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Abstract  

A survey of the literature on the statistics of extreme events in finance is 
presented, covering some key relationships and attempting to answer the following set of 
questions: What are some of the specific areas of application of the statistics of extreme 
risk, especially in finance? Are there any analogies between physics and finance in 
analyzing the probability of extreme events, and if so how can we learn from this? How 
should one treat extreme events: as outliers or as statistically predictable phenomena? If 
the latter, then what are the underlying mechanisms that might produce extreme events? 
For example, what is the role of systemic risk, or that of positive feedback mechanisms, 
or herding behavior, that could produce such events? What is the implication of extreme 
value distributions for the valuation schemes based on the Black-Scholes models?  
Guided by these general questions, we survey the literature in this crucial and frontier 
area of research and provide our overview of the findings.    
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I. Introduction 

The financial world and, one could argue, the physical world in which we live have been 

beset with what seems to be extreme events, whether in the form of financial crisis or in 

the form of environmental disasters such a hurricane, tsunamis, etc. However, not until 

Nicholas Nassim Taleb popularized the idea of “black swans” i.e., the observation of 

rare, high impact events and applied it to the financial world1 did the general public and 

even the practice of finance took the possibility of such events very seriously.  That is not 

to say that scholars, researchers and academics, have not known about this phenomenon 

and in fact this article is precisely a survey of this literature that dates way back (the 

oldest citation in our article is from 1928). Yet, Taleb’s book, along with the financial 

crisis of 2008 and 2009, have sharply focused the attentions of market makers and policy 

makers alike on the possibility, even the likelihood, of extreme financial events. In fact 

an event of say 4 standard deviations from the mean that is predicted to occur once every 

33000 years, if we assume normality of its distribution, is still less extreme than the 

financial events the world experienced in 2008 and 2009. It is thus clear that the 

assumption of normality badly fails in this regard.  

                                                 
1  Taleb’s book Black Swan was originally written in 2007 (Taleb, 2007), though a new 
version appeard in 2010. The 2007 version contains prophetic sections about the potential 
of a dramatic capital market crash.  His prior book, Fooled by Randomness (Taleb, 2001), 
reprinted 2001-5), sets the seeds for his ideas. 
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Thus the need arises to carefully re-examine distributional features of many 

financial variables and certainly move away from a normality assumption in the direction 

of distributions with heavier tails and larger kurtosis. This paper provides a survey of the 

literature on the analytical attempts to understand, quantify and even predict the 

probability of rare events from their underlying heavy tailed distributions.  While the 

focus will be on finance, certain parallels to the world of natural sciences and especially 

physics will be drawn from time to time. Especially, some of the questions that we ask 

are: What are some of the specific areas of application of the statistics of extreme risk,  

especially in finance? Are there any analogies between physics and finance in analyzing 

the probability of extreme events, and if so how can we learn from this? How should one 

treat extreme events: as outliers or as statistically predictable phenomena? If the latter, 

then what are the underlying mechanisms that might produce extreme events? For 

example, what is the role of systemic risk, or that of positive feedback mechanisms, or 

herding behavior, that could produce such events? What is the implication of extreme 

value distributions for the valuation schemes based on the Black-Scholes models?  

Guided by these general questions, we propose a survey of the literature in this crucial 

and frontier area of research and provide our overview of the findings.    

The statistical literature that has been developed on the quantification of the 

likelihood of extreme events boils down to finding the best fit to data among distributions 

with heavy tails. Beyond that, one finds two distinct paths towards the quantification of 

extreme risk. One path focuses on risk quantification based on the application of Extreme 

Value Theory (EVT), and the other focuses on risk quantification based on application of 

the Power Law. While there are some asymptotic relations between the two forms, as will 
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be explained, the two approaches do remain distinct.  As a consequence our survey of the 

literature also reflects this dual approach to the quantification of extreme risk. Thus, 

Section II considers the approach and the literature based on the EVT while section III 

focuses on the approach and the literature based on the Power Law. We then follow up in 

Section IV by focusing on the general issue of how outliers must be treated in the 

quantification of extreme risk. This is where we are able to discuss the underlying 

mechanism from feedback effects to systemic risk and the like. Section V offers some 

concluding remarks and observations.  

 

 

II. Heavy Tails and Extreme Value Distributions  

Understanding the nature of low-intensity, high-impact, events, whether financial, 

physical or man-made, is a crucial first step in estimating their likelihood and developing 

efficient responses to them.  Unfortunately, by definition such events do not occur with 

sufficient regularity as to allow for robust estimation of their likelihood.  As a result, 

classical statistical methods are ill-suited for estimating extreme quantiles as small 

discrepancies in estimation over the main body of a distribution yield widely varying tail 

behavior.  Moreover, certain phenomena may incorporate a positive feedback loop that 

yields a heavy tail inconsistent with a normal distribution. For example, contrast the bell-

shaped nature of a natural phenomenon, such as the distribution of human height, with a 

long/heavy tail distribution of individuals’ income or wealth (c.f. Taleb 2007). In the 

financial world such potential positive feedback mechanisms are particularly 

troublesome.  For example Brunnermeier and Pedersen (2009) develop a model that 
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demonstrates the positive feedback between balance sheet and liquidity, leading to 

liquidity spirals.     

What is one to do in quantifying such risks?  A key insight that traces back to the 

early 20th century contribution, known as the extremal types theorem (Fisher and Tippett 

1928) comes to the rescue. In this insight, if an appropriately re-scaled and re-centered 

sequence, *
nM , of maxima converges to a non-degenerate law, G , then G  belongs to the 

family of Generalized Extreme Value (GEV) distributions: 

01 1
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Respectively   and   are location and scale parameters, regardless of the original 

distribution. The shape parameter   characterizes tail-thickness and accordingly divides 

the GEV-family into three subclasses: 0  corresponds to the Weibull family of 

distributions (bounded tails), 0  corresponds to the Gumbel family (light tails)2 and 

0  corresponds to the Fréchet family of distributions (heavy tails). These distributions 

are commonly known EVT distributions possibly owing to the key role that the extremal 

types theorem plays in their derivation.   

Such distributions have been used both in the financial world (e.g., Jansen and de 

Vries 1991, Byström 2006, Bali 2007, and Bali and Weinbaum 2007, and Allen and Bali 

2005), and in the non-financial world, e.g., in estimating likelihood of terrorist attacks 

(Mohtadi 2009, Mohtadi and Murshid 2009a and 2009b).  

                                                 
2 Clearly )(xG  is undefined when 0 . Thus the subset of extreme value distributions for which 0  

should be interpreted as the limit of )(xG  as 0 , which corresponds to the Gumbel family. 
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In finance, generally, the Black-Scholes (1973) model and models based on the 

lognormal distribution of stock prices (or normal distribution of their returns) cannot 

explicitly account for the negative skewness and the excess kurtosis of asset returns (Bali, 

2007). An interesting comparison, relevant to finance is the comparison the performance 

of GARCH models versus EVT distributions in estimating and forecasting volatilities.  A 

key paper in this regard is that of Bali and Weinbaum (2007) in which such a comparison 

is made. The paper finds that EVT distributions provide more accurate volatility forecasts 

than GARCH and even VIX (Implied Volatility Index) volatility models as well as more 

accurate characterization of realized volatility than EVT and GARCH models.  This is 

important because implied volatility, which is volatility derived from actual option prices, 

already exhibits features that are different from lognormal distributions and is often 

considered more accurate. In fact for some product such as foreign currency options, 

implied volatility yields a fatter tail than a lognormal distribution associated with Black 

Scholes3. With respect to pricing interest rate products (caps, floors and zero coupon 

options), Bali (2007) finds strong evidence that the empirical distribution of forward rates 

is far from lognormal, and the fat-tail property associated with extreme value 

distributions is more dominant than skewness in the sample. Bali goes further and derives 

an analytically closed form for an option pricing model that is more realistic than Black 

Scholes.   

As for the distribution of share prices themselves, many papers have found that 

the returns are fat tailed. However, how much mass is associated with the tail part of the 

probability is less settled. Jansen and de Vries (1991) used an EVT distribution for this 

                                                 
3 See John Hull (2010) for a lucid illustration of this point.  
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purpose, thus focusing exclusively on the larger observations, since by definition this is a 

distribution of extremes. They were able to generate robust probabilities on large returns, 

which put the recent stock market swings into historical perspective. Additional support 

for EVT is found in Longin (2005), who shows that EVT is better able to model asset 

returns. Using S&P 500 data from 1954-2000 Longin shows that the normality 

assumptions of models such as Black-Scholes are not able to capture extremes as 

accurately as EVT.  One distinguishing feature of Longin’s work is its focus on several 

different distributions (as a form of non-nested hypothesis testing).  However, unlike 

Bali, the focus is on stock returns, rather than on forecasting volatility whose purpose was 

to calculate Value at Risk.   

The application of EVT is also extended to the derivation of what is known as the 

risk neutral density functions, i.e., the density function derived from the actual option 

prices.  Figlewski (2009) shows that the tails of risk neutral density functions can best be 

obtained when applying a GEV distribution. Markose and Alentorn (2005, 2011) also 

argue that using GEV distributions to model risk neutral density functions is more 

appropriate for modeling tails, especially when comparing the GEV with the Black-

Scholes model.  

One of the challenges that investigators face when estimating tail probabilities 

using GEV is that such estimates are extremely data-intensive, as they uses extrema of 

“block” of observations, causing one to throw away the rest of the observations for each 

block. When data intensity is an issue, one remedy to this problem might be to use a 

Pareto distribution, a highly popular but simpler to estimate form of heavy tail 

distribution.  
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III. Heavy Tails and Pareto Law 

Pareto distributions, which belong to the family of Power Laws, are less data intensive 

than extreme value distributions and have fewer parameters to estimates. This holds true 

even if one has to truncate from on the lower end of the support.  Moreover, these 

distributions are asymptotic distributions of the Generalized Pareto form where the latter 

is related to the GEV. To see this first note that Power Law distributions are of the form,   


  )()|( 0

m
xx x

x
xXP

m                                                  (2) 

Where X is a random variable,  is an unknown parameter, and mx is the threshold value 

to be defined from the data. The density function for this distribution is given by 

)1(..)(   xxxP mX            .                                                   (3)                               

It turns out that when the threshold mx  in equation (3) and, by extension, the 

value of x, is large (i.e., focus on the tail of the distribution), the Pareto distribution is a 

special case of the Generalized Pareto family, with the following density function:  
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where  and   are location and scale parameters, respectively, and   characterizes 

thickness of the tail. In turn, the Generalized Pareto distribution is related to the family of 

GEV distributions that were described in equation (1) (see Coles, 2001, p. 75).  In fact 

Gnedenko (1943) has shown that, 
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where f is some slowly varying function. As such, the Pareto parameter, α, and the GEV  

tail parameter,   , are approximately inversely related:  

)1/(1    for large x.                                                                        (6) 

It would therefore suffice, as far as the tail of the distribution is concerned, to use Pareto 

distribution—which has fewer parameters and is easier to approximate—as a reasonable 

representation of the family of extreme value distributions.   

In attempting to analyze extreme risk, it is the approach taken by the Power Law, 

rather than by EVT, in which one finds parallels to other sciences and lessons from them.  

This is because Power Law is widely observed in natural sciences such as physics, 

biology, earth and planetary sciences, computer science, but also more recently in 

economics and finance, and other social sciences. For instance, the distributions of the 

sizes of cities, earthquakes, solar flares, moon craters, wars and people’s personal 

fortunes all appear to follow power laws (Newman, 2005) and even terrorism events 

(Johnson, et. al, 2005)4.  Andriani and McKelvey (2007) provide an extensive list of 

references that show the relevance of power laws beyond the scope of economics and 

finance.   Gabaix et. al. (2008) have eloquently argued that the nature of statistical 

thermodynamic systems in which the interactive whole acts independently of its 

microscopic parts, resulting in the application of scale invariant power law, may well 

translate into financial markets. They embark on a task to show this for several key stock 

market variables. For example, Gabaix, et. al. (2006, 2008) have used Pareto distributions 

                                                 
4 Some exceptions are Mohtadi (2009), Mohtadi and Murshid (2009a) and (2009b) who use EVT to analyze 
terrorism risk.  
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to estimate various financial variables (see below). Mantegna and Stanley (1995) find 

that the distribution of prices in S&P 500 follows a Pareto Law. Plerou and Stanley 

(2007) extend these results to a number of other OECD markets.  

An interesting analogy is drawn from the world of physics to financial markets. 

Thus, Plerou et. al. (2000) suggest that changes in stock price through market 

transactions, are analogous to the diffusion process in physical systems through 

molecular collisions.  Specifically, they find that price movements are equivalent to a 

complex type of diffusion process in which the diffusion coefficient fluctuates radically 

in time. Drawing the analogy between (i) the number of transactions and the number of 

collisions and (ii), the local variance of the price changes and the local mean square 

displacement between collisions, they find that (a) the observed tail of price changes in 

stocks is due mainly to the tail in the distribution of the number of transactions and (b) 

that the long range volatility correlation are due mainly to long-range correlation in the 

number of transactions.  

Time intervals also seem to play a role in the applicability of Pareto or Power 

Law. Thus, Gopikrishnan et. al. (1999) studyS&P returns over several long periods in 

history and find that the distribution of short term returns (less than 4 days) are consistent 

with Power Law while for longer returns a Gaussian behavior is a better approximation.  

The idea that different patterns may emerge with different time horizons is also explored 

in LeBaron (2001), but in LeBaron it is the length of the past horizon (memory) that 

enters into the short vs. long term decisions. However, dynamics of entry and exist force 

the market to short term memory, generating the heavy-tail behavior also observed in 

Gopikrishnan et. al. (1999).   



 10

Among the various explanations for the Power Law phenomenon, Gabaix et. al. 

(2003, 2006, 2008) stand out. These studies find that excess stock market volatility is due 

to trades by very large institutional investors in relatively illiquid markets. Further they 

find that the distribution of volume, return, number of trades, and assets under 

management of trading institutions, all follow Power Law.  An interesting, if not 

controversial, view is explored by Levy (2005) who ties wealth distribution to the 

distribution of stock returns. Levy argues that the observed Pareto (power-law) 

distribution of wealth which is empirically observed in many countries, implying that 

inequality is driven primarily by chance, rather than by differential investment ability. 

Levy then shows that the Pareto wealth distribution may explain the Lévy distribution of 

stock returns, which has puzzled researchers for many years. Thus, the Pareto wealth 

distribution, market efficiency, and the Lévy distribution of stock returns are all closely 

linked according to Levy. Liu et.al. (1999) study the statistical properties of stock 

volatility, by locally averaging absolute value of price changes over a short time interval, 

using the S&P 500 stock index. They find that the cumulative distribution of the volatility 

is consistent with a power-law asymptotic behavior, characterized by an exponent of 3, 

similar to what is found for the distribution of price changes.   

Power Law seems to be also the statistical law governing liquidity risk. Thus, 

Plerou, et. al. (2000) quantify the fluctuations of the average bid-ask spread, S, often an 

indicator of liquidity risk, for 116 most frequently traded stocks on the New York Stock 

Exchange over the two-year period 1994–1995. They find that the autocorrelation 

function of S exhibits a long-range power-law correlation. They also find that a similar 
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logarithmic relationship holds between the transaction-level bid-ask spread and the trade 

size. 

Surprisingly little work has been done to examine the application of heavy tail 

statistical analyses, whether in Pareto or EVT forms, to the area of credit and default risk. 

In this area a paper by Mohtadi (2011) estimates the loan losses of a typical bank using a 

Truncated Pareto distribution over the support of (0,1) for the loss distribution. The use 

of a truncated Pareto, rather than Pareto is motivated by the comparability of the support 

of the distribution (0,1) with that of an alternative commonly used distribution developed 

by Vasicek (2002) that is used as a basis for regulatory capital per Basel II for banks. 

Mohtadi finds greater agreement with simulated data on the part of the Pareto than the 

Vasicek distribution. One key reason for this is the allowance of a correlation between 

the probability of default and loss given default. When this correlation is high, for 

example in distressed economic times, the heavy tail of the truncated Pareto distribution 

indicates a larger likelihood of large losses than does the Vasicek distribution.  The 

relationship between high correlation and extreme risk is explored elsewhere in the 

general literature and will be visited again shortly in Section IV.  

Despite its wide application and near universal force, there are still some 

questions when it comes to comparing Power Law distributions with those from the EVT 

family. Thus, Eryigit, et. al. (2009) investigate the tail distribution of the daily 

fluctuations in 202 different indices in the stock markets of 59 countries for the time span 

of the last 20 years and compare Power law, log-normal, Weibull, exponential and power 

law with exponential cutoff distributions as possible candidates for the tail distribution of 

the normalized returns. They find that the power exponent depends strongly on the choice 
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of the tail threshold and a sizeable number of indices can be better fitted by a distribution 

function other than the power law at the region that has a power law exponent of 3.  Also, 

in terms of whether EVT or Power Law distributions have the appropriate tail properties,  

traditionally many variables in finance have been assumed to possess lognormal 

properties. Mitzenmacher (2003) has shownthat when the variance of the variable in 

question is large, Power Law and lognormal distributions are close substitutes. In other 

words, for tail events lognormal distributions are a good approximation for tail events.  

However, even lognormal distributions often do not possess sufficient kurtosis (and also 

skewness) as compared to say Frechet distribution.  Thus, generally one should conclude 

that the EVT-based distributions possess larger thickness and thus the issue arises as to 

which is a better approximation for reality.  

 

 

IV. Heavy Tails and the Concept of Outlier  

Heavy Tails are the statistical expression of extreme events.  However, since such 

events are rare by nature, one critical issue that has attracted the attention of researchers 

is whether the presence of such events, at least in financial markets, can be “predicted” 

with some statistical regularity or if these events aretrue “outliers,” such that they would 

be outside of any feasible laws of statistical regularity? If extreme events are in fact true 

outliers, then no scientific effort can be expected to be productive in our further 

understanding of them. But if such events can be somewhat “predicted,” two natural 

follow-up questions are; how can we predict them, and what is a possible mechanism that 

might explain them?  Proponents of Power Law argue that extreme events are in fact part 
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of a statistical regularity and thus in a broad sense “statistically predictable.” For 

example, Stanley (2003) claims that extreme events actually occur on a regular basis and 

thus can be modeled.  Stanley et. al. (2008) show that even in the case of extreme events, 

the scaling phenomenon that is associated with the application of the Power Law persists.  

In a sense, then “outliers” as such may not in fact exist since “the same laws seem to 

govern outliers as well as day-to-day fluctuations” (ibid). Further, Stanley (2003) has 

pointed out that far from of “outliers” being unexplained by statistical laws, extreme 

patterns in bid, ask, and sale price of stocks alternate between an ''equilibrium phase'' 

where market behavior is split equally between buying and selling, and an ''out-of-

equilibrium phase'' where the market is mainly either buying or selling. 

One area of inquiry with some interesting views on this question is that of 

complexity theory. Complexity theory can be located at the juncture of the economics 

and financial universe on one hand and the universe of the physical world on the other. In 

fact such a juncture has come to be knows as econophysics. The view of econophysicists 

on extreme events is best described by the following quote: “Econophysicists argue that 

stock market crashes, and other economic phenomena (that are often puzzling from the 

perspective of standard economic theory, ‘outliers’ in fact) are an entirely natural 

consequence of the view that economic systems, such as financial markets, are complex. 

Extreme events, involving collective phenomena (resulting from the iteration of nonlinear 

interactions), such as herding or alignment (as seems to occur in bubbles and crashes), are 

an integral part of scaling theory (itself a part of statistical physics)” (Rickles 2008). 

Mohtadi and Ruediger (2011) have shown that financial cascades, an example of extreme 

phenomena, is entirely reproducible within the system and is obtained as a consequence 
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of chaotic behavior where for a range of parameters beyond a certain point, normal 

outcomes give way to non-linear and unpredictable outcomes. To our knowledge this is 

the first paper to apply Chaos Theory to the explanation of crashes.5  

Searching for a more specific mechanism, one comes across the analysis by 

Andriani and McKelvey (2007) who argue that extreme events are caused by 

“positive/negative feedback mechanisms,” basing their analysis on Bak’s (1996) 

hypothesis of “self-organized criticality.”   A result of this perspective is that Gaussian 

distributions are unable to explain extreme events because of their assumption that data 

points are independently and identically distributed (iid), because of course the existence 

of a mechanism such as a feedback mechanismmeans that the events are not in fact 

independent. Andriani and McKelvey (2007) also side with the use of Power Laws.   In 

fact the idea of “positive/negative feedback mechanisms,” is also shared by Sornette.  In 

challenging the Gaussian view of iid datapoints, Sornette (2008) sees bubbles to be the 

“result from self-reinforcing positive feedbacks,” that are “generic results of human 

activities”. Relying on complexity theory Sornette (2008) follows the arguments by Bak 

(1996) that extreme events are endogenous self-organizing systems. Perhaps a unique 

angle in Sornett’s (2008) analysis, however, is the fact that there also a need to invoke an 

exogenous shock to produce a crash. In particular, Sornette argues that if a deviation from 

equilibrium--due to self-reinforcing feedback mechanism--is sufficiently large, then there 

is a greater likelihood that the system will crash due to an exogenous shock. Thus, while 

acknowledging that power laws are superior to Gaussian based analysis because of the 

ability of power laws to explain the existence of extreme events, Sornette  (2009) 

                                                 
5 Chaos theory, which was popularized in the 1980s was developed by MIT scientists interested in weather 
patterns.  For an interesting reading of this fascinating area see for example James Gleick’s book, Chaos 
(Gleick 1988) written for lay readers.    
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nevertheless argues that “extreme events are even “wilder” than predicted by the 

extrapolation of the power law distributions in their tail”. For example, in characterizing 

the statistics of extreme events, he argues that “that financial crashes are transient bursts 

of dependence between successive large losses”, which are missed by the common power 

law analysis. 

One way to think of the role of heavy tail in finance is the possibility that 

systemic risk, as an aggregate phenomenon, is endogenous to the system as a whole. 

However, much of financial modeling is based on the randomness associated with 

individual equities or other financial instruments. As such, while individual volatility is 

assumed as arising from iid events, the underlying aggregate macroeconomic or market 

forces might suggest otherwise. One way to examine this view is to look at financial 

crisis where the iid assumptions underlying the movements of financial variables may be 

more severely challenged. As we have seen, Sornette (2008, 2009) argues that financial 

crashes are interdependent events, following several successive large declines and 

therefore should not be modeled as iid events as has often been done in Gaussian models. 

The existence of correlations in the aggregate creates a systemic risk environment that 

contributes to the tail of the distributions and also implies outliers are endogenous in the 

aggregate once we consider systemic risk. In the areas of credit risk such systemic factors 

is precisely what causes the probability of default to be a of long tail (as opposed to 

heavy tail) Beta distribution. But once we recognize that loss given default is also 

correlated with the probability of default even a beta distribution will not have the heavier 

tail of a Pareto distribution (Mohtadi, 2011).     
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V. Conclusion  

Understanding extreme events is a monumental task and the question of whether they can 

be adequately analyzed and statistically predicted is of great significance. Yet, even 

Nichoals Nassim Taleb who passionately argues against Gaussian view in finance does 

not argue that one could ever predict extreme events with great confidence even when 

using heavy tail statistics and other tools.  Yet, the use of such tools does help reduce the 

tremendous disbelief and shock that markets --used to Gaussian analysis--experience 

when for example stock prices tumble.  It certainly allows for the probability of such 

events to be much greater than Gaussian analysis would predict and this factor, in and of 

itself, is an important achievement. Because, if followed, this should make the 

management of risk on the part of the policy makers and market makers alike, much more 

sensitive to the world of “extremestan” as Taleb calls it, allowing them to take necessary 

actions before events unravel out of control.  

A few words on methodology: The two distinct attempts to understand extreme 

and rare events, one based on Extreme Value Theory, and one based on Pareto Law, both 

seem to continue on parallel tracks.  Each line yields very useful results.  Yet, no debate 

has yet emerged as to the superiority of one method over the next when measuring the 

same quantity.  It is about time that the next generation of research takes on a very careful 

comparison and validation of the EVT distributions vs. Pareto Law distribution.  Though 

there are asymptotic linkages between the two, they do produce different outcomes in 

terms of for example the thickness of the tail.   The use of other methods such as, for 

example, the application of Chaos Theory may yield important benefits in understanding 

extreme events.   
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