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Abstract

This article introduces adaptive weighted maximum likelihood estimators for bi-

nary regression models. The asymptotic distribution under the model is estab-

lished, and asymptotic confidence intervals are derived. Finite-sample properties

are studied by simulation. For clean datasets, the proposed adaptive estimators

are more efficient than the non-adaptive ones even for moderate sample sizes, and

for outlier-contaminated datasets they show a comparable robustness. As for the

asymptotic confidence intervals, the actual coverage levels under the model are

very close to the nominal levels (even for moderate sample sizes), and they are

reasonably stable under contamination.

Key Words:Efficient estimation; Logistic regression; Robust confidence inter-

vals; Weighted maximum likelihood



1 Introduction

Binary regression models are very common in statistical applications. They are

used in situations where a dichotomous response variableyi and a vector of co-

variatesxi are observed for each individual. The probability of positive response

is modeled as a function of a linear combination of the covariates:P (yi = 1|xi) =

π(x>i β). Whenπ is known (as we will assume in this paper) only the regression

parameterβ needs to be estimated, which is usually done by maximum likelihood.

The maximum likelihood estimator attains the minimum asymptotic variance

under the model and then it is optimal, but it is very sensitive to atypical data.

Observations with extreme covariates, in particular, have a large influence on the

estimator, and if they are accompanied by misclassified responses, the resulting

estimates can be seriously biased. Pregibon (1981, 1982) made the earliest sys-

tematic attempts to fix this problem; he proposed methods to unmask influential

observations and robust estimators for the logistic model. Later robust proposals

in this area include Stefanski, Carroll and Ruppert (1986), Copas (1988), Kün-

sch, Stefanski and Carroll (1989), Morgenthaler (1992), Carroll and Pederson

(1993), Bianco and Yohai (1996), Kordzakhia, Mishra and Reiersølmoen (2001),

and Müller and Neykov (2003).

All these estimators differ greatly in terms of outlier resistance and efficiency

under the model. We have studied asymptotic and finite-sample behavior of some

of these estimators and found, for example, that suitably tuned Mallows-type es-

timators (Carroll and Pederson, 1993) are very robust to outlier contamination

but inefficient under the model, while Schweppe-type estimators (Künsch et al.,

1989) are very efficient under the model but show a poor outlier resistance (see

Sections 5 and 6 below). Although a trade-off between robustness and efficiency is

inevitable, in this article we propose estimators that can be as robust as Mallows-

type estimators under contamination but are much more efficient under the model

(in fact, 100% efficient in some situations). This is achieved by an adaptive

weighting scheme, similar to that of Gervini (2002, 2003).

The new adaptive estimators are introduced in Section 3, after a brief revision

of some existing estimators. Their asymptotic distribution is established in Section

4, and asymptotic confidence ellipsoids are derived. Finite-sample properties are
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studied in Section 6 by simulation.

2 Preliminaries: the binary regression model and

existing estimators

In binary regression models we have a sample of response variablesyi ∈ {0, 1}
and covariatesxi ∈ R

p, i = 1, . . . , n, and it is assumed that the probability of

positive responseπi = P (yi = 1|xi) is linked with the covariates via the rela-

tionshipg(πi) = x>i β. The most common link functiong is the logitg(πi) =

log{πi/(1 − πi)}, and the corresponding model is known as logistic regression.

Another common link function isg = Φ−1, the inverse of the normal distribution

function, and the resulting model is called probit regression. In this paper we are

not concerned with the choice of link function; we will focus on estimating the

regression parameterβ for a giveng.

Letπ = g−1 be the inverse link function andd(yi, xi, β) = −2yi log π(x>i β)−
2(1 − yi) log{1 − π(x>i β)} be the deviance. The maximum likelihood estimator

of β is

β̂ = arg min
β

n∑
i=1

d(yi, xi, β), (1)

which satisfies the first-order condition

n∑
i=1

{yi − π(x>i β̂)}π′(x>i β̂)

π(x>i β̂){1 − π(x>i β̂)} xi = 0. (2)

For logistic and probit models the objective function in (1) is convex, so that if a

finite minimizer exists, it is the unique solution of (2). In some situations (partic-

ularly for small samples) a finite minimizer may not exist. Albert and Anderson

(1984) show that̂β exists if and only if the data overlap, in the sense that no

hyperplane in the covariate space separates responses from non-responses —this

condition can be easily verified with a linear program proposed by Santner and

Duffy (1986).

Equations (1) and (2) suggest two ways of robustifying the maximum likeli-

hood estimator. One way is to minimize the sum of tapered deviances
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∑n
i=1 ρ(d(yi, xi, β)) for an appropriate functionρ. The estimators of Pregibon

(1982) and Bianco and Yohai (1996) are of this form (the latter with an additional

bias-correction term). Bianco and Yohai’s estimators are preferable to Pregibon’s

for theoretical reasons, but their computation is complicated, so they will not be

considered in this article.

The second way to obtain robust estimators is to robustify the estimating

equation (2). In this category we have two types of estimators, the so-called

Schweppe’s and Mallows’ types. The former were introduced by Künsch et al.

(1989): the regression estimator and a companion scatter estimator of the covari-

ates (̂B) are defined as solutions of the system

n∑
i=1

ψb

(
r(yi, xi, β̂, B̂)(x>i B̂

−1xi)
1
2

)
(x>i B̂

−1xi)
− 1

2 xi = 0 (3)

n−1
n∑

i=1

v
(
x>i β̂, b/(x

>
i B̂

−1xi)
1
2

)
xix

>
i = B̂,

wherer(yi, xi, β̂, B̂) = yi − π(x>i β̂) − c
(
x>β̂, b/(x>i B̂

−1xi)
1
2

)
, c(t, b) is a bias-

correcting function, andv(t, b) = ψ2
b

(
1 − π(t) − c(t, b)

)
π(t) + ψ2

b

( − π(t) −
c(t, b)

){1−π(t)}. Usuallyψb is taken as Huber’s functionψb(t) = (−b)∨ (t∧ b),
for which

c(t, b) =




bπ(t)/{1 − π(t)} − π(t) if t < 0, b < 1 − π(t)

1 − π(t) − b{1 − π(t)}/π(t) if t > 0, b < π(t)

0 otherwise.

Mallows-type estimators were also suggested by Künsch et al. (1989) but ana-

lyzed more deeply by Carroll and Pederson (1993). They are defined as solutions

of
n∑

i=1

w(xi; η̂)ψb

(
yi − π(x>i β̂) − c(x>i β̂, b)

)
xi = 0, (4)

whereη̂ is a vector of nuisance parameters (typically, location and scatter esti-

mators of the covariates). The most important difference between Mallows-type

and Schweppe-type estimators is that covariates and residuals are downweighted

independently of each other in (4), but not in (3).
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The weightsw(xi; η̂) in (4) do not necessarily depend on allp explanatory

variables; most regression models have an intercept and some categorical covari-

ates, which are not downweighted. If we writex>i = (u>i , z
>
i ), whereui ∈ R

p−q

are the categorical covariates andzi ∈ R
q are the continuous covariates, then the

weights are typically of the formw(xi; η̂) = ω
(
(zi − µ̂)>Σ̂−1(zi − µ̂)/t

)
, with

ω : R+ → R+ a non-increasing function,̂µ and Σ̂ robust estimators of loca-

tion and scatter of thezi’s, andt a threshold value (usuallyt = χ2
q,1−α for some

α ∈ (0, 1)). In this paper we will use the following weight functions:

• Hard-rejection:ω(u) = I{u < 1}.

• Huber:ω(u) = min{1, 1/u}.

• Gaussian:ω(u) = exp(0.5 − 0.5u).

The most important difference between these functions is that hard-rejection weights

completely eliminate observations beyond the threshold, while the other two weights

decrease to zero beyond the threshold but never vanish completely.

The independence between covariate weights and deviance weights in (4) is

the reason why Mallows-type estimators are in general less efficient than Schweppe-

type estimators: observations with extreme covariates are downweighted even if

they are well-fitted. Obviously, the efficiency of Mallows-type estimators could

be improved by taking smaller thresholding proportions, but then the estimator

might be less robust. To attain high efficiency and high robustness at the same

time, it is necessary to use adaptive thresholds, as introduced in the next section.

3 Adaptive estimators

Adaptive Mallows-type estimators can be constructed as follows. Letµ̂(0) and

Σ̂(0) be initial location and scatter estimators of thezi’s, and letFn be the em-

pirical distribution function of the squared Mahalanobis distancesm2
i = (zi −

µ̂(0))>(Σ̂(0))−1(zi − µ̂(0)). SinceFn converges toFχ2
q

(theχ2
q distribution func-

tion) when thezi’s are normally distributed, but has heavier tails when there are
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outliers, the proportion of outliers in the covariates can be estimated by

αn = sup
s≥F−1

χ2
q

(1−δ)

{Fχ2
q
(s) − Fn(s)}+

= max
i≥i0

{
Fχ2

q
(m2

(i)) −
i− 1

n

}
+
,

where{·}+ denotes the positive part,δ is a constant that determines the length of

the tails (δ = 0.25 is a reasonable choice), andi0 = min{i : m2
(i) ≥ F−1

χ2
q
(1− δ)}.

The adaptive threshold is then defined as

tn = F−1
n (1 − αn) (5)

= m2
(n−[nαn]).

Mallows-type estimators with weightsw(xi; η̂) = ω(m2
i /tn) would already be

more efficient than those with fixed-threshold weights, but a further improvement

is possible. Letwi = I{m2
i < tn}, and define reweighted estimators of loca-

tion and scatter̂µ(1) =
∑n

i=1wixi/
∑n

i=1wi andΣ̂(1) =
∑n

i=1wi(xi − µ̂)(xi −
µ̂)>/

∑n
i=1wi. What we propose is to use weights

w(xi; η̂) = ω
(
(zi − µ̂(1))>(Σ̂(1))−1(zi − µ̂(1))/tn

)
(6)

in (4). The reweighted multivariate estimatorsµ̂(1) and Σ̂(1) were proposed by

Gervini (2003). These estimators have breakdown points not smaller than those

of µ̂(0) and Σ̂(0), and are asymptotically Normal if thezi’s follow an elliptical

distribution. Their asymptotic variance depends ont0 = p lim tn. Gervini (2003)

shows thatt0 = F−1(1 − α0), whereα0 = sups≥F−1

χ2
q

(1−δ){Fχ2
q
(s) − F (s)}+ and

F is the distribution of(z−µ0)
>Σ−1

0 (z−µ0). If the zi’s are normally distributed,

thent0 = ∞ and the reweighted estimators are asymptotically equivalent to the

sample mean and the sample covariance matrix, and therefore fully efficient. This

efficiency carries over to the adaptive Mallows’ estimators, as shown in the next

section.

Remark. For certain datasets a finite solution to (4) may not exist, even if

the maximum likelihood estimator does exist. In general, it is difficult to find
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conditions for existence of robust estimators. However, for the particular choice

ψb(u) = u (for which c(t, b) = 0), β̂ is just a weighted maximum likelihood esti-

mator, and a necessary and sufficient condition for existence is that observations

with w(xi; η̂) > 0 overlap (that is, there is no hyperplane separating responses

from non-responses among those observations with non-null weight). This con-

dition can be verified with a simple modification of the linear program of Santner

and Duffy (1986), but as pointed out by Albert and Anderson (1984, p. 8), in prac-

tice this step is not necessary. The reason is that the weighted maximum likelihood

estimator is the minimizer of
∑n

i=1w(xi; η̂)d(yi, xi, β), which is a strictly convex

objective function. Therefore, if the minimization is carried out with an algorithm

that reduces the objective function at each iteration (such as Newton–Raphson),

two and only two outcomes are possible:(i) the algorithm converges to the unique

minimizerβ̂, when a finite minimizer exists, or(ii) the algorithm diverges, when a

finite minimizer does not exist. Non-existence ofβ̂ is then automatically revealed

by non-convergence of the algorithm.

4 Asymptotics for Mallows-type estimators

The estimating equation (4) can be written∑n
i=1 Ψ(xi, yi; β̂; η̂) = 0, with Ψ(x, y; β; η) = w(x; η)ψb(y−π(x>β)−c(x>β, b))x.

Under appropriate regularity conditions, the classical asymptotics of M-estimators

hold (see Van der Vaart, 1998, ch. 5). Letβ0 be the model parameter andE0

denote expectation under the model; defineM0(β) = E0{Ψ(x, y; β; η0)}, with

η0 = p lim η̂. If C0 = DM0(β)|β=β0 (whereD denotes the differential) and

A0 = E0{Ψ(x, y; β0; η0)Ψ(x, y; β0; η0)
>}, then

√
n(β̂ − β0)

D→ Np(0, C
−1
0 A0C

−1
0 ).

This result is valid for non-adaptive and adaptive weights alike, as long asη̂ con-

verges toη0 in probability. For the adaptive weights (6),η̂ = (µ̂(1), Σ̂(1), tn) and

η0 = (µ0,Σ0, t0).

For the weighted maximum likelihood estimator given byψb(u) = u, A0 and
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C0 have simple expressions:

C0 = −E{w(x; η0)π
′(x>β0)xx

>}, (7)

A0 = E{w2(x; η0)π(x>β0)(1 − π(x>β0))xx
>}. (8)

For adaptive weights (6) we havew(x; η0) = ω((z − µ0)
>Σ−1

0 (z − µ0)/t0). If

z ∼ Np(µ0,Σ0) (or in general, ifF has lighter tails thanFχ2
q
), thent0 = ∞ and

w(x; η0) ≡ ω(0), which implies thatβ̂ is equivalent to the maximum likelihood

estimator and thus fully efficient. IfF has heavier tails thanFχ2
q

(for example, if

z is multivariate Cauchy or Student), thent0 is finite andβ̂ is not fully efficient,

although it is still asymptotically Normal (note thatA0 andC0 are finite whent0
is finite, even if the covariates do not have finite second moments).

Using the asymptotic normality of̂β it is possible to construct confidence el-

lipsoids forβ0. First, we estimate the matrices (7) and (8) with

Ĉ = −1

n

n∑
i=1

w(xi; η̂)π
′(x>i β̂)xix

>
i ,

Â =
1

n

n∑
i=1

w(xi; η̂)π(x>i β̂)(1 − π(x>i β̂))xix
>
i .

Then the estimated asymptotic variance of
√
n(β̂ − β0) is V̂ = Ĉ−1ÂĈ−1. The

asymptotic confidence ellipsoid of level1−α for β0 is given byE(β0) = {β ∈ R
p :

n(β̂−β)>V̂ −1(β̂−β) ≤ χ2
p,1−α}. This can be generalized to linear transformations

of β0. If T is ar×pmatrix of full rankr andθ0 = Tβ0, thenθ̂ = T β̂ andE(θ0) =

{θ ∈ R
r : n(θ̂ − θ)>(T V̂ T>)−1(θ̂ − θ) ≤ χ2

r,1−α}. This generalization includes,

for example, confidence intervals for the individual coefficientsβ0j , j = 1, . . . , p,

and for contrasts between them.

5 Comparative asymptotic behavior of non-adaptive

estimators

Using the asymptotic results of the previous section, we made some compar-

isons among different weighted maximum likelihood estimators. We used hard-
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Table 1:Asymptotic relative efficiencies of weighted maximum likelihood estimators of
β02 for clean logistic models (α: threshold proportion; HR: hard rejection weights; HU:
Huber’s weights; GA: Gaussian weights).

β0 = (0, 1.79) β0 = (−1, 1.18)
α HR HU GA HR HU GA

0.50 0.21 0.72 0.63 0.12 0.63 0.50
0.25 0.58 0.92 0.89 0.41 0.86 0.82
0.10 0.86 0.99 0.96 0.72 0.96 0.94
0.05 0.94 1.00 0.98 0.85 0.99 0.96

rejection, Huber’s and Gaussian weights, with threshold valuest = χ2
q,1−α. For

non-contaminated models we compared the asymptotic efficiencies of the estima-

tors, and for contaminated models we compared their asymptotic biases. Only

fixed-threshold estimators were considered for this section; adaptive estimators

will be studied later by simulation.

5.1 Asymptotic efficiency

Our target model was logistic regression with intercept and aN(0, 1) covariate.

Since there is no model equivariance as in linear regression, the behavior of the

estimators depends strongly on the regression parameter, soβ0 must be chosen

with care. We tookβ0 = (0, 1.79), for whichP0(y = 1) = 0.5 and the distribution

of π(x>β0) is symmetric, andβ0 = (−1, 1.18), for whichP0(y = 1) ≈ 0.3 and

the distribution ofπ(x>β0) is skewed. These parameters provide well-conditioned

models, in the sense thatP0(π(x>β0) ≤ 0.05) = 0.05.

Asymptotic relative efficiencies are given in Table 1. To save space, we show

results forβ̂02 only; intercept estimates exhibit a similar pattern. Table 1 shows

that hard-rejection weights are in general very inefficient, while Gaussian and

Huber’s weights have a comparable performance forα ≤ 0.25.
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5.2 Asymptotic bias under contaminations

To study the (asymptotic) effect of outliers on the estimators, we considered point-

mass contamination models: givenε ∈ [0, 0.5) andx̃ ∈ R
p,

P∗(y = 1|x) = (1 − ε)π(x>β0) + εI{π(x̃>β0) ≤ 0.5}, (9)

whereβ0 is the target parameter. This model generates a proportionε of misclassi-

fied observations with possibly outlying covariatesx̃ = (u, z̃) (note that the cate-

gorical variables remain unchanged). The asymptotic bias of weighted maximum

likelihood estimators underP∗ can be numerically computed, assuming thatη0 is

known. Note that underP∗ the estimator̂β defined by
∑n

i=1 Ψ(xi, yi; β̂; η0) = 0

converges to the solutionβ∗ of the equationE∗{Ψ(x, y; β; η0)} = 0 . For weighted

maximum likelihood estimators,β∗ solves

(1 − ε)M0(β∗) + εw(x̃; η0)x̃[I{π(x̃>β0) ≤ 0.5} − π(x̃>β∗)] = 0

and can be easily computed. The asymptotic squared bias ofβ̂ under (9) is

B(ε, x̃) = ‖β∗ − β0‖2. An overall measure of robustness for a given proportion

of contamination is the maximum biasB(ε) = supx̃∈Rp B(ε, x̃).

We have computedB(0.10) andB(0.20) for the same estimators and the same

target models as in Section 5.1. The contaminated covariatesx̃ were of the form

x̃(k) = (1, k) with k ∈ [−4, 4] (all robust estimators under consideration realized

their maximum bias within this range). The results are given in Table 2. The first

conclusion we draw from the table is that smaller thresholds do not necessarily

lead to smaller biases. For hard-rejection weights,α = 0.10 or perhapsα =

0.05 provide the best thresholds, whileα = 0.25 is the best choice for Gaussian

weights. The latter is the most robust estimator among the ones considered in this

section.

The maximum bias, however, tells only part of the story. For better insight,

we have plottedB(ε, x̃(k)) as a function ofk for ε = 0.10 and for two different

α’s (Figure 1). Hard-rejection-weight estimators have zero bias after a certaink,

while the biases of the other estimators decrease to zero more slowly. The biases

of Gaussian-weight estimators, though, are practically zero after a certain point.
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Table 2:Maximum asymptotic biases of weighted maximum likelihood estimators under
point-mass contaminations (ε: contamination proportion;α: threshold proportion; HR:
hard rejection weights; HU: Huber’s weights; GA: Gaussian weights).

β0 = (0, 1.79) β0 = (−1, 1.18)
α HR HU GA HR HU GA

ε = 0.10
0.50 2.92 0.86 0.82 4.66 1.16 1.14
0.25 1.66 0.98 0.83 1.99 1.04 0.85
0.10 1.57 1.30 1.05 1.51 1.17 0.90
0.05 1.67 1.55 1.22 1.46 1.28 0.98

ε = 0.20
0.50 6.30 2.05 2.05 9.43 2.67 2.78
0.25 3.40 2.12 1.89 3.95 2.27 1.99
0.10 2.96 2.50 2.17 2.87 2.32 1.96
0.05 2.98 2.76 2.37 2.66 2.39 2.01

Again, Gaussian weights appear as the most recommendable.

6 Comparative finite-sample behavior of adaptive

and non-adaptive estimators

This section has two aims. First, to evaluate the finite-sample performance of point

estimators of the regression parameter under different models, with and without

outliers; this is done in Section 6.1. Second, to determine if the asymptotic confi-

dence intervals proposed in Section 4 are approximately valid for small or moder-

ate sample sizes, and to what extent coverage level and interval length are affected

by outliers; this is investigated in Section 6.2.

6.1 Point estimators

Eight estimators were included in the Monte Carlo study:

• Maximum likelihood estimator.

10



Figure 1: Bias curves of weighted maximum likelihood estimators under 10%-point-
mass contaminations at̃x = (1, k) (solid line, Gaussian weights; dashed line, Huber
weights; dash-dot line, hard-rejection weights; dotted line, maximum likelihood estima-
tor).
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• Schweppe-type estimator with thresholdb = 1.5
√
p (we also tried larger

multiples of
√
p, such as those used by Künsch et al. (1989), but they did

not provide reasonable outlier resistance).

• Fixed-threshold weighted maximum likelihood estimator, with hard-rejection

weights (α = 0.25 andα = 0.10) and Gaussian weights (α = 0.25).

• Adaptive weighted maximum likelihood estimator, with hard-rejection weights

(δ = 0.25 andδ = 0.10) and Gaussian weights (δ = 0.25).

The last two classes of estimators require location and scatter estimates of the co-

variates. We used the minimum covariance determinant estimator, computed with

the fast algorithm of Rousseeuw and van Driessen (1999). The regression estima-

tors themselves were computed by Newton-Raphson, using zero as starting point

—there was no need to try with different starting points because the estimating

equations have at most one finite solution.

The following 24 models were simulated (with 5000 replications for each):

• Clean logistic models with intercept andNp−1(0, I) covariates, sample sizes

n = 100 andn = 500, and parametersβ0 = (0, 1.79), β0 = (−1, 1.18),

β0 = (0, 1.79, 0, 0, 0) andβ0 = (−1, 1.18, 0, 0, 0).

• Point-mass contaminated models with the sameβ0’s as above,̃x(k) =

(1, k, 0p−2) with k = 2 andk = 5, ε = 0.10 andε = 0.20, and sample

sizen = 100.

None of the replications resulted in samples for which the estimates did not ex-

ist. This is not surprising because the simulated models are well-balanced and the

sample sizes are large, and the probability of obtaining non-overlapping datasets

goes to zero asn goes to infinity. However, for any fixedn the probability of ob-

taining a sample for which some of the estimators do not existmightbe non-zero,

and then the bias of these estimators, properly speaking, will be infinite. There-

fore, although we did not find problems of non-existence in these simulations, the

reader should keep in mind that the biases, variances and mean squared errors re-

ported below must be interpreted as conditional quantities given the existence of

the estimators.
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Table 3:Bias and variance of estimators ofβ02 for clean logistic models.

β0 = (0, 1.79) β0 = (−1, 1.18)
Estimators

√
n × bias n × var

√
n × bias n × var

n = 100
Max. Lik. 0.86 (0.06) 17.02 (0.44) 0.49 (0.05) 10.81 (0.28)
Schweppe 1.14 (0.07) 23.69 (0.65) 0.67 (0.05) 14.21 (0.45)
F, h-r, 0.25† 0.70 (0.08) 29.45 (0.74) 0.45 (0.08) 29.27 (0.72)
F, h-r, 0.10 0.81 (0.06) 20.12 (0.50) 0.49 (0.06) 16.25 (0.40)
F, Ga, 0.25 0.74 (0.06) 18.87 (0.48) 0.43 (0.05) 13.54 (0.33)
A, h-r, 0.25‡ 0.83 (0.06) 18.58 (0.47) 0.49 (0.05) 14.04 (0.36)
A, h-r, 0.10 0.83 (0.06) 17.72 (0.45) 0.48 (0.05) 12.73 (0.32)
A, Ga, 0.25 0.80 (0.06) 17.28 (0.44) 0.47 (0.05) 11.42 (0.29)

n = 500
Max. Lik. 0.43 (0.05) 14.53 (0.31) 0.23 (0.04) 9.14 (0.19)
Schweppe 0.52 (0.06) 19.02 (0.42) 0.30 (0.05) 11.62 (0.24)
F, h-r, 0.25 0.38 (0.07) 25.24 (0.55) 0.17 (0.07) 23.69 (0.48)
F, h-r, 0.10 0.40 (0.06) 17.28 (0.38) 0.21 (0.05) 13.16 (0.27)
F, Ga, 0.25 0.38 (0.06) 16.49 (0.36) 0.20 (0.05) 11.43 (0.23)
A, h-r, 0.25 0.42 (0.05) 14.98 (0.32) 0.22 (0.04) 10.08 (0.21)
A, h-r, 0.10 0.42 (0.05) 14.82 (0.32) 0.22 (0.04) 9.81 (0.20)
A, Ga, 0.25 0.41 (0.05) 14.75 (0.32) 0.21 (0.04) 9.40 (0.19)

† “F, h-r, 0.25” stands for fixed-threshold estimator, hard-rejection weight,α = 0.25;
“Ga” stands for Gaussian weights.
‡ “A, h-r, 0.25” stands for adaptive-threshold estimator, hard-rejection weight,δ = 0.25.
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Table 4:Bias and variance of estimators ofβ02 for clean logistic models.

β0 = (0, 1.79, 0, 0, 0) β0 = (−1, 1.18, 0, 0, 0)
Estimators

√
n × bias n × var

√
n × bias n × var

n = 100
Max. Lik. 1.68 (0.06) 20.70 (0.57) 1.03 (0.05) 12.25 (0.31)
Schweppe 2.10 (0.07) 26.10 (0.69) 1.27 (0.05) 14.68 (0.36)
F, h-r, 0.25† 2.70 (0.11) 55.42 (1.79) 1.76 (0.09) 40.69 (1.23)
F, h-r, 0.10 2.22 (0.08) 35.27 (1.18) 1.42 (0.07) 24.35 (0.66)
F, Ga, 0.25 1.70 (0.07) 23.55 (0.64) 1.04 (0.05) 14.03 (0.34)
A, h-r, 0.25‡ 2.01 (0.08) 28.90 (0.89) 1.26 (0.06) 18.54 (0.47)
A, h-r, 0.10 1.92 (0.07) 26.73 (0.86) 1.20 (0.06) 16.89 (0.41)
A, Ga, 0.25 1.63 (0.07) 21.46 (0.58) 1.00 (0.05) 12.63 (0.31)

n = 500
Max. Lik. 0.80 (0.05) 14.70 (0.31) 0.46 (0.04) 9.56 (0.19)
Schweppe 0.93 (0.06) 17.12 (0.37) 0.55 (0.05) 11.01 (0.23)
F, h-r, 0.25 1.01 (0.07) 22.68 (0.49) 0.68 (0.06) 17.62 (0.37)
F, h-r, 0.10 0.86 (0.06) 17.48 (0.36) 0.52 (0.05) 12.33 (0.25)
F, Ga, 0.25 0.78 (0.06) 15.47 (0.32) 0.47 (0.05) 10.28 (0.21)
A, h-r, 0.25 0.81 (0.06) 15.45 (0.32) 0.49 (0.05) 10.48 (0.21)
A, h-r, 0.10 0.81 (0.06) 15.23 (0.31) 0.48 (0.05) 10.15 (0.21)
A, Ga, 0.25 0.78 (0.05) 14.85 (0.31) 0.46 (0.04) 9.75 (0.20)

† “F, h-r, 0.25” stands for fixed-threshold estimator, hard-rejection weight,α = 0.25;
“Ga” stands for Gaussian weights.
‡ “A, h-r, 0.25” stands for adaptive-threshold estimator, hard-rejection weight,δ = 0.25.

14



Table 5: Simulated mean squared errors×10 of estimators ofβ02 under point-mass
contaminations at̃x = (1, k). Sample sizen = 100.

β0 = (0, 1.79) β0 = (−1, 1.18)
Estimators k = 2 k = 5 k = 2 k = 5

ε = 0.10
Max. Lik. 14.50 (0.04) 30.64 (0.03) 4.58 (0.03) 12.61 (0.02)
Schweppe 8.16 (0.06) 8.49 (0.06) 5.17 (0.03) 6.54 (0.05)
F, h-r, 0.25† 3.03 (0.07) 2.94 (0.07) 2.50 (0.06) 2.48 (0.06)
F, h-r, 0.10 9.21 (0.11) 2.20 (0.06) 3.58 (0.05) 1.57 (0.04)
F, Ga, 0.25 8.57 (0.05) 2.04 (0.05) 3.00 (0.03) 1.40 (0.04)
A, h-r, 0.25‡ 5.88 (0.10) 2.09 (0.06) 2.83 (0.05) 1.36 (0.04)
A, h-r, 0.10 8.29 (0.10) 2.08 (0.06) 3.21 (0.05) 1.34 (0.04)
A, Ga, 0.25 10.54 (0.05) 14.13 (0.13) 3.51 (0.03) 5.95 (0.05)

ε = 0.20
Max. Lik. 25.30 (0.05) 38.06 (0.03) 9.22 (0.04) 16.67 (0.02)
Schweppe 26.86 (0.05) 35.09 (0.03) 10.09 (0.03) 14.23 (0.01)
F, h-r, 0.25 12.97 (0.21) 3.00 (0.08) 5.72 (0.09) 2.15 (0.06)
F, h-r, 0.10 26.99 (0.09) 2.48 (0.07) 10.17 (0.05) 1.58 (0.04)
F, Ga, 0.25 23.53 (0.06) 2.68 (0.05) 8.51 (0.04) 1.65 (0.03)
A, h-r, 0.25 12.87 (0.18) 2.42 (0.07) 5.82 (0.09) 1.46 (0.04)
A, h-r, 0.10 24.73 (0.08) 2.42 (0.07) 9.06 (0.04) 1.46 (0.04)
A, Ga, 0.25 20.40 (0.10) 26.71 (0.07) 7.36 (0.05) 10.93 (0.03)

† “F, h-r, 0.25” stands for fixed-threshold estimator, hard-rejection weight,α = 0.25;
“Ga” stands for Gaussian weights.
‡ “A, h-r, 0.25” stands for adaptive-threshold estimator, hard-rejection weight,δ = 0.25.
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Table 6: Simulated mean squared errors×10 of estimators ofβ02 under point-mass
contaminations at̃x = (1, k, 0, 0, 0). Sample sizen = 100.

β0 = (0, 1.79, 0, 0, 0) β0 = (−1, 1.18, 0, 0, 0)
Estimators k = 2 k = 5 k = 2 k = 5

ε = 0.10
Max. Lik. 14.16 (0.05) 30.67 (0.03) 4.37 (0.03) 12.58 (0.02)
Schweppe 12.20 (0.07) 21.88 (0.14) 4.89 (0.03) 11.55 (0.02)
F, h-r, 0.25† 10.54 (0.14) 6.36 (0.28) 5.17 (0.74) 4.70 (0.75)
F, h-r, 0.10 11.41 (0.09) 4.17 (0.14) 4.01 (0.05) 2.59 (0.08)
F, Ga, 0.25 12.37 (0.06) 5.16 (0.07) 3.94 (0.03) 2.59 (0.04)
A, h-r, 0.25‡ 12.77 (0.07) 3.30 (0.10) 4.18 (0.04) 2.00 (0.06)
A, h-r, 0.10 13.10 (0.07) 3.22 (0.10) 4.22 (0.04) 1.92 (0.06)
A, Ga, 0.25 13.29 (0.05) 11.25 (0.07) 4.16 (0.03) 4.92 (0.03)

ε = 0.20
Max. Lik. 25.19 (0.05) 38.39 (0.03) 9.09 (0.04) 16.83 (0.02)
Schweppe 25.83 (0.05) 36.83 (0.03) 9.77 (0.04) 15.25 (0.02)
F, h-r, 0.25 25.72 (0.16) 6.36 (0.27) 9.91 (0.11) 4.55 (0.64)
F, h-r, 0.10 25.32 (0.10) 4.49 (0.15) 9.35 (0.07) 2.66 (0.09)
F, Ga, 0.25 25.33 (0.07) 14.51 (0.12) 9.17 (0.05) 6.20 (0.05)
A, h-r, 0.25 25.75 (0.08) 3.94 (0.13) 9.38 (0.05) 2.24 (0.08)
A, h-r, 0.10 25.66 (0.07) 3.94 (0.13) 9.33 (0.05) 2.24 (0.08)
A, Ga, 0.25 25.32 (0.06) 27.45 (0.06) 9.16 (0.04) 11.17 (0.03)

† “F, h-r, 0.25” stands for fixed-threshold estimator, hard-rejection weight,α = 0.25;
“Ga” stands for Gaussian weights.
‡ “A, h-r, 0.25” stands for adaptive-threshold estimator, hard-rejection weight,δ = 0.25.
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Tables 3 and 4 give
√
n × bias andn × variance of the estimators ofβ02

for non-contaminated models; Tables 5 and 6 give10 × mean squared error of

the same estimators under contaminated models. Monte Carlo standard errors

are given in parenthesis. We see that for each type of weight function, adaptive

estimators are always more efficient than their non-adaptive counterparts; the im-

provements are most remarkable for hard-rejections weights. The robustness is

not affected when hard-rejection weights are used, but adaptive Gaussian weights

do not perform well. Comparisons across different types of weights are less clear-

cut. For clean models, the most efficient non-adaptive robust estimator is the

weighted maximum likelihood estimator with Gaussian weights (in agreement

with Table 1). This estimator also ranks well for contaminated models ifp = 2,

but for p = 5 the hard-rejection-weight estimator withα = 0.10 is more robust.

The latter, however, is outperformed by the adaptive estimator with hard-rejection

weights andδ = 0.25, which is much more efficient and of comparable robust-

ness. All things considered, the adaptive estimator with hard-rejection weights

andδ = 0.25 seems to be the most recommendable, followed by the non-adaptive

estimator with Gaussian weights andα = 0.25.

6.2 Confidence intervals

The analysis of coverage level and length of confidence intervals derived from

robust estimators was restricted to the best estimators of each type, as found in

Section 6.1: the fixed-threshold estimator with Gaussian weights andα = 0.25,

and the adaptive-threshold estimator with hard-rejection weights andδ = 0.25.

These confidence intervals were compared with those derived from the maximum

likelihood estimator. The sampling models were similar to those in Section 6.1

and the number of replications was again 5000 for each model. We also ran some

simulations with heavier-tailed covariates (Student’st with 2 degrees of freedom)

but the results were similar, so they are not reported.

Tables 7 and 8 give coverage percentage and median length of the confidence

intervals for the regression coefficientβ02. Monte Carlo standard errors are not

given to save space, but they are small enough to make all differences in median

length significant. We see that for clean models the actual coverage is very close
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Table 7:Coverage and median length of nominal 95% confidence intervals forβ02. Clean
logistic model with parametersβA

0 = (0, 1.79), βB
0 = (−1, 1.18), βC

0 = (0, 1.79, 0, 0, 0)
andβD

0 = (−1, 1.18, 0, 0, 0).

βA
0 βB

0 βC
0 βD

0

Estimators cov. len. cov. len. cov. len. cov. len.
n = 50

Max. Lik. 96.9 2.17 96.0 1.74 96.8 2.42 96.2 1.93
Fixed† 96.7 2.32 96.0 1.94 97.3 2.75 96.9 2.24
Adaptive‡ 97.0 2.40 96.1 2.11 97.1 3.37 97.1 2.92

n = 100
Max. Lik. 95.7 1.49 95.3 1.20 95.4 1.57 95.4 1.26
Fixed 95.8 1.58 94.9 1.33 95.6 1.67 95.6 1.35
Adaptive 96.1 1.57 95.4 1.35 95.3 1.80 95.3 1.51

n = 500
Max. Lik. 95.2 0.66 95.5 0.53 95.0 0.66 95.3 0.53
Fixed 95.1 0.70 95.0 0.58 95.1 0.68 95.3 0.55
Adaptive 95.3 0.66 95.2 0.55 95.1 0.68 95.1 0.56

† Fixed-threshold weighted maximum likelihood estimator with Gaussian weights and
α = 0.25.
‡ Adaptive weighted maximum likelihood estimator with hard-rejection weights andδ =
0.25.
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Table 8: Coverage and median length of nominal 95% confidence intervals forβ02

under point-mass contaminations atx̃ = (1, k, 0p−2), with k = 2. Sample size
n = 100, parametersβA

0 = (0, 1.79), βB
0 = (−1, 1.18), βC

0 = (0, 1.79, 0, 0, 0) and
βD

0 = (−1, 1.18, 0, 0, 0).

βA
0 βB

0 βC
0 βD

0

Estimators cov. len. cov. len. cov. len. cov. len.
ε = 0.01

Max. Lik. 90.3 1.33 93.8 1.13 92.1 1.39 95.2 1.18
Fixed† 94.5 1.52 94.4 1.29 93.8 1.53 95.1 1.28
Adaptive‡ 93.5 1.50 94.8 1.31 93.1 1.66 95.1 1.44

ε = 0.05
Max. Lik. 6.5 0.98 60.4 0.95 11.1 1.01 68.0 1.00
Fixed 67.3 1.27 83.7 1.12 38.7 1.14 77.0 1.09
Adaptive 66.9 1.52 83.6 1.35 44.1 1.25 80.3 1.22

ε = 0.10
Max. Lik. 0 0.80 10.8 0.85 0 0.83 17.0 0.89
Fixed 7.9 0.98 43.6 0.95 1.0 0.91 30.5 0.96
Adaptive 71.4 1.67 73.9 1.52 5.0 0.99 39.2 1.06

† Fixed-threshold weighted maximum likelihood estimator with Gaussian weights and
α = 0.25.
‡ Adaptive weighted maximum likelihood estimator with hard-rejection weights andδ =
0.25.
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to the nominal one in all cases; for small samples the intervals tend to err on the

conservative side, which is good. Non-adaptive confidence intervals are shorter

than adaptive ones forn = 50, but forn = 500 the situation reverses, as expected.

For point-mass contaminations, the coverage level deteriorates as the contami-

nation proportion increases, due to the bias of the estimators (forn = 100 the

variance is relatively small). Both robust estimators are comparable for smallε,

but forε = 0.10 the adaptive one is more stable in terms of coverage level.

7 Conclusions

This paper has proposed robust estimators for binary regression models that com-

bine high outlier resistance and high efficiency under the model. Among existing

estimators, we found that the Mallows-type weighted maximum likelihood with

Gaussian weights is reasonably robust and efficient. However, for large sample

sizes this estimator is outperformed in efficiency by some of the adaptive estima-

tors introduced in this article, which at the same time maintain high outlier re-

sistance. The computational complexity of the new estimators is not greater than

that of fixed-threshold Mallows’ estimators. Therefore, given the gains in effi-

ciency and the comparable robustness provided by adaptive-threshold estimators,

we think that our proposal is a practical improvement over existing methods.
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