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For a Lie superalgebra ¢ we denote the even and odd parts of ¢ by ¢,
and 4,, respectively. The simple Lie superalgebra ¢ is called classical
if 4, is reductive. For 4 classical simple we study primitive ideals in the
enveloping algebra U(g). Our main result is that any graded primitive ideal
is the annihilator of a graded simple quotient of a Verma module. This is
an analogue of the well-known theorem of Duflo [D] on primitive ideals
in the enveloping algebra of a semisimple Lie algebra. The proof is based
on Duflo’s theorem and some work of E. Letzter [L1, L2] on primitive
ideals in finite ring extensions.

The definition of a Verma module depends on the existence of a
triangular decomposition in 4. This is dicussed in Section 1. A more precise
statement of the main theorem is given Section 2. In Section 3 we discuss
some corollaries, for example we show that if ¢ # Q(n) then graded prime
ideals are prime (Corollary 3.1), and if g# P(n), then any factor ring of
Ul(4) has the same left and right Krull dimension (Corollary 3.3).

Classical simple Lie superalgebras which are not Lie algebras have been
classified by Kac [K1, Theorem 2, p.44] (see also [Sch, Theorem 1,
p- 140]). In the notation of Kac these algebras are as follows. Scheunert's
notation, if different is given in parentheses.

Am,n)=slim+1,n+1), m#n,mnz0(splm+1,n+1))
A(n,n)=sln+ 1, n+ 1)/{1s, 2>, n>0(splin+1,n+1)/Cl,, . ,)
B(m, n)=o0sp(2m+ 1, 2n), m=0,n>0
D(m, n)=osp(2m, 2n), m=2,n>0
C(n)=osp(2,2n—2), nx=2
G(3), F(4) (I",, I'y, respectively)
D(2,1;a) aeC\{0, =1} ((J (1, =1 —a, &)))
P(n) nz2(bn+1))

Q) =0(m)/<lsy2)s 122

(d(n+1)/CI,, , 5, the f, d algebras of Gell-Mann, Michel, Radicati).
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We refer to [K1, 2.17] or [Sch, Chap. II, Sect. 4] for the construction and
properties of these Lie superalgebras.

The superalgebras P(n) and Q(n) are called strange and the others are
known as basic classical Lie superalgebras.

Throughout this paper the adjective graded refers to the Z,-grading on
Ulg) f M=M,®M, and N=N,®N, are graded U(g)-modules, a
graded homomorphism ¢: M — N is a module homomorphism such that
for some jeZ,, ¢(M;)SN,,,. In particular this means that M is
isomorphic to the module M* defined by reversing the grading, that is, by
setting (M')o =M, and (M'), = M,. An element of M is homogeneous if it
is contained in M, U M,.

1. TRIANGULAR DECOMPOSITIONS AND VERMA MODULES

1.1. We need to know that every classical simple Lie superalgebra ¢ has
a triangular decomposition. By this we mean that there is a direct sum
decomposition

?:”7@%@”+
such that

(1} » ,»*, and # are graded subalgebras of 4 with »* nilpotent.

(2) go=2ny ® A, D is a triangular decomposition of 4, in the
usual sense (see [Dix, 1.10.147).

(3) £=/4@=x" is a solvable subalgebra of 4.

If M is an 4,-module and o€ 4§ we define M*= {xe M | hx =a(h)x for
all he 4,}. Note that, if M is a graded 4,-module, then M* is a graded sub-
space of M. We say M is diagonalizable if M= @ M*. We also require

(4) »F.,x7. 4y, and 4, are diagonalizable #,-modules via the adjoint
action of 4.

We shall see that every classical simple Lie superalgebra has a triangular
decomposition. In contrast to the Lie algebra case, triangular decomposi-
tions are not in general unique up to an automorphism of ¢. In applica-
tions of the main theorem it is convenient to allow different triangular
decompositions of 4. For example if 4 = A(n, n) we use different triangular
decompositions of ¢ in Corollary 3.2 and Theorem 3.4.

Suppose we are given a triangular decomposition g=n" @ /4D~ ". Asin
[J, 4.3] we denote by ¢ the category of go-modules M with the following
properties

607/91,2-8
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(@) M=@®,., M"
(b) Forall ve M, dim U(ng )v < c0.
(c) M is a finitely generated U(g,)-module.

In addition we let € denote the category of graded g-modules M which
belong to @ when regarded as gy-modules by restriction. The morphisms in
0 are graded homomorphisms of g-modules.

For Ze4&, we let Co; be the one dimensional £,-module with »7 v, =0
and hv, = A(h)v; for he 4,. We show below that there is a unique finite
dimensional graded simple #-module V; such that "V, =0 and ho = A(h)
for all he 4y, veV,. Furthermore any finite dimensional graded simple
#-module is isomorphic to V, for some e 4.

In all cases except g=Q(n) we will have #=4, and dim V', =1. We
define Verma modules for ¢, and 4 by

M(1)= U(yo) ® Utg) (EU/I
M(l): U(y)®u(m V2~

Then M(A) has a unique maximal submodule M(A)° and if L(i)=
M(4)/M(L)°, then M(4) has a finite composition series with factors L(u)
for various pe 4F [Dix, 7.1.11 and 7.6.1]. We establish similar properties
for M(A):

PROPOSITION.  (a) M(A) has a composition series of finite length.
(b) M(A) has a unique maximal graded submodule M(2)°.
~(c) If ¢4# Q(n), then M(2)° is actually the unique maximal submodule
of M(4).
(dl If M is a nonzero module in O then, for some ie4¥,
Hom(M(2), M) #0.

The proof is given later in this section.
We set L(4) = M(4)/M(3)°.

COROLLARY. (a) A graded g-module M belongs to 0 if and only if M
is diagonalizable as an #4ymodule and there is a finite series 0= M,c
M,c ..- «¢ M,= M of graded submodules of M such that each M;,/M,_, is
a homomorphic image of some M(A,) for 1 <i<r.

(b) The Verma module M(1) has a finite graded composition series
with factors isomorphic to L(y) for various pe 4¥.

Proof of the Corollary. (a) We note that the category @ is closed under
taking graded homomorphic images and submodules since ¢ is closed
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under these operations. If Me @, we can construct a series of the required
form using (d) of the Proposition and the fact that M is a Noetherian
U(4)-module. For the converse it suffices to show that M(3)e @, but this
is traightforward (see the remark after Lemma 1.3).

(b) This now follows casily.

1.2. Let y=4,® ¢, be any Lie superalgebra. If V' is a g,-module the
exterior algebra on V' is denoted AV. The action of ¢, on V extends to a
homomorphism ¢, — Der(4V). Thus we can view AV as a g,-module. We
need the following observation.

LEMMA.  As g,-modules via the adjoint action Ulg)= Ag, ® vty Ulgo)-

The proof is clementary,

1.3. Let go=», @ 4,@® »; be a triangular decomposition of ¢,, R, the
set of roots of ¢y, and R; the set of positive roots with respect to this
decomposition. Write 4,=4,@® « where 4; is a Cartan subalgebra of
[40. #0] and « is the center of ¢,. The Weyl group W of [, g0] acts
naturally on (44)* which we identify with {ie /A& | A(x)=0}. We extend
this action to an action of W on 4} by requiring W to fix the set
{Ae4¥ | A(#4,)=0}. Define the translated action w- A by

weA=w(A+po)— po,

where p,=1> .. gt % Since g is classical simple, ¢, is a semisimple
go-module, by [Sch, Theorem 1, p. 101]. Hence 4=4@ @, ¢*, where
R={aesy|4*#0 and a#0} is the set of roots of ¢ and 4 is the
centralizer of 4,. We set 0 =7R, Qy=7ZR,, and Q; =NR;. The set of
weights of a go-module V' is denoted by I7(V).

Part (a) of Proposition 1.t follows from the next result which will also
give more detailed information on the relationship between primitive ideals
in U(g,) and primitive ideals in U(y).

LEMMA. Suppose g=»" @ 4@ »* is a triangular decomposition, and V
is a finite dimensional £-module such that »* V=0 and hv= A(h)v for all
hehy, veV, where ie4§. Then the modules M=U(g)® .,V and
Ulg) ® () M(4) have finite length as Ul(gy)-modules with composition
Sactors of the form L(v) where

ve |J W-(h+p)n(i+pu—07))

nellidg)
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Proof It is enough to prove the statement about U(g)® ., M(4)
since M is a factor module of N = U(?)®Wo) V where V is a £4,-module by
restriction and N is a direct sum of copies of

U(f)@umoy G:U}. = U(?)@[/(ym M(j-)

Now as a U(gy)-module, Ulg) ® y,0) M(A);Am@wm M(A) by
Lemma 1.2, and this has a finite series with factors of the form M(A + u)
where ue Il1{Ag4,) by [Dix, 7.6.14]. Therefore the result follows from [Dix,
7.6.17.

Remark. Since the category ¢ is closed under tensor products with
finite dimensional modules, it is clear that the modules M and
U(4) ® ) M(4) belong to .

14. Let ¢ be a classical simple Lie superalgebra. We say that the
elements fi,, ..., 8, of £F form a basis of simple roots for g if

(1) By, .., B, are linearly independent.
(2) For any root fe R we have either fe Q" or —fe Q" where
Q" =27_iNB,.

When 4 has a basis of simple roots, we set " =@ ,cp+110y % 7 =
P a0\ (0} g% and let # be the centralizer of 4, in ¢.

If M is a module in @, and ve M* then v is a highest weight vector if
»* v =0. In this case p is a highest weight of M.

LEMMA. Suppose ¢ has a basis of simple roots. Then

(a) g=»" @4A@»" is a triangular decomposition.

(b) Any nonzero module in ¢ has a highest weight. If M is a simple
module in @, then M has a unique highest weight.

(c) Suppose in addition that 4= 4,. For A€ 4§, let V,=Cu, be the
one dimensional graded #-module with v; homogeneous, »*v,=0, and
hv,=A(h)v, for all he4, Then any finite dimensional graded simple
¢-module is isomorphic to V, for some 4. Furthermore the Verma module
M) = U(g)® y(, V., satisfies properties (a)-(d) of Proposition 1.1.

Proof. (a) Note that [4,, #,] =4, which is central in #. Therefore £ is
nilpotent. Clearly »* is a nilpotent ideal in £=/4@® »™, so £ 1s solvable.

Now 4y =4,® » where %; is a Cartan subalgebra of [4,, ¢o] and « is
the center of ¢,. Let E be the real vector space spanned by f,, .., f, and

={BeE|B(x)=0)}, E,={BeE|P(#,)=0}, so that E= E,®E,. For
Be E,, let t5 be the element of 4; such that §(h)= K(tg, h) for he 4, where
K(, ) is the Killing form, and set («, f) = K(t,, t5) for «, f e E,. We extend
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(, ) to a nondegenerate symmetric bilinear form on E such that £, and E,
are orthogonal. Then there exists y € E such that (8,,7)>0 for i=1, .., n
Let Ry = {ae(4y)* [ o is a root of g, with (a, y) >0} and note that R is
precisely the set of roots of »;. Write y=1y,+7, where y,€ E;. Since
Ry < E, we have (a,y)=(a,7,)>0 for xe Ry. By the proof of [H,
Theorem 10.1] the set of indecomposable roots in R is a basis of simple
roots of g,. Hence go=», @ 4@, is a triangular decomposition. The
rest now follows easily.

(b) This is the same proof as for semisimple Lie algebras.

(c) Note that [£, & 1= [, 2,125 =4 25 1< [£y,£y] There-
fore by [KI1, Proposition 5.2.4] every finite dimensional graded simple
#-module has dimension one, and so is annihilated by [£,£]2»*. It
follows that any such module is isomorphic to V; for some A. As in the
proof of [Dix, 7.1.11], every proper g-submodule of #(4) is contained in
M*=@ ,.; o M(7) Note that M* is a graded subspace of M(4). It
follows that Af(1) has a unique maximal submodule which is graded. The
rest follows from (b) and Lemma 1.3.

1.5. Contragredient Lie Superalgebras. Our definition of contragredient
Lie superalgebras is the same as that given in [vdL1] (see also [K2]).
Let A=(a;) be an nx n matrix of rank / with complex entries. A realiza-
tion of A consists of a complex vector space 4 together with subsets
II={oy,.,o,} <#*and IT'={h, .., h,} 4 such that
(1) The sets /T and II' are linearly independent.
(2) <hyoy=a, (i, j=1,..,n)
(3) dim#4=2n—1L
By [K2, Proposition 1.17], every nxn matrix has a realization which is
unique up to isomorphism.
Given a matrix A, a realization as above, and a subset 1t of
I=1{1,2,..,n} we define the Lie superalgebra g(4, t) to have generators
e;, f; (i=1, .., n), and % and defining relations

Le;, fi1=0,h; ihj=1,.,n
[hA]=0 for h h'es
LA, e;]= <o h)e;
A fid=— <o, h) [
The Z,-grading on 4(4, t) is given by
deg h,=0 dege;,=deg /,=0 for i¢rz
dege,=deg f,=1 for iert.
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Now there exists a unique maximal ideal : of (4, t) intersecting 4
trivially. The proof of this statement is the same as for Lie algebras
[K2, Theorem 1.2e}].

Set g(A4,7)=g(A4,1)/e. We call ¢(4, 1) the contragredient Lie super-
algebra associated to (A, t). It should be noted that the contragredient Lie
superalgebra G(4, ) of [K1, Sect. 2.5] is isomorphic to the derived algebra
¢ of g(A4,1). The pairs (4, t) for which ¢(4, 1) is finite dimensional and
¢/C is simple, where C is the center of 4, are classified in [KI1,
Theorem 37 (see also [vdL2, Sect. 5]). The algebras 4'/C which arise are
exactly the basic classical simple Lie superalgebras. We have
dim ¢(4, 1)/4'=dim C=n—1. Also C#0 if and only if det 4 =0 and this
occurs exactly when ¢'/C=x A(n, n) (see [K1, Proposition 2.5.6]). Hence-
forth we assume that det 4 #0, so ¢(4, 1) = ¢ is classical simple.

Since det 4 #0, «,, ..., o, forms a basis for £*. Moreover if " (resp. » )
is the subalgebra of 4 generated by e,...e, (resp.f,..f,) then
g=» @A@»" is a triangular decomposition. Also if Q" =Y"_, N,
then »* =@, o+ j0y¢” and »~ =@ , p+.10, #* The proofs of these
statements are the same as for Kac-Moody Lie algebras (see [K2,
Sect. 1.3]). Hence 4 has a basis of simple roots and %= 4, so we obtain

Verma modules M(4) satisfying properties (a)-(d) of Proposition 1.1.

1.6. The advantage of using contragredient Lie superalgebras is that it
provides a unified way in which the existence of a basis for the simple roots
can be established. However, it is difficult to examine the structure of the
algebras ¢(4, t) directly from the definition. Fortunately it is possible to
give direct constructions for the basic Lie superalgebras [K1, Sect. 2.1; Sch,
Chap. I1, Sect. 4] and then show the existence of a basis via a case by case
examination. A list of possible bases, up to W-equivalence is given in
[K1,2.54]. Some omissions are corrected in [vdL2, Sect. 5].

We take this opportunity to correct an error in [K1, 2.5.4]. For the case
g=A(n,n)y=sln+1,n+1)/{l,,,,) the set of roots which are claimed to
be a basis are not in fact linearly independent. However, we have the
following.

LEMMA. The Lie superalgebra ¢ = A(n, n) has a basis of simple roots.
Furthermore if g=n~ @ 4@ »"* is the corresponding triangular decomposi-
tion, and x — 'x is the antiautomorphism of ¢ induced by sending every
matrix in si(n+ 1, n+ 1) to its transpose then

=2t "t =", h=h forall heis.

Proof. First we introduce some notation. Let ¥ be the space of all
column vectors with standard basis e;, 1 <i<2n+2, and e, the matrix
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with e e, =0 e, For 1<i<nlet h;=e;—e¢; . ;,, and for n+1<i<2n,
hi=e; 1,41~ €,,2;+2 We denote the images of the elements 4;, e in 4 by
the same symbol. Let £ = %, be the subalgebra of 4 spanned by the ;. Let
4;, 1<i<2n, be the dual basis of £* defined by 4,(h;)=¢,. For 1<i<n

set x;,=e;,,,14; and set Xg=€5,,1,,.;- Let p,=—4, | +4i+
Apwii—Aays for 2<i<n, pgo=4,—4,,. and u;=4,—1,,,. Note that
x;€ g* for 0 <i<n. The crucial point of the proof is the observation that
Ho=27=1 M-

IfF.0=U,cU,c - - clU,,,.=Uis aflagin V we set
a(Fy={x+ Iy oyl xeslin+1,n+ 1), xU,cU,_,,1<i<2n+2}.

for0<i<n+1. Now

i

Set vo=¢€,3,41,, 1;=¢,for 1 <i<n, and w;=e, .,

let
\ ) = 5 s s R
Vi=span{vy, wo, Uy o Wy _1, Us ) W,=span{vg, wg, w, Ujy Wi )
[ — fur . B g ISTE s . 1
Vi =SpaAn W, Uy s Wy iy Uy gy Wi =SpaAn W, Uy v Uy gy 1a Wy iy

and consider the flags
Fr0cVycWyec - V.cW,cV,,,c---cW,=V
F :0cWicVic - WicV/cW,  c...cV,=V.

We set »t =x(F*), and R* = {ae#4*| (»*)*#0}. It is easy to see that
g=» @®A®»" is a triangular decomposition of 4. Note that x,w;=35,v,
and x,v;=0 for 0<i<n, 0<j<n+1, so x,e»*. We set y,=e,,,, for
I1<ign Then yv;=06,w, ,, yw;=0, and y, e g" for certain v, € #*. Then
»*is generated by x,, x,, ... x, and y,, ... y, and »~ is generated by 'x,,
X1y Xy Vs v, Hence any o€ R™ (resp. R~ ) can be expressed as an
integral linear combination of ug, 4y, .., Ln, vy, ..., v, With all coefficients
nonnegative (resp. nonpositive). Since po=23."_, i;, « can be expressed as
such a linear combination of u, ..., 4,, v(, ... v,. It is new easy to show
that {p,, .., 4, vy, ... v,,} is a basis of simple roots of 4 with the required

property.

1.7. Suppose now that g, =4 + 4, is a sum of two proper gy-sub-
modules. This applies when ¢ = A(m, n), C(n), or P(n) [KI, Proposi-
tion 2.1.2]. Of course the choice of which submodule to call ¢, is
arbitrary. By checking each case, or using [Sch, Proposition 3, p. 96] we
have 4,=4 @y, [g1, 97 1=[g:> 4,/ 1=0, and ¢, 4, are simple
go-modules. Let go=n; ®4,®»,; be a triangular decomposition of
£0 and set n7=iz07®yr, 7z+=ﬁg' ®?1+’ L=14, and £=/4@®»"*. For
Aes* let V,=Cv, be the one-dimensional graded /#-module with v;
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homogeneous, »*v, =0, and hv, = A(hw; for he 4,. Note that [£,,£,] =
[¢1, #7 1=0s0 by [K1, Proposition 5.2.4] any finite dimensional graded
simple #-module has dimension one and hence is isomorphic to V; for
some 4. We set M(1)=Ulg)® i, V

LEMMA. (a) g=»" @#A@»" is a triangular decompsition.

(b) I=47U(x")=Ul(s")g, is a nilpotent ideal of U(»") with
Ulr ™ ) I= Ulng).

(c) Properties (a)-(d) of Proposition 1.1 hold for M(}) and L(1) is a
simple U(g)-module.

Proof. (a) Set ¢;(0)=0 and define 4/ (i) inductively by ¢/ (i)=
{xeg! | [x, ng 1S4/ (i—1)} for i=1. Since 4; is a simple go-module
and g, is reductive we see that 4 (m)=g4, for some m. Since »; is
nilpotent and [4,", ¢;* 1 =0, it follows that »* is nilpotent. The rest is easy.

(b) Let xeg,, veng. Then xy=yx+[x, y]JeU(»" )y, . Since
also [x, 47 ]1=0, we see that g Un )=Un )g; =1 is an ideal of
Uln™).

Since [¢;, ¢, 1=0 we have (¢, )"=01in U(» ") if m>dim 4, so [ is
nilpotent. By the PBW theorem 7+ U(», )=U(»" ) and In U(»; )=0 so
the rest follows.

(c) We have M(i)=U(» )v,=(I® U(ny ))v,. Let I'=—QF\{0}.
We show that if N is any proper submodule (not necessarily graded)
of M(i) then NeM* =(I® @ ., Ulny )*)v,. Since N=@ N* and
NS MY if u#4i, we may assume N*#0. By Lemma 1.2, U(» )=
Agy ® U(zg )asan 4-moduleand so U(x ) = P, _4,, (Ag, V@ Uln, ).
Therefore T=U(» )’={xeU(» )| [h x]=0 for all he#4} is a finite
dimensional subalgebra of U(» ). Now J=Tn 1 is a nilpotent ideal of T
and T/J=(T+ 1)/ IcU(» )/ 1= U(ng ) so T/J=C. Therefore T is a local
ring whose maximal ideal J is maximal as a left ideal. Now N* is a T-sub-
module of M(1)* and M(i)*=Tv,=(C+J)v, is a free left T-module.
Therefore any proper T-submodule of M(4)” is contained in Jo,c M*. It
follows that N< M*, and M(1) has a unique graded simple quotxent L(A.)
which is a simple U(g)-module. Finally, if M is a nonzero module in @ we
can find a nonzero homogeneous ue M* such that »Ju=0. Let ¢} =
a2+ 2a,2a,=0 be a series of »;-submodules of g, with
[#g,a]1Sa;,_, and a,=a;,_@®Cx, for i=1,.,m Let £,= ny @a,.
Suppose we can find a nonzero homogeneous u such that #,_,u=0. Then
either 4,u=0 or xu=v#0. In the latter case we have for yex;,
yo=x;yu+{px; ]u—O since [y, x;]J € @;_,. Since also «,;v» =0, we obtain
£,v=0. Proceeding in this way we can find a nonzero homogeneous w e M*



CLASSIFICATION OF PRIMITIVE IDEALS 261

for some 4 such that » *w=0. It then follows that U(g)w<= M and Ulg)w
is a homomorphic image of M (/).

Remark. let g=A(n,n) and let y=»"@£@~»" be a triangular
decomposition as described in this subsection. We note that there is no
basis of simple roots corresponding to this decomposition. For suppose
S=1{aes*|(g;)#0}. A simple calculation shows that ¥ _ca=0.
Therefore if o, ..., a, is a sct of roots such that every 2 € S can be expressed
as an nonnegative integer linear combination of «,, ..., ,. then «,. ..., %, are
linearly dependent.

1.8. The only classical simple Lie superalgebra which has not been
treated above is ¢ = Q(n). This is the Lie superalgebra J(n)/I where J(n)
consists of matrices (4 %) with aegl(n+1), besiin+1), and I=CI,,  ,.
Complications arise here because # # 4, and there exist finite dimensional
graded simple U(¢)-modules with dimension greater than one.

Denote by N, H, N* the strictly lower triangular, diagonal, and strictly
lower triangular matrices in s/(n + 1), respectively. We define

s e an{s )
O R S R

bh=1to@®h,, l?i:ii()i®)71t, b=~4®ax".

PROPOSITION. (4} g=» @ 4D »" is a triangular decomposition of 4.
7 g p g

(b) For any Ae#g, there exists a unique finite dimensional graded
simple f-module V, such that »*V,=0 and ho=A(h) for all he4,.
Any finite dimensional graded simple £-module is isomorphic to V; for some
Ae 4.

(c) The Verma module M(1)= Ulg)® ., V; satisfies properties (a),
(b), (d) of Proposition 1.1.

Proof. (a) Since 4, > g, as go-modules it follows that the basis R; of
simple roots with respect to the decomposition go=», @ £, @® »; is in fact
a basis of simple roots for . Thus (a) follows from Lemma 1.4.

(b) This follows from [K1, Theorem 7]. However, we can give a
more elementary proof as follows. For A€ 4% define a symmetric bilinear
form f; on 4, by fi(x, y)=A([x, y]). Let 4 ={xe 4, | fi(x, £,)=0} be
the radical of this form, and «,=Ker A@® 4;. Then «, is an ideal in 4 and
we set ¢, = 4#/a ;. If A#0 we can find z€ (¢;), such that A(z) = 1. The factor
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algebra A,=U(c;)/(z— 1} of U(4) depends only on A Let ¢ be the
nonsingular quadratic form on (¢,), defined by

glx+ 4 )=5f,lx, x).

Then ¢ is nonsingular, and 4, is isomorphic to the Clifford algebra of g.
By [Lam, Chap. V, Sect. 2], this Clifford algebra is graded simple, so it has
a unique graded simple module ¥V,. Clearly we can regard V; as a U(£)-
module, and it has the required properties. If 4 =0, then «, = 4, and we let
V, be the trivial U(£)-module, and A, = U(#)/£U(%).

Now let V be any finite dimensional graded simple #-module and
¢: ¢ - gl(V) the representation afforded by V. We claim that if xe »* then
#(x) is nilpotent. It suffices to show this for xe . since if y e, then
[y, y]ens and ¢(y) =1/24([y, y]). Now V is a finite dimensional
fo-module and by Lie’s theorem every #j,-composition factor of V is
annihilated by »; so the claim follows. By Engel’s theorem for Lie super-
algebras [Sch, p. 236], we have V' #0 where V'={ve V| »*v=0}. Since
»* is an ideal of #, V' is a graded submodule of V, so V' =V, and V may
be regarded as a 4 =4/»"-module. Since 4, is central in 4, there exists
A€ #¥ such that ho=A(h)ov for all he 4,, ve V by Schur’'s Lemma for Lie
superalgebras [K1, p.18]. Therefore V is a #/Ker A-module. If 4] is
defined as in the first part of the proof then the image of 47 in #/Ker A is
supercentral, so #; acts as zero on V, since V is graded simple. It follows
easily that V is a graded simple 4,-module and Vx>V,

(c) As we noted in the proof of (a) the basis of simple roots R} with
respect to the decomposition go=#, @4, @ »* is in fact a basis of simple
roots of 4. Let §% =NR{ be the subsemigroup of 4¢ generated by R .
We have M(2)=@,c, o« M(A)". Let M(A)* =@, ., MA)" I U is
any graded submodule of M(A) not contained in M(A)* we have
Ut=M(A)Y' nU#0, but M(A)Y'=V, and this is a graded-simple U(¢)-
module. Hence U*=V; and U2 U(y)V, = M(4). It follows that (1) has
a unique maximal graded submodule.

Finally if M is a nonzero module in &, then by Lemma 1.4, M has a
highest weight i. If ve M” is homogeneous, then » v =0 so U(£)v is a
finite dimensional graded A;-module, so it contains a copy of V. Hence
U(g)V, <M is a homomorphic image of A7(4).

Remark. From the proof we see that the graded simple U(g)-module
L(4) is simple if and only if ¥, is a simple U(¢)-module and this is
equivalent to the condition that rank f; is even. When 4= Q(3) a simple
calculation shows that the possibilities are rank f; =0, 1, or 2.
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2. THE CLASSIFICATION THEOREM

21. Let 4 be a Lie superalgebra and ¢ the automorphism of ¢ with
o(x+y)=x—yfor xe gy, veg,. Then o extends to an automorphism of
U(g)=U. We denote the set of prime, primitive, graded prime, and graded
primitive ideals of U by Spec U, Prim U, GrSpec U and Gr Prim U,
respectively. Because of the following lemma the primitive ideals of U are
easily described in terms of the graded primitive ideals.

LemMa. (a) If PeSpec U, then P a(P)e Gr Spec U.
(b) If peGr Spec U, then p= P~ o(P) where PeSpec U is minimal
over p.
{c) If p and P are as in (a), (b) then pe Gr Prim U if and only if
PePrim U.

Proof. (a) is obvious. For (b) see [CM, Theorem 6.3] and for (¢) [L1,
Theorem 3.1].

2.2. Let 4 be classical simple and set

I(}t)=annbw)L(,{), J(i)zannwy)L(i).
We use the following result of Duflo [D] (see aiso [J, 7.4]).

THEOREM. The map /. — I(2) from 4§ to Prim Ulg,) is surjective.

This result is usually only stated for g, semisimple, but the extension to
the reductive case is routine.

Our main result is an analogue for classical simple Lie superalgebras.

MAIN THEOREM. The map A — J(A) from 4F to Gr Prim Uly) is surjec-
tive.

2.3. Assume that R is a Noetherian subring of $ such that S is finitely
generated as both a left and right R-module. In addition we require R and
S to be algebras of finite GK-dimension over a field.

DEFiNiTIONS.  Let Q be a prime ideal of R and T, the submodule of ;Sg
such that SQ = T, and T,/SQ is the torsion submodule of S/SQ as a right
R/Q-module. Let J be the left annihilator in S of S/Ty, and X,, the set of
prime ideals of S minimal over J. We need the following results of Letzter:
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THEOREM. (1) Spec S=Jycspec r Xo-
(2) PrimS:UQePrimRXQ’

Proof. See [L2, Proposition 4.2].

24. We need a graded version of Theorem 2.3. Let R=U(g,) and
S =Ul(g). For Q a prime ideal of R, S/SQ is a free right R/Q-module, so
To=SQ. We let Gr X, be the set of graded prime ideals of S which are
minimal over J=/anng(S/SQ). Using Lemma 2.1 we have GrX,=
{Pna(P)| PeX,}. Then from Theorem 2.3 we obtain

CoRrOLLARY. (1) Gr Spec S=Jycspec r OT Xp.
(2) GrPrim S=J,spec r OT X

2.5. LEMMA. Let R be a subring of S such that S is a free right R-module.
If M is a left R-module with anng M =Q, then anng(S®;M)=
anng(S/SQ).

Proof. See the proof of [BGR, Lemma 10.4a].

2.6. For Ae ¥ we set y(A)=U{n - (A+p)n(A+p—Q7 )| nell(Ag),
we W}. Note this is a finite set depending only on 4. If Pe Gr Prim U(y)
then by Corollary 2.4 and Duflo’s theorem we have Pe Gr X, for some
A€ #¥. Hence the main theorem follows from the following result.

THEOREM. We have Gr X,;,< {J(v) | veE x(4)}.

Proof. Let R=U(gy) and S=U(y). If PeGr X,,,, then by Lemma 2.5
P is minimal over ann¢(S®z L(4)). By Lemma 1.3, S® z M(4) has a finite
graded composition series. Therefore since S® z L(4) is a factor module of
S®g M(A), P is the annihilator of some graded composition factor of
S® r M(1). Now

S®r M) =Ulg) @ uigy Ulg0) ®uiry Cv
= U(g)® yip) (U(B) @ sy CV1)»

and U(£)® y,,, Cv; has a finite graded composition series with factors V,,
for various pe#¥ Hence S® M(A) has a finite series with factors
U(g)® y(s) V.= M(p). By Corollary 1.1, M(p) has a finite composition
series with factors L(v) for various ve £¥. Hence P =J(v) for some v. We
have L(v)= U(g)v where =g v=0 and hv=v(h)v for all he 4§ Therefore
Ulgo)v is a U(g,)-subfactor of S® z M(4) and L(v) is an image of Ulge)v.
It follows that L(v) is a U(g,)-composition factor of U(g) ® y,,, M(4). By
Lemma 1.3 we have ve x(4) and this proves the result.
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3. CONSEQUENCES AND FURTHER REMARKS

3.1. COROLLARY. Let ¢ be a classical simple Lie superalebra, ¢ # Q(n).
If I is a semiprime ideal of Ulg), then I is graded. Furthermore Spec U(g) =
Gr Spec U{g) and Prim U(y) = Gr Prim U{y).

Proof. First let P be a primitive ideal of U(4). Then P no{P) is graded
primitive, so P~ a(P)=ann L(A) for some ;i However by Proposition 1.1
L(}) is irreducible if ¢#Q(n), so amn LAy is primitive. Therefore
P=a(P)=ann L(). Since U(y) is a Jacobson ring by [L1, Lemma 2.5] or
[CS, Theorem 1] any semiprime ideal 7 is an intersection of primitive
ideals. Hence o(f) = I. The last statements follows easily.

3.2. For ¢4 classical simple, ¢ # P(n), we have seen in Section 1 that there
is a basis of simple roots and a corresponding triangular decomposition
g=n @4®x". We next show that there is an antiautomorphism x — ‘x
of 4 such that

T =ant, ‘t=a", ‘h=nh forall he4.

If g = A(n, n) this is done in Lemma 1.6. If ¢ = ¢(4, 7) is a contragredient
Lie superalgebra, with det A #0, we define a map x — ‘x on the Lie super-
algebra z(4, t) by the rules

€ =] fi—e; I<ign

h—-h for he#.

If » is the unique maximal ideal of 5(4, 1) intersecting # trivially then 7=
by the same proof as for the Cartan involution of [K1, Sect. 1.3]. Hence,
we obtain an antiautomorphism on ¢(A, t) also denoted x — ‘x.

Finally if ¢=Q(n) the map x — ‘x is induced from a similar map on
0(n) sending a matrix to its transpose.

Note that if g = P(n) with the triangular decomposition given in 1.7, no
such map x — 'x as above can exist since dim »~ #dim »*.

We extend the map x — ‘x to an antiautomorphism of U(g). If M e d, we
let ‘M be the dual of the U(g,)-module in the category (" as defined in
[J,4.107. Then ‘M is a submodule of the dual space M* and ‘M can be
regarded as a U(g)-module via the action

(xg)(m)}=¢('xm) for xeU(g), ¢e'M,meM.
Hence ‘M e @ and it is immediate that

t . '
anng,, M=ann, ,'M.
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By [J, 4.10] the modules M, ‘M have the same composition length and
the same character. In particular 'I(4) is a simple object in @, and since 4
has a basis of simple roots this module has a unique highest weight A.
Therefore ‘L(4) = L(4), so 'J(A)=J(4) for all 1€ 4¥ We can now prove an
analogue of [J, Cor. 7.57.

COROLLARY. If ¢# P(n) is classical simple then for any graded semi-
prime ideal I of U(g) we have 'I=1.

Proof. By [LI1, Lemma 2.5] U(g) is a Jacobson ring. It follows easily
that for any graded semiprime ideal 7 we have I=(\{P,| P, graded
primitive, xe 4} for some index set A. Since each P, has the form J(4),
Ae 4%, we obtain the result.

3.3. The preceding corollary implies a symmetry of many right and left
properties of factor rings of U(g). We record one application here.

CoROLLARY. [If ¢g# P(n) is classical simple and R any factor ring of
Ulg), then the left and right Krull dimensions of R coincide.

Proof. Using [ MR, Corollary 6.3.8] and Lemma 2.1 we can reduce to
the case R= U(g)/] where [ is a graded prime ideal of U(g). In this case
the map x +7— ‘x+ [ is an antiautomorphism of the ring R.

Remark. A similar argument using Duflo’s theorem shows that if ¢ is a
semisimple Lie algebra and R a factor ring of U(y) then the left and right
Krull dimensions of R coincide. This has been noted by Levasseur [Lev,
p. 174].

3.4. We return to the situation discussed in 1.7 where ¢, =4 ® 4, isa
direct sum of two g,-submodules. In this case we can make an improvement
to the main theorem. Note that 4 = 4" @ 4, is a subalgebra of U(yg),
and that ¢'U(zf) = U(g)g! = J is a nilpotent ideal of U(x) with
U(4)J = Ulgo) For Ae /4§ we can regard the U(g,) modules M(A) and
L(/) as U(s)-modules with J acting as zero. Note that as U()-modules
M(A)=Ulg0) ® sy, Cv:=U(£)® sy Cv; Where £=£4,@D ¢, and Cu, is
the #-module with gfv,=s;v,=0 and hv,=A(h)v, for he 4 Hence
Ml = U(?)®U(,,) M(A). Since J is nilpotent, it fol[ows from Duflo’s
theorem that the primitive ideals of U( ) have the form /(1) = ann o L(4).
For Ae#* let J(A)=U{W - A+pu)n(A+pu—Q7)luecll{dg;)}. As a
go-module we have M(A)= AgT ®¢ M(4), which has a composition series
with factors L(v), v e #(1). We can apply Corollary 2.4 to the ring extension
R=U(#)<= S= U(g) Repeating the earlier arguments we obtain

THEOREM. For A€ 4¥, X< {J(v)|ve (A1)}
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The advantage of this result over Theorem 2.6 is that the set #(4) is much
smaller than yx(4), and so we have better control over Prim U(y). In [M]
we apply this result to obtain a detailed description of Prim U(y) in the
case g =5/(2, 1).

3.5. It is an interesting problem to find necessary and sufficient condi-
tions for the modules Z(4) to be finite dimensional. This of course depends
on the triangular decomposition ¢ =" ® /4@ »*. We briefly summarize
what is known about this problem.

(a) If L(4) is finite dimensional then so is L(4). This follows since
Hom ;.. (M(4), (M(4))) #0.

(b) Ifg,=¢; @y, and p=4; @ gy asin 1.7 and 3.4, then L(2) can
be regarded as a U(#) module with 4,5 acting as zero. Then L(4) is a
homomorphic image of U(g)®,,, L(#) and hence L(4) is finite dimen-
sional if L(4) is finite dimensional.

(c) If 4=Q(n) with the triangular decomposition of 1.8, then
necessary and sufficient conditions for L(4) to be finite dimensional are
given in [K1, Theorem 8b)]. We note that it is possible for L(4} to be
finite dimensional and L(/) infinite dimensional.

(d) If 4 is a basic Lie superalgebra, and is realized as a con-
tragredient Lie superalgebra with a matrix corresponding to the Dynkin
diagram of [K1, Table VI], then necessary and sufficient conditions for
L(4) to be finite dimensional are given in [K1, Theorem 8¢)]. It is not
hard to show that L(/Z) is finite dimensional if and only if conditions (1)
and (2) of [K1, Theorem 8c)] hold. However, these conditions are not suf-
ficient for (1) to be finite dimensional. We remark that Kac has given an
alternative construction of the finite dimensional simple modules for a basic
classical simple Lie superalgebra in [K3, Proposition 2.4].

Note added in proof. 1f g=osp(l,2), a classification of primitive ideals in u( ¢) has been
obtained by G. Pinczon, The enveloping algebra of the Lie superalgebra osp(1, 2), J. Algebra
132 (1990), 219-242. In addition. a result similar to Proposition 1.8(b) has been proved by
L. A. Skornyakov. His result appears as Proposition 1 in I. B. Penkov, Characters of typical
irreducible finite-dimensional g(n)-modules, Funct. Anal. Appl. 20 (1986), 30-37.
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