that norm is
defined as

‖u‖h = sup
R,v

(

|u(v,v)|
h(v,v)

)1/2

, (56)

wherethe supremum is taken over SO(3) matricesR and nonzero tangent vectorsv on SO(3).
Thus,‖u‖h involves computing the least upper bound over the manifold and over the nonzero
tangent vectors of the relative magnitudes of the quadratic formsu(v,v) andh(v,v). By com-
parison with the upper bound in Eq. (24), it follows immediately that‖g‖h =Λ+ ≥ 1. Next, set
u = w = g−h, and compute‖w‖h = ‖g−h‖h. The reverse triangle inequality of norms,

‖g−h‖h ≥ |‖g‖h −‖h‖h|, (57)

used in conjunction with the trivial result‖h‖h = 1, then leads to the bound in Eq. (25).

B. Algorithms

As an instructive application of the symmetries identified in Sec. 4, we describe an accurate and
efficient algorithm for the analysis of scattering datasets. This makes explicit use of the proper-
ties of the homogeneous metrich in Eq. (14) to interpret results produced by the Diffusion Map
algorithm of Coifman and Lafon [10]. As mentioned earlier, and also demonstrated in Paper II,
a variety of other manifold algorithms can also be used, all taking advantage of the symmetries
underlying datasets produced by scattering. Here, we consider the idealized scenario of noise-
free data. This will be relaxed in Paper II, where we extend our approach to deal with snapshots
severely affected by Poisson and Gaussian noise.

Instead of a continuous data manifoldM , experimental data represent a countable subsetM
of M consisting ofs identically and independently distributed (IID) samples inn-dimensional
data space (withn the number of detector pixels) drawn randomly from a possibly non-uniform
distribution onM . That is, we have

M = {a1, . . . ,as}, (58)

whereai =(ai1, . . . ,ain) aren-dimensional vectors of pixel amplitudes (see Fig. 1). As described
in Sec. 4.2, the amplitudes are given byai j = aRi(~r j), where~r j is the position of pixelj in the
detector plane, andaRi = Φ(Ri) is the snapshot associated with orientationRi.

In Ref. [10] it is shown that it is possible to construct a one-parameter family of diffusion
processes (random walks) on the point cloud from Eq. (58), with each process described by an
s× s transition probability matrixPε , such that in the limitε → 0 ands → ∞ the eigenvectors
of Pε converge to the eigenfunctions of the Laplace-Beltrami operator∆g associated with the
distance metric in data space [i.e., the induced metric tensor in Eq. (5)]. More specifically, if
ψ

k
ares-dimensional column vectors in the eigenvalue problem

Pε ψ
k
= λkψ

k
, ψ

k
= (ψ1k, . . . ,ψsk)

T, (59)
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then the relationψik ≈ ψk(Ri) holds for large-enoughs and small-enoughε, whereψk(Ri) is
thek-th eigenfunction of∆g in Eq. (21) evaluated at elementRi on the latent manifold.

Central to the efficiency of Diffusion Map is the fact that the transition probability matrix
Pε is highly sparse. This is becausePε is constructed by suitable normalizations of a matrixW

assigning weightsWi j = K (ai,a j) via a Gaussian kernel

K (ai,a j) = exp(−‖ai −a j‖
2/ε) (60)

to pairs of snapshots inM, depending on their Euclidean distance in data space. In applications,
one typically fixes a positive integerd and for each snapshotai retainsthe distances up to its
d-th nearest neighbor. Hereafter we denote the index of thej-th nearest neighbor ofai by Ni j,
and the corresponding distance bySi j = ‖ai − aNi j

‖. Pseudocode for computingPε given the
s×d distance and index matrices,S= [Si j] andN= [Ni j], is listed in Table 2.

Table 2. Calculation of the sparse transition probability matrixPε in Diffusion Map, fol-
lowing Coifman and Lafon [10].

Inputs:
s×d distancematrixS
s×d nearest-neighbor index matrixN
Gaussian widthε
Normalization parameterα

Outputs:
s× s sparse transition probability matrixP

1: Construct ans× s sparse symmetric weight matrixW, such that

Wi j =



















1, if i = j,

exp(−S2
ik/ε), if j = Nik,

Wji, if Wi j 6= 0,

0, otherwise.

2: Evaluate thes× s diagonal matrixQ with nonzero elementsQii = ∑s
j=1Wi j.

3: Form the anisotropic kernel matrixK= Q−αWQ−α .
4: Evaluate thes× s diagonal matrixD with nonzero elementsDii = ∑s

j=1 Ki j.
5: return Pε = D−1K

Once the eigenvectors in Eq. (59) have been evaluated, the nextstep in the orientation-
recovery process is to evaluate the linear-combination coefficients needed to convert the nine-
dimensional embedding coordinates(ψl1, . . . ,ψl9) in Eq. (18) to elements of an approximate
rotation matrixR̃l . This conversion is performed by the discrete analog of Eq. (13), namely

[R̃l ]i j =
9

∑
k=1

ci jkψlk, 1≤ l ≤ s. (61)

Here the expansion coefficientsci jk are determined by a least-squares minimization of the error
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functional

G ({ci jk}) =
r

∑
l=1

G2
l ({ci jk}), (62a)

G2
l ({ci jk}) = ‖R̃T

l R̃l − I‖2+ |det(R̃l)−1|2, (62b)

[R̃l ]i j =
9

∑
k=1

ci jkψlk, (62c)

where‖M‖=
(

∑3
i, j=1 M2

i j

)1/2
denotes the Frobenius norm (the entrywise two-norm) of a 3×3

matrixM= [Mi j].
Because the eigenfunctionsψk are not exact linear combinations of the WignerD-functions

in Eq. (12), a (real) polar decomposition step may be applied to produce an exact rotation matrix
R, given an approximate rotation matrix estimated from the eigenfunction data via Eq. (61). The
real polar decomposition is a factorization of a real square matrixR̃ into the product

R̃= RS, (63)

whereR is an orthogonal matrix, andS is symmetric positive-semidefinite matrix.
The nonlinear least-squares step may be adequately performed using only a small subset of

the full dataset, consisting ofr datapoints drawn randomly fromM. For instance, in the results
of Sec. 5, where the total number of samples iss = 2× 106, we user = 8× 104 datapoints.
We denote the total squared residual of the optimization process byG ∗, whereG ∗ is equal to
G ({ci jk}) in Eq. (62a), with{ci jk} given by the minimizer of the error functional.

BesidesR, one might additionally require an evaluation of the corresponding coordinates
in an SO(3) coordinate chart (e.g., for diffraction-pattern gridding). Depending on the coor-
dinate chart of interest, various techniques are available to perform this procedure stably and
efficiently. For instance, the coordinates ofR in the unit-quaternion parameterization [42] can
be determined by making use of the trace formula

tr(R) = 1+cosχ (64)

and the eigenvector relation
Rnnn = nnn, (65)

whereχ is the angle of the rotation represented byR, andnnn = nxxxx+nyyyy+nzzzz is a unit vector
in R

3 directed along the corresponding axis of rotation. The unit quaternionτ corresponding to
R is given by

τ = (cos(χ/2),sin(χ/2)nx,sin(χ/2)ny,sin(χ/2)nz). (66)

In outline, our orientation-recovery method consists of the following three basic steps:

1. Use Diffusion Map to compute the first nine non-trivial eigenfunctionsψ
1
, . . . ,ψ

9
of the

diffusion operatorPε ;

2. Determine the linear combination coefficientsci jk to transform theψ
k

eigenvectors
to (approximate) rotation matrices by solving the nonlinear least squares problem in
Eq. (62);

3. Use the correspondence in Eq. (61) and polar decomposition [Eq. (63)] to assign a rota-
tion matrixRl to each observed diffraction pattern, and (optionally) extract the parameters
of Rl in the SO(3) parameterization of interest.
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Table 3. Orientation-recovery for noise-free snapshots using DiffusionMap

Inputs:
Noise-freesnapshotsM = {a1, . . . ,as}
Numberof retained nearest neighborsd
Number of datapoints in the least-squares fit,r
Gaussian widthε

Outputs:
Estimated quaternionsT = {τ1, . . . ,τs}
Nearest-neighbor index matrixN
Least-squares residualG ∗

1: Compute thes×d matricesN andS such that

Ni j = index of j-th nearest neighbor to snapshotai,

Si j = ‖ai −aNi j
‖.

2: return N

3: Compute the sparse transition probability matrixP using the algorithm in Table 2 with
inputsS, N, ε, andα = 1.

4: Solve the sparse eigenvalue problemPψ
k
= λkψ

k
for 0≤ k ≤ 9 and 1= λ0 < λ1 ≤ ·· · ≤ λ9.

5: Solve the nonlinear least-squares problem (62).
6: return G ∗

7: for i = 1, . . . ,s do
8: Compute an approximate SO(3) matrixR̃i for snapshotai via Eq. (61).
9: ProjectR̃i to an orthogonal matrixRi using Eq. (63)

10: ConvertRi to a unit quaternionτi via Eqs. (64)–(66).
11: return τi

12: end for

A high-level description of the orientation-recovery procedurefor noise-free data is given in
Table 3.

Before closing this section, we comment briefly on methods for choosing the kernel widthε
and the number of retained nearest neighborsd. This is a common issue in manifold-embedding
algorithms, and a number of strategies for determining these parameters have been developed
in the literature [12, 32]. Here, we determineε and d a posteriori, by monitoring the value
of the least-squares residualG ∗. Specifically, in the applications presented in Sec. 5, we start
with a number of nearest neighborsd ∼ 100 and a value ofε of order the mean distance to the
(d/2)-th nearest neighbors of the datapoints, and then perform successive refinements of these
parameters seeking to minimizeG ∗.
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