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Imperfect knowledge of the times at which ‘snapshots’ of a system 
are recorded degrades our ability to recover dynamical information, 
and can scramble the sequence of events. In X-ray free-electron 
lasers, for example, the uncertainty—the so-called timing jitter—
between the arrival of an optical trigger (‘pump’) pulse and a probing 
X-ray pulse can exceed the length of the X-ray pulse by up to two 
orders of magnitude1, marring the otherwise precise time-resolution 
capabilities of this class of instruments. The widespread notion 
that little dynamical information is available on timescales shorter 
than the timing uncertainty has led to various hardware schemes to 
reduce timing uncertainty2–4. These schemes are expensive, tend to  
be specific to one experimental approach and cannot be used when 
the record was created under ill-defined or uncontrolled conditions 
such as during geological events. Here we present a data-analytical 
approach, based on singular-value decomposition and nonlinear 
Laplacian spectral analysis5–7, that can recover the history and 
dynamics of a system from a dense collection of noisy snapshots 
spanning a sufficiently large multiple of the timing uncertainty. 
The power of the algorithm is demonstrated by extracting the 
underlying dynamics on the few-femtosecond timescale from 
noisy experimental X-ray free-electron laser data recorded with 
300-femtosecond timing uncertainty1. Using a noisy dataset from 
a pump-probe experiment on the Coulomb explosion of nitrogen 
molecules, our analysis reveals vibrational wave-packets consisting 
of components with periods as short as 15 femtoseconds, as well 
as more rapid changes, which have yet to be fully explored. Our 
approach can potentially be applied whenever dynamical or 
historical information is tainted by timing uncertainty.

The fundamental premise of our approach is simple. A series of 
snapshots concatenated in the order of their inaccurate time stamps 
will contain some time-evolutionary information (‘a weak arrow of 
time’), provided that the concatenation window spans a period com-
parable with, or longer than, the timing uncertainty associated with 
each individual snapshot. This realization leads one to consider a series 
of c-fold concatenated snapshots, formed by moving a c-frame-wide 
window over the raw dataset ordered according to the inaccurate time 
stamps. The dynamical history can then be extracted from the series of 
concatenated snapshots using techniques developed to extract signal  
from noise, such as singular-value decomposition (SVD)8. SVD deter-
mines a series of statistically significant modes, each consisting of a 
characteristic pattern (topogram) and its time evolution (chronogram). 
A topogram can be a characteristic image or spectrum, with the corre-
sponding chronogram showing its change with time. For each mode, a 
singular value specifies the power contained in that mode8.

Consider snapshots, such as images or spectra, that can be repre-
sented as vectors by using the pixel values of each snapshot as the com-
ponents of a vector x. A snapshot can then be thought of as a point in 
multidimensional space, and a dataset as a cloud of points in that space. 

Similar to principal component analysis, SVD is a linear-algebraic 
approach, efficiently applicable only when the data cloud defines a flat, 
low-dimensional hypersurface. Unfortunately, many systems of interest 
cannot be adequately treated within the framework of linear-algebraic 
methods such as SVD. Geometrically, data from such systems give rise 
to intrinsically curved hypersurfaces (manifolds). Fundamental to our 
approach, therefore, is nonlinear Laplacian spectral analysis (NLSA)6, 
which performs the same analysis as SVD, but on curved manifolds.

For a dataset consisting of a series of Ns time-ordered snapshots, the 
analysis begins with a ‘time-lagged embedding’9–11 to form c-fold con-
catenated ‘superframes’ (or ‘supervectors’) from the dataset consisting 
of vectors x. A typical supervector

=( … )−δ −( − )δX x x x; ; ;t t t t t c t1

is obtained by appending the column vectors xt − iδt (0 ≤ i ≤ c − 1) to 
each other, with xt − iδt representing the ith in the sequence of c snap-
shots ordered according to time stamps. The time stamp assigned to 
each of the resulting (Ns − c) supervectors is defined as the mean of the 
time stamps of its constituent vectors. Unlike averaging, concatenation  
retains the information content of the dataset6; see Supplementary 
Information section 1.

Next, we use graph-based analysis— specifically the diffusion map 
algorithm5—to identify the nonlinear data manifold formed by the 
collection of supervectors. The matrix X of supervectors Xt is then 
projected (in the sense defined in ref. 6) onto the manifold, to obtain 
the matrix A

μΦ= ( )A X 1

with μ the Riemannian measure of the manifold and Φ the empirical  
orthogonal eigenfunctions (EOFs)—a truncated set of the eigen-
functions of the Laplace–Beltrami operator on the manifold6. This 
Euclidean description of the nonlinear manifold allows us to analyse  
the matrix A using standard SVD. The chronograms obtained using 
SVD are projected from the space defined by Φ back to the time 
domain, and the topograms corresponding to the superframes are 
‘unwrapped’ to obtain individual frames6. This approach is able to deal 
naturally with complex nonlinear dynamics6,12, and to extract confor-
mational information from ultralow-signal snapshots of molecular  
machines13.

Now consider the effect of stochastic timing uncertainty. Recall that 
the data matrix X is affected by timing uncertainty in two ways: first, 
the sequence of superframes can differ from the correct, jitter-free case; 
and, second, the time intervals within the members of a superframe, 
and those between the superframes themselves, can vary stochastically 
about a mean. It can be shown that the SVD step in NLSA is immune 
to jitter-induced changes in the superframe sequence, which are in any 
case unlikely for large concatenation parameters. As for non-uniformity  
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in time sampling, it can be shown analytically and by simulation that, 
with a sufficient number of snapshots, the outcome of SVD corresponds 
to time samples that are uniformly spaced to within small oscillations 
about the mean; see Supplementary Information section 2.

The results of SVD analysis of the matrix A must be projected back 
into the time domain to reconstruct the dynamics, which involves 
‘undoing’ the effect of the projection described in equation (1) by com-
puting AΦT (ref. 6). Because the EOFs represented by Φ are evaluated 
with our imperfect knowledge of timing, this back-projection re-injects  
jitter into the results. However, in the limit of large concatenation 
parameters, the manifold geometry and, hence, the EOFs are biased 
towards the most stable component of the dynamics7, as supported 
by the reduction in the number of eigenvalues above a spectral gap 
from five (in the manifold of raw data) to one (after concatenation); see 
Supplementary Information section 13. One may therefore regard the 
timing jitter as a form of stochastic forcing, which has been extensively 
studied14. In Supplementary Information section 3, we describe how 
reliable dynamical information can be obtained on timescales substan-
tially shorter than the timing jitter.

For the experimental case analysed below (for which the full-width 
at half-maximum (FWHM) of the jitter is 300 fs; that is, σ = 120 fs, 
c = 5,800 and the average time-sample spacing is 50 as), the discussion 
in Supplementary Information section 3 leads us to expect reliable 
information on the femtosecond scale. This estimate ignores several 
important issues, such as the width of the probe pulse and the require-
ments of Shannon sampling; see Supplementary Information section 3.  
But it indicates that the approach we have outlined has the potential 
to reveal dynamics on timescales substantially shorter than the timing 
uncertainty. The effectiveness of this approach and the guidelines for 

its use are outlined in Supplementary Information sections 4–7, with 
reference to four trial models.

We next demonstrate the capability to obtain dynamical information 
on timescales much shorter than the timing uncertainty using the noisy 
experimental data referred to above, which were recorded with sub-
stantial jitter stemming from the stochastic nature of the process used 
to generate ultrashort X-ray pulses in X-ray free-electron lasers15. The 
dataset, consisting of 105 time-of-flight spectral snapshots spanning a 
delay time from about −2.7 ps to +2.3 ps, was collected in the course 
of a pump-probe experiment on the Coulomb explosion of nitrogen 
molecules; see Supplementary Information section 12. During the 
experiment, an infrared pulse of approximately 60 fs in length either 
preceded or succeeded an ultrashort (<10 fs) X-ray pulse generated 
by the X-ray free-electron laser at the Linac Coherent Light Source1. 
Each time-of-flight spectrum (with a signal-to-noise ratio of approxi-
mately 0.16; see Supplementary Information section 10) is a record of 
the dynamics of about 30 molecular ions. The experimental approach 
and conditions are described in ref. 1.

The data from this experiment span three different regimes: first, that 
in which the X-ray pulse preceded the infrared pulse (the ‘X-ray-first’ 
regime); second, that in which the X-ray pulse succeeded the infrared 
pulse (the ‘infrared-first’ regime); and, third, that in which the ultra-
short X-ray pulse arrives while the infrared pulse is active and so the 
two overlap (the ‘overlap’ regime). In the X-ray-first regime, the X-ray 
pulse ionizes (and/or dissociates) the N2 molecules, and the infrared 
pulse breaks up the quasi-bound molecular ions it encounters, which 
are then collected by the time-of-flight spectrometer1. In the infrared- 
first regime, the infrared pulse induces impulsive alignment16, and 
can also ionize the molecules, which are then dissociated by the X-ray 
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Figure 1 | Coulomb explosion of N2, singular modes 1 and 2. a, Mode-1 
chronogram showing the time evolution of the average spectrum. The 
vertical axis shows the number of molecular fragments reaching the 
detector in arbitrary units. Note the three different regimes: X-ray-first, 
overlap and infrared-first. The effects of impulsive orientational alignment 
induced by the infrared pulse (including the 1/4-revival) are indicated.  
A sharp feature marks the overlap region, where the X-ray and infrared 
pulses overlap. b, Mode-1 time-of-flight spectrum showing the region 
around a mass-to-charge ratio of 14 (the horizontal axis shows the signal 
strength in arbitrary units). The sharp central peak is due to ++N2  
dications. The side-peaks stem from N+ ions ejected towards and away 

from the detector. c, Mode-1 reconstructed time-of-flight series of spectral 
frames showing the evolution of the average spectrum with pump-probe 
delay time (the colour scale indicates the signal strength: lowest signal, 
dark blue; highest signal, red). d, Mode-2 chronogram showing the time 
evolution of the mode; vertical axis as in a. An error-function-like feature 
spans the region in which the X-ray and infrared pulses overlap. e, Mode-2 
time-of-flight spectrum showing the region around a mass-to-charge ratio 
of 14 (horizontal axis as in b). f, Mode-2 reconstructed time-of-flight 
series of spectral frames (colour scale as in c). In the X-ray-first region, 
note the strong suppression of the central peak due to ++N2  dications. The 
effect of impulsive alignment is evident in the infrared-first regime.
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pulse. This experiment is typical of the class of stroboscopic pump-
probe approaches that are widely used to investigate the temporal  
evolution of ultrafast processes17. Because such phenomena can be 
heavily obscured by timing uncertainty, the dataset used here repre-
sents a critical test of our data-analytic approach.

Below, we show that our analysis successfully extracts known ultra-
fast phenomena, including the molecular vibrations of the N2 system 
with periods as short as 15 fs. We also pinpoint the start and end of 
the infrared pulse to about 1 fs, reveal enhanced molecular dissocia-
tion during the infrared pulse, and report anticipated, but previously 
unobserved, wave packets excited by the X-ray pulse. These results do 
not depend sensitively on the specific values used for the algorithmic 
parameters; see Supplementary Information section 11. The concate-
nation window c is the most important parameter; the quality of the 
results improves steadily with increasing c until the concatenation  
window is comparable with the FWHM of the timing uncertainty.

Turning to the analysis, each of the 105 spectral snapshots including 
regions around mass-to-charge ratios of 7 and 14 was represented as a 
vector, with components consisting of the signal recorded in the pixels 
of the time-of-flight spectrum. The vectors were ordered according to 
the jitter-corrupted experimental time stamps, and concatenated to 
form supervectors. Because the jitter substantially exceeded the 50-as 
average interval between successive snapshots, the sequence of vectors  
was strongly compromised, and the concatenation order purely sta-
tistical. The results reported below were obtained with a 5,800-fold 
concatenation window (c = 5,800) spanning 290 fs. The diffusion 
map algorithm5 was used to investigate the intrinsic structure of 
the concatenated data. The resulting manifold was five-dimensional  
(as determined by the procedure outlined in ref. 18) and nonlinear. This 
data structure (Supplementary Fig. 9) precludes analysis using standard 
linear-algebraic means such as SVD; see Supplementary Information 
section 14.

NLSA of the experimental data reveals the presence of up to six 
modes with singular values above the noise plateau (Supplementary 
Fig. 10). As in standard SVD, the first topogram constitutes the mean, 
with the subsequent modes representing the various deviations from it. 
Each chronogram shows the time evolution of its respective topogram 
in the X-ray-first, infrared-first and overlap regimes. Chronograms 
describing the time evolution of the signal and of the time-of-flight 
spectra for the first four modes are shown in Figs 1 and 2.

As in standard SVD, unless the physical processes at work are inde-
pendent and non-degenerate, a single mode need not represent a com-
plete physical process. Therefore, extraction of the individual physical 
processes requires additional information. However, the measured 
behaviour of the system is a linear combination of the modes obtained 
by data analysis. Thus, the features revealed by each mode constitute 
key elements of the processes at work and provide insight into the 
behaviour of the system.

With the above caveat in mind, we now discuss the key features of each 
of the modes obtained by our analysis (Figs 1 and 2). In the infrared- 
first regime, the modes reveal well-known features associated with the 
impulsive orientational alignment of N2 molecules, with successive  
modes capturing the average and higher moments of the aligned 
distribution16.

In all modes, clear features mark the time span during which the 
infrared and X-ray pulses overlap. The sharp turning points flanking 
the overlap region in mode 3 (Fig. 3) are separated by 36 ± 2 fs. We 
associate this time span with the period during which the infrared pulse 
was sufficiently intense to affect the process reflected in this mode in 
the overlap regime.

We now turn to specific features in modes 3 and 4 (Fig. 3), which 
shed light on the behaviour of the system in the overlap regime, where 
the infrared pulse is active. Mode 3 concerns the detection of ++N2 , 
while mode 4 reveals the collection of two N+ ions, one ejected towards 
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Figure 2 | Coulomb explosion of N2, singular modes 3 and 4. a, Mode-3 
chronogram showing the time evolution of the mode. The vertical axis 
shows the number of molecular fragments reaching the detector in 
arbitrary units. Note the three different regimes: X-ray-first, overlap and 
infrared-first. A sharp feature marks the overlap region, where the X-ray 
and infrared pulses overlap. b, Mode-3 time-of-flight spectrum showing 
the region around a mass-to-charge ratio of 14 (the horizontal axis shows 
the signal strength in arbitrary units). The sharp central peak stems from 
++N2 . c, Mode-3 reconstructed time-of-flight series of spectral frames (the 

colour scale indicates the signal strength: lowest signal, dark blue; highest 

signal, red). The ++N2  signal is suppressed in the X-ray-first region, and 
varies rapidly in the overlap region. d, Mode-4 chronogram showing the 
time evolution of the mode; vertical axis as in a. A sharp feature marks the 
overlap region, in which the X-ray arrives while the infrared pulse is 
active. e, Mode-4 time-of-flight spectrum for mass-to-charge ratio of 14 
(horizontal axis as in b). f, Mode-4 reconstructed time-of-flight series of 
spectral frames (colour scale as in c). A weak signal in the X-ray-first 
regime is invisible on this scale, but is clearly seen in Fig. 4. In the overlap 
region, the dissociation of molecules aligned with the polarization vector 
of the infrared pulse produces the two red peaks.
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the detector and one ejected away from it. In the overlap region, modes 3  
and 4 are strongly anticorrelated (with a correlation coefficient of 
−0.9917), indicating they are competing dissociation channels. It is 
tempting to associate the enhanced ejection of N+ towards and away 
from the detector with enhanced dissociation of ++N2  along the polar-
ization vector of the infrared pulse (Fig. 2f), as observed in strong-field 
experiments using optical pump and probe pulses under precisely con-
trolled conditions19-22. But the detector geometry used to obtain our 
experimental data strongly suppresses the detection of dissociation 
fragments ejected perpendicular to the detector axis. For this reason, 
we cannot reach a definitive conclusion on whether the dissociation is 
preferentially enhanced along the electric-field vector of the infrared 
pulse. Our results nonetheless highlight the type of detailed informa-
tion yielded by our approach.

A key finding from our analysis concerns the observation of wave-
packet dynamics in the X-ray-first regime (Fig. 4). In the majority of 
cases, the X-ray pulse creates core holes, which decay rapidly to form 
molecular dication states23. In a minority of X-ray absorption events, 
a valence electron is ejected to produce +N2  ions. Abrupt events are 
expected to launch vibrational17,24,25 and/or charge26 wave-packet 
dynamics. As shown in Fig. 4a, b, our analysis clearly reveals the pres-
ence of wave-packet oscillations and their revival in the X-ray-first 
regime. The periods of these oscillations (Fig. 4c, d) coincide closely 
with the known vibrations of the +N2  and ++N2  systems25,27. However, 
only the 15-fs oscillation has been previously accessed in the time 
domain25, with the other oscillation periods deduced from spectro-
scopic measurements27. We also observe oscillations outside the 
well-studied 40–70-THz range (Supplementary Fig. 7 and 
Supplementary Information section 8). Initial results from a quantum- 
mechanical calculation corroborate the spectral features we extract 
data-analytically in the 10–70-THz frequency range (Supplementary 
Information section 9).

In the absence of a well-characterized physical process with a tem-
poral knife-edge of sufficient abruptness, it is not straightforward to 
determine the exact time resolution achieved by our approach. Our 
results identify the start and end of the optical pulse, each to within 
about 1 fs (Fig. 3 inset). Given the width of the X-ray pulse (<10 fs, 
possibly shorter than 6 fs; ref. 1), it seems surprising that such  
precise information can be obtained. Other things being equal, the time 

resolution is determined by the signal expected from an infinitely short 
pulse, convolved with the actual probe envelope. In agreement with 
previous work on partially coherent optical pulses28, our results suggest 
that the X-ray pulse contains spikes that are sufficiently narrow to allow 
extraction of information beyond the nominal pulse envelope. The time 
resolution also depends on several other experimental parameters, 
including the timing uncertainty, the magnitude and uniformity of the 
time interval between snapshots29, their signal-to-noise ratio, and the 
characteristics of the signal itself. Using modest computing resources 
(see Supplementary Information section 15), the present demonstration 
was achieved with 105 spectral snapshots with a signal-to-noise ratio 
of approximately 0.16, covering a time span approximately 17 times 
the FWHM of the timing uncertainty. Finally, the application of NLSA 
is essential even when the system under consideration is intrinsically 
linear. This stems from the large size of the matrix of concatenated 
data—containing about 1012 elements for the experimental data treated 
here—which greatly exceeds that amenable to standard SVD.

In summary, we have demonstrated a purely data-analytical approach 
that is capable of extracting the evolution and dynamics of complex sys-
tems from noisy snapshots on timescales much shorter than the uncer-
tainty with which the data were recorded. We expect our approach to 
have a broad impact in many areas of science and technology; exam-
ples include geology and climate science, where timing of events can 
be uncertain, chemistry and biology, where reaction initiation can be 
non-uniform across a sample, and signal processing, where noise and 
timing jitter are prevalent.
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