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SUMMARY

A characteristic feature of functional data is the presence of phase variability in addition to

amplitude variability. Existing functional regression methods do not handle time variability in an

explicit and efficient way. In this paper we introduce a functional regression method that incorpo-

rates time warping as an intrinsic part of the model. The method achieves good predictive power

in a parsimonious way and allows unified statistical inference about phase and amplitude com-

ponents. The asymptotic distribution of the estimators is derived and the finite-sample properties

are studied by simulation. An example of application involving ground-level ozone trajectories

is presented.

Some key words: Functional Data Analysis; Random-Effects Model; Registration; Spline Smoothing; Time Warping.

1. INTRODUCTION

The analysis of data consisting of curves or other types of functions, rather than scalars or

vectors, is increasingly common (Ramsay & Silverman, 2005). Many such problems involve

modeling curves as functions of other curves. For example, Figure 1(a) shows daily trajectories
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Fig. 1. Ozone Example. Daily trajectories of ground-level

concentrations of (a) oxides of nitrogen and (b) ozone in

the city of Sacramento in the Summer of 2005.

of oxides of nitrogen in the city of Sacramento, California, for 52 summer days in the year

2005, and Figure 1(b) shows the corresponding trajectories of ozone concentration. The goal is

to predict ozone concentration from oxides of nitrogen.

Functional linear regression models are normally used for such problems (Ramsay & Silver-

man, 2005, ch. 16). Recent papers have studied different aspects of the functional linear regres-

sion model (Yao et al., 2005; Cai & Hall, 2006; Hall & Horowitz, 2007; Crambes et al., 2009;

James et al., 2009). However, a characteristic feature of functional data that has not been widely

investigated in a regression context is phase variability. Functional samples often present a few

distinct features, such as peaks and valleys, which vary in amplitude and location from curve to

curve, as is clear in Figure 1. Functional linear regression is usually based on functional principal

components, which are well suited for fitting amplitude variability but not for location or phase

variability. It may take an inordinate number of principal components to account even for very

basic phase-variability processes (Ramsay & Silverman, 2005, ch. 7). A more efficient strategy is

to model amplitude and phase variability separately: the former using traditional functional prin-

cipal components and the latter using warping models. This approach is more efficient, because
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the combined model often provides a better fit with fewer parameters than does the classical

principal component decomposition. It is also more informative, because it provides direct in-

formation about the warping process, which classical principal components only do indirectly.

Several warping methods have been proposed over the years (Gervini & Gasser, 2004, 2005;

James, 2007; Kneip et al., 2000; Kneip & Ramsay, 2008; Liu & Müller, 2004; Ramsay & Li,

1998; Tang & Müller, 2008, 2009; Wang & Gasser, 1999).

Common functional linear regression models inherit the problems of functional principal com-

ponents in presence of phase variability. Although a high-dimensional model based on a large

number of principal components can provide a good fit to the data, the problem is again one

of efficiency and interpretability, not just minimizing prediction error. It is usually hard to ex-

tract specific information about phase variability from a traditional functional regression model

because the model confounds phase and amplitude variation.

The curves in Figure 1, for example, show peaks that vary not only in amplitude but also in

location. It is reasonable to hypothesize that a large peak in oxides of nitrogen will be followed

by a large peak in ozone concentration, and also that an early peak in oxides of nitrogen will be

followed by an early peak in ozone level. Perhaps there may also be an interaction between timing

and amplitude of the peaks. A common functional linear regression model of sufficiently high

dimension will be able to fit these data well from the point of view of prediction error, but will

not provide clear answers to these conjectures. A regression model that explicitly incorporates a

warping component and does not confound the two sources of variability will be more useful for

this, and that is what we propose in this paper.
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2. THE WARPED FUNCTIONAL REGRESSIONMODEL

2�1. Model specification

Consider a sample of functions(x1(s); y1(t)), . . . , (xn(s); yn(t)), wherexi(s) is the co-

variate andyi(t) the response, withxi : S ! R andyi : T ! R, andS andT are closed

intervals inR. The functionsxi(s) and yi(t) are usually not directly observable; instead we

observe discretizations of them, with added random noise, at time gridsfsij : j = 1; : : : ; �1ig

andftij : j = 1; : : : ; �2ig. Thus the observed data consist of vectors(x1; y1); : : : ; (xn; yn), with

xi 2 R�1i andyi 2 R�2i with elements

xij = xi(sij) + "ij ; j = 1; : : : ; �1i; i = 1; : : : ; n; (1)

yij = yi(tij) + �ij ; j = 1; : : : ; �2i; i = 1; : : : ; n: (2)

We will assume that the measurement errorsf"ijg and f�ijg are independent with"ij �

N(0; �2") and�ij � N(0; �2�).

The kind of curves we have in mind for our model will present a relatively small number of

peaks and valleys that systematically appear in all curves but vary in amplitude and location.

Thenfxi(s)g andfyi(t)g can be thought of as compound processes

xi(s) = x�i f!�1i (s)g; (3)

yi(t) = y�i f��1i (t)g; (4)

wherefx�i (s)g andfy�i (t)g account for amplitude variability andf!i(s)g andf�i(t)g account

for phase variability. The!is and the�is are monotone increasing warping functions with

!i : S ! S and�i : T ! T . The aligned processesfx�i (s)g andfy�i (t)g follow principal-
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component decompositions

x�i (s) = �x(s) +

p1X
k=1

uik�k(s); (5)

y�i (t) = �y(t) +

p2X
l=1

vil l(t); (6)

with f�k(s)g andf l(t)g orthonormal functions inL2(S ) andL2(T ), respectively, andfuikg

andfvilg uncorrelated zero-mean random variables.

A few comments about (3)–(6) are in order, because models (3) and (4) may seem uniden-

tifiable and models (5) and (6) may seem too restrictive for finitep1 andp2. These issues are

extensively discussed in Kneip & Ramsay (2008, sec. 2.3) and in the Supplementary Mater-

ial. Proposition 1 in Kneip & Ramsay (2008) shows that if thexis have at mostK peaks and

valleys and their derivativesx0i(t) have at mostK zeros, thenxi(t) admits the decomposition

xi(t) =
Pp
j=1Cij�jfvi(t)g for somep � K + 2, where the�js are non-random basis functions,

theCijs are random coefficients, and thevis are warping functions. Orthogonalizing the�js leads

to model (5). Thenp1 in (5) andp2 in (6) need not be large if the number of features to be aligned

is small. The identifiability of (3) and (4) given amplitude models (5) and (6) and given certain

conditions on the warping familyW is shown in the Supplementary Material. If the summations

in (5) and (6) were allowed to be infinite, then (3) and (4) would be unidentifiable. The practi-

cal effect of largep1 andp2 in (5) and (6) is that the sample curves tend to present a large and

unequal number of features, and then it does not make sense to try to align them; in such cases

amplitude and phase variability essentially become indistinguishable. Samples like that do occur

in practice, but the methods we propose in this paper are not intended for those situations.

The warping functionsf!i(s)g andf�i(t)g will be modelled as monotone Hermite splines

(Fritsch & Carlson, 1980). Although other families, such as integrated splines (Ramsay, 1988),

monotone splines (Ramsay & Li, 1998) and constrained B-splines (Brumback & Lindstrom,
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2004) could be used, monotone Hermite splines are better suited for the regression approach

proposed here. Details about this family of warping functions are given in the Appendix. We

only mention here that, like other spline families, this one is a finite-dimensional semipara-

metric family determined by a knot sequence chosen by the user. Thus, the familyf!i(s)g

is determined by a knot sequence�x0 = (�x01; : : : ; �x0r1) of strictly increasing points inS ,

and each!i(s) is determined by a corresponding sequence�xi of basis coefficients that sat-

isfy !i(�x0j) = �xij for j = 1; : : : ; r1. Similarly, the familyf�i(t)g is determined by a knot

sequence�y0 = (�y01; : : : ; �y0r2) of strictly increasing points inT and each�i(t) is determined

by basis coefficients�yi that satisfy�i(�y0j) = �yij for j = 1; : : : ; r2. The dual role of the�xis

and the�yis as basis coefficients and as values of!i(s) and�i(t) at the knots is what makes Her-

mite splines appealing. We choose the knot sequences�x0 and�y0 as the approximate average

location of the main features of thexis and theyis, such as peaks and valleys, sor1 andr2 will

not be large for the type of applications we envision.

Unlike landmark registration, where the�xis and the�yis are individually estimated curve by

curve, we will treat the�xis and the�yis as latent random effects, so they will not be estimated

directly. This is a big advantage in practice, since individual estimation of the�xis and the�yis

is difficult when the number of curves is large or when the curves are sparsely sampled. A minor

complication is that the�xis and the�yis are constrained to be monotone increasing inS and

T , respectively, so for convenience we will work with their Jupp transforms�xi and�yi instead,

which are unconstrained vectors; the Jupp transform is defined in the Appendix.

Since the warping functionsf!ig andf�ig are determined by the random effects�xi and�yi,

and the amplitude functionsfx�i g andfy�i g are determined by the random effectsui andvi, we
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can specify an indirect regression model of theyis on thexis via the random effects:

 
vi

�yi

!
=

 
0

�y0

!
+A

( 
ui

�xi

!
�
 
0

�x0

!)
+ ei; (7)

whereA is the(p2 + r2)� (p1 + r1) regression matrix andei is an error term, which we assume

N(0;�e) with �e diagonal. For interpretability we splitA into blocks corresponding toui, �xi,

vi and�yi:

A =

 
A11 A12

A21 A22

!
;

withA11 2 Rp2�p1 ,A12 2 Rp2�r1 ,A21 2 Rr2�p1 andA22 2 Rr2�r1 . Then (5), (6) and (7) imply

that

y�i (t)� �y(t) =
Z
�(s; t)fx�i (s)� �x(s)g ds + 1(t)T (�xi � �x0) + �i(t); (8)

�yi � �y0 =
Z
2(s)fx�i (s)� �x(s)g ds +A22(�xi � �x0) + ei2; (9)

where�(s; t) =  (t)TA11�(s), 1(t)
T =  (t)TA12, 2(s) = A21�(s) and �i(t) =  (t)T ei1.

Thus, for example,A12 = 0 implies that1(t) = 0 and then the amplitude variability of the

responses is unrelated to the time variability of the covariates; similarly,A21 = 0 implies that

2(s) = 0 and then the time variability of the responses is unrelated to the amplitude variability

of the covariates.

2�2. Estimation and prediction

Models (5) and (6) depend on functional parameters that need to be estimated: the mean

functions�x(s) and �y(t) and the principal componentsf�k(s)g and f l(t)g. Let bx(s) =

(bx1(s); : : : ; bxq1(s))
T be a B-spline basis inL2(S ) and by(t) = (by1(t); : : : ; byq2(t))

T a

B-spline basis inL2(T ). Let �x(s) = bTx (s)mx, �y(t) = bTy (t)my, �k(s) = bTx (s)ck and

 l(t) = bTy (t)dl, for mx 2 Rq1 , my 2 Rq2 , ck 2 Rq1 and dl 2 Rq2 . The orthogonality re-
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strictions on the�ks and the ls can be expressed asCTJxC = Ip1 and DTJyD = Ip2 ,

where C = (c1; : : : ; cp1) 2 Rq1�p1 , D = (d1; : : : ; dp2) 2 Rq2�p2 , Jx =
R
bx(s)b

T
x (s)ds and

Jy =
R
by(t)b

T
y (t)dt.

If the curvesfxig andfyig were observed on dense time grids and individual smoothing were

possible, the spline coefficients and the rest of the model parameters could be estimated by least

squares. However, we are more interested in applications where the trajectories are not densely

sampled, so we will treatui, vi, �xi and�yi as latent variables and estimate the model parameters

by maximum likelihood. We assumewi = (uTi ; �
T
xi)

T is jointly multivariate normal of dimension

d1 = p1 + r1, with mean and covariance

�w =

 
0

�x0

!
; �w =

 
� �u�x

�Tu�x ��x

!
;

where�x0 the Jupp transform of the knot vector�x0 and� = diag(�1; : : : ; �p1). This and model

(7) imply thatzi = (vTi ; �
T
yi)

T is multivariate normal of dimensiond2 = p2 + r2 with mean�z =

(0T ; �Ty0)
T and covariance�z = A�wA

T +�e, where�y0 is the Jupp transform of the knot

vector�y0. Thusvi � N(0;�) with � = A1��wAT1� +�e;11, whereA1� = [A11; A12] and�e;11

thep2 � p2 upper-left diagonal block of�e. Since� has to be diagonal by model (6), and�e

was assumed diagonal, it follows thatA1��wAT1� must be diagonal, which imposes an additional

restriction on the parameters.

To summarize, the parameters of this model are the regression matrixA, the residual co-

variance matrix�e, the covariance matrix�w of the explanatory random effectswi, the spline

coefficientsmx, my, C andD of the functional parameters, and the variances�2" and�2� of the

random noise in (1) and (2). The derivations of the likelihood function and the EM algorithm to

compute these estimators are discussed in the Supplementary Material.
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In addition to the model parameters there are meta-parameters that need to be chosen by the

user, such as the dimension and knot placement of the B-spline bases for the functional para-

meters. This can be done either subjectively or by cross-validation. Since the method borrows

strength across curves, it is possible to use a larger number of knots than would be practical for

single-curve smoothing. The other meta-parameters that need to be specified are the numbers of

components in models (5) and (6),p1 andp2, and the warping dimensionsr1 andr2. As already

discussed, these quantities should roughly correspond to the number of salient features of thexis

and theyis, which gives a range of reasonable values forp1, p2, r1 andr2; within this range, the

final choice may be done objectively by cross-validation, as we do in § 5.

In addition to parameter estimation, it is usually of interest to predict a response curve for a

given covariate curve. This can be done in a straightforward way. Given a covariate data vec-

tor xn+1, obtained by discretizing a covariate curvexn+1(s) on some time grid, the predictors

v̂n+1 and �̂y;n+1 of the response random effects are given byÊ(vn+1 j xn+1) andÊ(�y;n+1 j

xn+1), which under model (7) come down tôvn+1 = Â11Ê(un+1 j xn+1) + Â12fÊ(�x;n+1 j

xn+1)� �x0g and �̂y;n+1 = Â21Ê(un+1 j xn+1) + Â22fÊ(�x;n+1 j xn+1)� �x0g. With v̂n+1

and�̂y;n+1 we computêy�n+1(t) and�̂n+1(t) respectively, and then̂yn+1(t) = ŷ�n+1f�̂
�1
n+1(t)g.

3. INFERENCE

Consider now the asymptotic distribution ofÂ when the number of curvesn goes to infinity.

For simplicity, we will assume that the time grids are equal for all individuals, which makes

the raw data vectors(x1; y1); : : : ; (xn; yn) independent and identically distributed. We will also

assume that the functional parameters belong to the spline space used for estimation, whose

dimension is held fixed.
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The asymptotic analysis is not entirely straightforward due to the parameter constraints, so

we use the results of Geyer (1994). Since we are only interested in the marginal asymptotic

distribution ofÂ and not in the asymptotic covariance betweenÂ and the rest of the parameters,

we can assume without loss of generality that�e, mx, my, C, D, �2" and�2� are fixed and

known, because this assumption does not alter the asymptotic covariance matrix ofÂ. However,

in principle we cannot assume that�w is fixed and known because�w is part of the condition

thatA1��wAT1� be diagonal. So we will derive the joint asymptotic distribution ofÂ and �̂w,

even though we are only interested in the marginal distribution ofÂ.

The parameter of interest is then, in vector form,� = (vec(AT )T ; v(�w)
T )T , wherev(�w)

denotes thevec of the lower-triangular part of�w, including the diagonal. The dimension of� is

d = d1d2 + d1(d1 + 1)=2. The restriction thatA1��wAT1� be diagonal can be expressed as a sys-

tem ofm = (p2 � 1)p2=2 constraints of the formhij(�) = 0, wherehij(�) = aTi �waj andaTi is

theith row ofA. The functionshij can be stacked together into a single vector-valued functionh :

Rd ! Rm, and the constrained parameter space can be expressed asC =
�
� 2 Rd : h(�) = 0

	
.

The additional condition that�w be positive definite does not alter the asymptotic distribution of

the estimator because�w lies in the interior of this space, not on the border. Let�0 be the true

value of the parameter�. Sinceh(�) is continuously differentiable, the tangent cone ofC at �0

is TC(�0) =
�
� 2 Rd : Dh(�0)� = 0

	
, whereD is the differential (Rockafellar & Wets, 1998,

ch. 6.B). The asymptotic distribution of the constrained estimator�̂n is simple in this case: it is

just the usual asymptotic normal distribution of an unconstrained maximum likelihood estimator,

projected onTC(�0).

Specifically, let

M(x; y) = Ef(w � �w)(w � �w)T j(x; y)g; (10)

N(x; y) = Ef(w � �w)(z � �z)T j(x; y)g; (11)



Warped functional regression 11

and

U(x; y) =

2664 vecfN(x; y)��1e;0g � vecfM(x; y)AT0 ��1e;0g
(�1=2)DT

d1
vecf��1w;0 � �

�1
w;0M(x; y)�

�1
w;0g

3775 ; (12)

whereDd1 is the duplication matrix that satisfiesvec(�w) = Dd1v(�w) (Magnus & Neudecker,

1999, ch. 3). It is shown in the Supplementary Material thatU(x; y) is the likelihood score

functionr� log f(x; y;�) at � = �0. LetB = Dh(�0), which is anm� d matrix of rankm with

rowsrhij(�)T = (aTi �w(ej 
 Id1) + aTj �w(ei 
 Id1); 0Tr2d1 ; (a
T
j 
 aTi )Dd1), whereei is the

ith canonical vector inRp2 . Let � be an orthogonald� (d�m) matrix of rankd�m such

thatB� = 0, which can be computed for instance via the singular value decomposition of the

orthogonal projectorId �BT (BBT )�1B; this matrix is not unique but Theorem 1 below is

invariant under the choice of�.

THEOREM 1. Under all of the above conditions, the asymptotic distribution ofn1=2(�̂n � �0)

isNf0;�(�TV �)�1�T g, whereV = EfU(x; y)U(x; y)T g.

Matrix V in Theorem 1 is Fisher’s information matrix for this model and can be estimated by

V̂n =
1

n

nX
i=1

Û(xi; yi)Û(xi; yi)
T ; (13)

where the hat inU denotes that the true parameters in (12) are replaced by their estimators.

The proof of Theorem 1 is given in the Supplementary Material. Note that a parametric rate

of convergence is obtained because the functional parameters are assumed to belong to spline

spaces of dimensions that do not increase withn.

The assumption that the time grids were equal for all individuals was a simplification to make

the data vectors(xi; yi), and consequently the likelihood scores (12), identically distributed.

In many applications this will not be the case, however, and the time grids will be unequal,

giving xi 2 R�1i andyi 2 R�2i which are still independent but not identically distributed due
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to the different dimensions. Usually this does not affect the final asymptotic result as long as

(13) does not become degenerate, as shown for instance by Pollard (1990, Ch. 11) in the con-

text of regression with non-random covariates. Although the Fisher information matrixV as

such does not exist, (10) and (11) and consequently (12) and (13) can still be computed with

(xi; yi)s of unequal dimensions. The statement of Theorem 1 should then be re-expressed as

n1=2f�(�T V̂n�)�1�T g�1=2(�̂n��0) �! N(0; Id) in distribution asn!1. The finite-sample

adequacy of the asymptotic results of this section, particularly for hypothesis testing, were stud-

ied by simulations which are reported in the Supplementary Material.

4. SIMULATIONS

4�1. Estimation accuracy

To study the finite-sample accuracy of the proposed estimators we simulated data from the

following six models.

Model 1 is a one-dimensional amplitude and warping model, with�x(s) = 0:6'(s; 0:3; 0:1) +

0:4'(s; 0:6; 0:1), �1(s) = '(s; 0:3; 0:1)=1:6796, �y(t) = 0:6'(t; 0:5; 0:1) + 0:4'(t; 0:8; 0:1)

and 1(t) = '(t; 0:5; 0:1)=1:6796, for s andt in [0; 1], where'(s; �; �) denotes theN(�; �2)

density function. The warping functions followed Hermite spline models with knots�x0 = 0:3

and�y0 = 0:5. Thus, although�x(s) and�y(t) have two peaks, phase and amplitude variabil-

ity are concentrated on the main peak. The regression matrixA was the identity matrix, so

there was no relationship between covariate phase variability and response amplitude variability,

or vice versa, in this model. The other parameters were�w = diag(0:2
2; 0:12), �e = 0:072I2,

and�" = �� = 0:05. Model 2 is the same as Model 1 but with a non-diagonalA; specifically,

a11 = a22 = 1 anda12 = a21 = 0:5, so there was a relationship between covariate phase vari-

ability and response amplitude variability, and vice versa, in this model.



Warped functional regression 13

Model 3 is a two-dimensional amplitude and warping model, with�x(s), �y(t), �1(s) and

 1(t) as in Model 1,�2(s) the function'(s; 0:6; 0:1) orthogonalized with�1(s), and 1(t)

the function'(t; 0:8; 0:1) orthogonalized with 1(t). The warping functions followed Hermite

spline models with knots�x0 = (0:3; 0:6) and�y0 = (0:5; 0:8). This model, then, has amplitude

and phase variability at both peaks of�x(s) and�y(t). The regression matrixA was the identity,

and the other parameters were�w = diag(0:22; 0:12; 0:12; 0:12),�e = 0:072I4, and�" = �� =

0:05. Model 4 is the same as Model 3 but with a non-diagonal regression matrixA, with blocks

A11 = A22 = I2 andA12 = A21 = 0:5I2.

Model 5 is a one-dimensional amplitude model like Model 1 but with warping functions

that do not follow a regression model and do not belong to the Hermite-spline family; they

belong to a generic B-spline family with monotone increasing coefficients, which produces

monotone increasing functions (Brumback & Lindstrom, 2004). Specifically, ifb(s) are cubic

B-splines with 7 equally-spaced knots in(0; 1) andc0 is such thatb(s)T c0 � s, the identity, then

we generatedci � N(c0; 0:05
2I9) and took!�1i (s) = fgi(s)� gi(0)g=fgi(1)� gi(0)g, with

gi(s) = b(s)T c(i) andc(i) the coefficients ofci sorted in increasing order. The inverse warping

functions of the responses, the��1i (t)s, were generated in an analogous way and were inde-

pendent of the!�1i (s)s. Model 6 is a two-dimensional amplitude model like Model 3 with a

non-Hermite warping model like Model 5.

Two sample sizes,n = 50 andn = 100, were considered for each model. Each scenario was

replicated 500 times. In all cases the time gridsfsi1; : : : ; si�1ig andfti1; : : : ; ti�2ig were random

and irregular, with�1i and�2i uniformly distributed between 10 and 20, and independent of one

another, andsij andtij uniformly distributed on[0; 1].

For each sample we computed the proposed warped functional regression estimator using cu-

bic B-splines with ten equally spaced knots for the functional parameters, with the number of
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principal componentsp1 andp2 equal to the true model quantities, that is,p1 = p2 = 1 for Mod-

els 1, 2 and 5, andp1 = p2 = 2 for Models 3, 4 and 6. The specification of the warping functions,

although always in a Hermite-spline family, varied from model to model. For Models 1 and 2 we

used the same family used for estimation. For Models 3 and 4, however, we used Hermite-spline

families with single knots at�x0 = 0:45 and�y0 = 0:65, so as to study the behavior of the esti-

mator when the number of warping knots is underspecified. For Model 5 we used Hermite splines

with knots at�x0 = (0:3; 0:6) and�y0 = (0:5; 0:8), and for Model 6 we used Hermite splines

with knots at�x0 = 0:45 and�y0 = 0:65; this allows us to study the advantages of doing some

kind of warping as opposed to not doing any warping at all, since the true warping processes of

Models 5 and 6 do not follow a regression model and do not belong to the Hermite spline family.

For comparison we also computed ordinary functional regression estimators based on principal

components, as in, e.g., Müller et al. (2008), with the difference that the principal components

were computed by maximum likelihood via B-spline models, as in James et al. (2000), rather

than by kernel smoothing.

As measures of performance we computed bias and root mean squared errors of�̂(s; t), �̂x(s),

�̂y(t), f�̂j(s)g andf ̂j(t)g. We defined as bias of̂�x the quantity(
R
[Ef�̂x(s)g � �x(s)]2ds)1=2

and as root mean squared error the quantity(
R
E[f�̂x(s)� �x(s)g2]ds)1=2. For�̂y(t) and�̂(s; t)

the definitions were analogous, with double integrals for the latter. For the principal component

estimators, which have undefined signs, we actually computed the bias and root mean squared

errors of the bivariate functionŝ�j(s)�̂j(s
0) and ̂j(t) ̂j(t

0), which are sign-invariant. These are

reported in Table 1; for̂�x and�̂y the quantities have been multiplied by ten to eliminate leading

zeros. For reasons of space we only report here the results for Models 3, 4 and 6; the full report

is given in the Supplementary Material.
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Table 1.Simulation Results. Biases and root mean squared errors

n = 50

Model 3 Model 4 Model 6

bias rmse bias rmse bias rmse

Parameter W O W O W O W O W O W O

� 0.37 1.00 1.15 1.14 0.47 1.23 1.39 1.32 0.80 1.05 1.56 1.11

�x 0.14 0.27 0.46 0.47 0.13 0.26 0.47 0.46 0.55 0.94 0.93 1.11

�y 0.16 0.38 0.56 0.58 0.19 0.65 0.61 0.81 0.52 0.87 0.92 1.05

�1 0.92 0.99 1.23 1.40 0.96 0.99 1.36 1.40 0.98 0.99 1.39 1.40

�2 0.25 0.93 0.59 1.06 0.22 0.96 0.58 1.07 0.86 1.08 1.18 1.25

 1 0.99 0.99 1.40 1.40 0.99 0.99 1.40 1.39 0.99 0.99 1.40 1.40

 2 0.17 0.87 0.47 1.21 0.20 0.62 0.48 1.03 0.53 1.01 0.87 1.20

n = 100

� 0.38 1.06 0.83 1.13 0.41 1.26 0.88 1.31 0.85 1.05 1.25 1.08

�x 0.13 0.27 0.34 0.38 0.11 0.27 0.34 0.38 0.53 0.95 0.74 1.03

�y 0.16 0.38 0.40 0.49 0.18 0.66 0.45 0.75 0.50 0.88 0.74 0.97

�1 0.55 0.99 0.79 1.40 0.48 0.99 0.70 1.40 0.99 0.99 1.40 1.40

�2 0.22 1.04 0.46 1.09 0.15 1.04 0.40 1.09 0.92 1.18 1.13 1.27

 1 0.84 0.98 1.19 1.39 0.81 0.99 1.15 1.40 0.97 0.99 1.38 1.40

 2 0.12 0.92 0.33 1.13 0.16 0.63 0.34 1.00 0.47 1.14 0.70 1.23

W, warped functional regression; O, ordinary functional regression.

Table 1 shows that warped functional regression estimators have smaller biases than ordinary

functional regression estimators in practically all cases, which is not surprising since the model

has more parameters; for the same reason they have higher variances. The questions is whether

the smaller bias outweighs the higher variance. Root mean squared errors show that this is in-

deed the case: warped regression estimators beat ordinary least squares estimators in practically

all cases. The one exception is Model 6, where the higher variability of�̂ outweighs its lower
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bias, at least forn � 100, but even in this case, the root mean squared errors of the other func-

tional parameters is still smaller for the warped estimator. Therefore, from the point of view of

estimation accuracy, the warped functional regression estimator is advantageous in presence of

phase variability.

4�2. Prediction accuracy

Another aspect of the regression problem is prediction, or the estimation of a response function

y(t) for a new covariate curvex(s). We compared prediction accuracy of warped and ordinary

regression estimators by simulating data from Models 1–4 of § 4�1; for Models 5 and 6 predic-

tion did not make sense because covariate and response warping functions were independent. In

addition to training samples of sizesn = 50 andn = 100, we generated prediction samples of

sizen� = 100 on equally-spaced time grids of size� = 20 and measured the prediction accuracy

by the root mean squared errorfE(
Pn�

i=1 kyi � ŷik
2 =�n�)g1=2. For each model we computed

the same estimators as in § 4�1 and in addition ordinary linear regression estimators with more

principal components. Specifically, for the one-dimensional Models 1 and 2 we considered ordi-

nary least squares estimators with 1, 2 and 3 components, and for the two-dimensional Models 3

and 4 we considered estimators with 2, 3 and 4 components.

Table 2 shows the results. The table indicates the overall dimension of the estimators: for ex-

ample, O-9 is the ordinary regression estimator based on three principal components for covari-

ates and responses, which has overall dimension 9. Prediction errors of ordinary linear regression

estimators will decrease as the number of principal components increases, and eventually they

will be smaller than prediction errors of warped regression estimators of fixed dimension. The

point is that given comparable prediction errors, a low-dimensional warped regression model that

neatly separates the two sources of variability will be preferable to a higher-dimensional ordinary

linear model that confounds them.
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Table 2.Simulation Results. Prediction errors for

new responses

Model 1 Model 2

Estimator n = 50 n = 100 n = 50 n = 100

W-1 0.14 0.13 0.15 0.14

O-1 0.19 0.19 0.20 0.20

O-4 0.14 0.13 0.15 0.15

O-9 0.14 0.13 0.15 0.15

Model 3 Model 4

W-4 0.20 0.19 0.21 0.20

O-4 0.21 0.20 0.23 0.23

O-9 0.17 0.17 0.20 0.19

O-16 0.17 0.16 0.19 0.18

W, warped functional regression; O, ordinary functional re-

gression.

Generally speaking, the ordinary linear regression estimator needs an additional principal

component to attain a prediction error comparable to or smaller than the warped regression esti-

mator, although sometimes a strictly smaller prediction error is not attained, as in Models 1 and

2. For Models 3 and 4 the ordinary least squares estimator does attain smaller prediction errors,

but in order to attain an error that is only 10% smaller it needs to use four times as many para-

meters as the warped regression model, which makes it extremely impractical from the point of

view of interpretability. Interpretability issues cannot be directly gleaned from Table 2 or other

simulation summaries because they are graphical in nature, so we study them by example in § 5.
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5. APPLICATION: MODELING GROUND-LEVEL OZONE CONCENTRATION

Ground-level ozone causes serious health problems. Unlike other pollutants, ozone is not emit-

ted directly into the air but is a result of complex chemical reactions in the atmosphere that in-

clude, among other factors, volatile organic compounds and oxides of nitrogen. Oxides of nitro-

gen are emitted by combustion engines, power plants and other industrial sources. The modeling

of ground-level ozone formation has been an active topic of air-quality studies for many years.

In this article we will use data from the California Environmental Protection Agency online

database. Hourly concentration of pollutants at many locations in California are available for the

years 1980–2009. We will analyze trajectories of oxides of nitrogen, NOx, and ozone, O3, in the

city of Sacramento in the Summer of 2005. We omit weekends and holidays because NOx and

O3 levels are substantially lower and follow different patterns. We also removed some outlying

trajectories, so the final sample consisted of 52 days between June 6 and August 26, shown in

Figure 1.

Both NOx and O3 trajectories follow simple regular patterns. NOx curves tend to peak around

7am, and O3 curves around 2pm. Therefore we fitted warped regression models with single

warping knots, trying several values of�x0 and�y0 around 7am and 2pm respectively. The re-

sults were similar in all cases; the estimators reported here correspond to�x0 = 7 and�y0 = 14.

As basis functions we used cubic B-splines with 7 equally spaced knots, one knot every 3 hours;

we also tried 10 knots but the results were not substantially different. Three warped regression

models were fitted: (i) a model with one principal component forx and one fory, (ii) a model

with two principal components forx and one fory, and (iii) a model with one principal compo-

nent forx and two fory. The log-likelihood values were44:44, 45:21 and52:04, respectively;

and the cross-validation prediction errors were0:139, 0:136 and0:134, respectively. Model (ii)

has the same overall dimension as model (iii) but is worse both from the point of view of the
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likelihood and of the prediction error, so we discarded it. For model (i) the estimated regression

coefficients and the bootstrap standard deviations, based on 200 resamples, were

Â =

0BB@0:73 0:09
0:19 0:44

1CCA ; std(Â) =

0BB@0:07 0:02
0:08 0:06

1CCA ;

and for model (iii) were

Â =

0BBBBBB@
0:36 0:12

0:01 0:02

0:18 0:54

1CCCCCCA ; std(Â) =

0BBBBBB@
0:08 0:06

0:04 0:10

0:06 0:11

1CCCCCCA :

For model (iii) the coefficients of the second principal component of the response,â21 andâ22,

are not significant, while for model (i) all coefficients are significant even allowing for underesti-

mation of the standard deviations, with the possible exception ofâ21 which is a borderline case.

For this reason we prefer (i) as our final model.

To interpret the principal components, Figure 2(a) shows�̂x and�̂x � c1�̂1 for some constant

c1, and Figure 2(b) showŝ�y and�̂y � c2 ̂1 for another constantc2. Both principal components

are shape components: curves with positive scores tend to have sharper features than the mean

while curves with negative scores tend to have flatter features than the mean. The fact that the

diagonal coefficients of̂A are positive indicates that the component scoresûi andv̂i are positively

correlated, as Figure 2(c) shows, and the warping landmarks�̂xi and�̂yi, which can roughly be

interpreted as peak locations, are also positively correlated, as Figure 2(f) shows. Amplitude and

warping factors are also positively cross-correlated, since the off-diagonal elements ofÂ are also

positive. In particular̂a12 is highly significant, so late NOx peaks tend to be associated with high

peaks of O3 and vice-versa, as Figure 2(d) shows.

An ordinary functional regression fit is shown in Figure 3; the plot shows�̂x, �̂y, �̂x � c1�̂j

and �̂y � c2 ̂j for a three-component model, or overall dimension nine, which has cross-
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Fig. 2. Ozone Example. Warped Functional Regression fit.

(a) Log-NOx mean (solid line), and mean plus (dashed

line) and minus (dotted line) the principal component; (b)

same as (a) for the square root of O3; (c) covariate ver-

sus response pc-scores; (d) covariate peak versus response

pc-score; (e) covariate pc-score versus response peak; (f)

covariate versus response peaks.
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Fig. 3. Ozone Example. Ordinary Functional Regression

fit. (a,c,e) Mean (solid line), and mean plus (dashed line)

and minus (dotted line) the first [(a)], second [(c)] and third

[(e)] principal components of explanatory curves; (b,d,f)

same as (a,c,e), respectively, for response curves.

validation prediction error0:126. A two-component model, of overall dimension four and thus

comparable to the warped regression model, would correspond to the upper four panels of Fig-

ure 3, and has a cross-validation prediction error0:132. Time variability in the explanatory
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curves is explained by the secondx-component (Figure 3(c)), but phase variability in the re-

sponse curves is not accounted for until the third component (Figure 3(f)), so it really takes

a nine-dimensional ordinary regression model to explain the phase-variability features that a

four-dimensional warped model would explain. From a quantitative point of view the nine-

dimensional ordinary regression model offers a lower cross-validation prediction error,0:126,

than the four-dimensional warped model,0:139; but this modest decrease of 10% in the predic-

tion error comes at the price of a higher model dimension and a less clear-cut interpretation of the

components. We see in Figure 3(c,f) that the predominantly time-related principal components

are also associated with some kinds of amplitude variability, and we see in Figure 3(a) that the

predominantly amplitude-related firstx-component is somewhat influenced by time variability.

The question ‘Is the timing of the NOx peak a strong predictor of the timing of the O3 peak?’

cannot be answered as easily with ordinary functional regression as with warped regression. This

blurring of the principal components is avoided by warped functional regression, which neatly

separates the sources of variability and offers a more easily interpretable model. And in cases

where phase variability is even more pronounced, warped regression does attain a lower cross-

validation error than ordinary functional regression, as shown in the additional example in the

Supplementary Material.
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asymptotic distribution of the estimator, the proof of Theorem 1, additional simulation results,

an additional data analysis, and a detailed treatment of monotone Hermite splines.

APPENDIX

5�1. Monotone Hermite splines

In this section we explain how the warping functions!i(s) are constructed; the�i(t)s are

constructed in a similar way. LetS = [a; b] anda < �01 < � � � < �0r < b be a sequence ofr

knots inS . Forh00(s) = (1 + 2s)(1� s)2, define the basis functionsf�j(s; �0)g as

�0(s; �0) =

8>><>>:
0; s < a or s > �01

h00

�
s�a
�01�a

�
; a � s � �01;

�j(s; �0) =

8>>>>>><>>>>>>:
0; s < �0;j�1 or s > �0;j+1

h00

�
�0j�s

�0j��0;j�1

�
; �0;j�1 � s � �0j

h00

�
s��0j

�0;j+1��0j

�
; �0j � s � �0;j+1

for j = 1; : : : ; r, and

�r+1(s; �0) =

8>><>>:
0; s < �0r or s > b

h00

�
b�s
b��0r

�
; �0r � s � b:

Forh10(s) = s(1� s)2, define the basis functionsf�j(s; �0)g as

�0(s; �0) =

8>><>>:
0; s < a or s > �01

(�01 � a)h10
�

s�a
�01�a

�
; a � s � �01;

�j(s; �0) =

8>>>>>><>>>>>>:
0; s < �0;j�1 or s > �0;j+1

�(�0j � �0;j�1)h10
�

�0j�s
�0j��0;j�1

�
; �0;j�1 � s � �0;j

(�0;j+1 � �0;j)h10
�

s��0;j
�0;j+1��0;j

�
; �0;j � s � �0;j+1
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for j = 1; : : : ; r, and

�r+1(s; �0) =

8>><>>:
0; s < �0r or s > b

�(b� �0r)h10
�

b�s
b��0r

�
; �0r � s � b:

The function!i(s) =
Pr+1
j=0 � ij�j(s; �0) +

Pr+1
j=0 dij�j(s; �0), where� i0 = a and� i;r+1 = b,

is a differentiable piecewise-cubic function that satisfies!i(�0j) = � ij and!0i(�0j) = dij for

j = 1; : : : ; r. Thus the� ijs play the dual role of basis coefficients and values of!i(s) at the knots.

For!i(s) to be strictly monotone increasing thedijs must satisfy certain necessary and sufficient

conditions given in Fritsch & Carlson (1980). For situations like ours where no particular values

of thedijs are specified, Fritsch & Carlson provide a simple algorithm to compute, from given

� ijs, values of thedijs that satisfy the monotonicity constraints. This algorithm is given in the

Supplementary Material. Since the algorithm is deterministic, thedijs are functions of the� ijs

and then!i(s) is entirely parameterized by� i = (� i1; : : : ; � ir), thus forming anr-dimensional

space.

The Jupp transform (Jupp, 1978) is defined as�ij = logf(� i;j+1 � � ij)=(� ij � � i;j�1)g

for j = 1; : : : ; r, with inverse given by� ij = a+ (b� a)sij=(1 + sir) for j = 1; : : : ; r, where

sij =
Pj
k=1 exp(�i1 + � � �+ �ik). For anyr-dimensional unconstrained vector� the inverse

Jupp transform yields a vector� of strictly increasing knots in(a; b). In particular, for� = 0

the corresponding� is a sequence ofr equally spaced knots in(a; b).
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