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Abstract. The similarity and diversity sampling problems are two challenging optimization tasks that arise
in the analysis of chemical databases. As a first step to their solution, we propose an efficient projection/
refinement protocol based on the principal component analysis (PCA) and the truncated-Newton minimiza-
tion method implemented by our package TNPACK (PCA/TNPACK). We show that PCA can provide the
same initial guess as the singular value decomposition (SVD) for the optimization task of solving the dis-
tance-geometry optimization problem if each column of a database matrix has a mean of zero. Hence, our
PCA/TNPACK approach is analogous to the SVD/TNPACK projection/refinement protocol that we developed
recently for visualizing large chemical databases. Using PCA/TNPACK and the Merck MDDR database (MDL
Drug Data Report), we further investigate the projection/refinement procedure with regards to the preservation
of the original clusters of chemical compounds, the accuracy of similarity and diversity sampling of chemical
compounds, and the potential application in the study of structure activity relationships. We also explore by
simple experiments accuracy and efficiency aspects of the PCA/TNPACK procedure compared to those of a
global optimization algorithm (simulated annealing, as implemented by the program package SIMANN) in
terms of producing the projection mapping of a database. Numerical results show that the 2D PCA/TNPACK
mapping can preserve the distance relationships of the original database and is thus valuable as a first step
in similarity and diversity applications. Of course, the generation of a global rather than local minimizer and
its interpretation in terms of pharameceutical applications remains a challenge. Since all numerical tests are
performed on the Merck MDDR database, results are representative of realistic cases encountered in the field
of drug design, and may help analyze properties of medicinal compounds.

1. Introduction

Two fundamental research themes in chemical database analysis are similarity and di-
versity sampling [2, 15, 21, 29]. Their solution has great potential in benefiting com-
puter-aided drug design [3, 7]. The similarity problem involves finding a drug from the
database that is similar to another drug with known bioactive properties. The diver-
sity problem involves defining a diverse subset of “representative” compounds so that
researchers can scan only a subset of the huge database each time a specific pharmaco-
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logical agent is sought. The diversity problem is essentially a combinatorial optimization
problem, which has a non-polynomial complexity. Hence, even for a small dataset (more
than hundreds of compounds), solving the diversity problem represents a grand chal-
lenge. In contrast, the similarity problem is much simpler. Still, due to the large size of
real databases (millions and billions of compounds), solving the similarity problem is
a practical challenge, as exhaustive procedures are not feasible. Hence, all algorithms
for addressing these problems are heuristic, and any systematic schemes to reduce the
computing time involved can be valuable.

Recently, we developed an algorithm for visualizing large chemical databases in a
low-dimensional space (2D or 3D) as a first step to the solution of the above two chal-
lenging problems [35, 36]. To illustrate, consider n compounds in the chemical database,
described as n vectors in the m-dimensional Euclidean space Rm, with associated pair-
wise distances reflecting the similarity or diversity of the corresponding compounds. Our
algorithm combines a distance-geometry approach with the singular value decomposi-
tion (SVD) [24]. The distance-geometry approach finds an optimal projection mapping
of the database from the high-dimensional space Rm onto the low-dimensional space
Rl with l � m such that the intercompound distances in Rl approximate the corre-
sponding distances in Rm as closely as possible. In our approach, we formulate the
distance-geometry problem by a new “smooth” target function and then minimize this
multivariate function by our truncated-Newton package TNPACK [33, 39] with a start-
ing point generated by SVD. Since the SVD starting point is an optimal approximation
of the original database in the sense of the Euclidean norm [24], it provides a reason-
able starting point for a local minimization algorithm such as truncated Newton. Our
application of TNPACK to refine the projection mapping generated by SVD (termed
the SVD/TNPACK method) produces distance relationships in such chemical databases
that are reasonable [35, 36].

Several distance-geometry algorithms, such as nonlinear mapping [32], multi-di-
mensional scaling [6], and the Sammon method [1], have been proposed to generate a
2D projection mapping of chemical databases. While they use different target functions
of minimization, they rely on the simple steepest descent minimization algorithm with
a randomly chosen initial guess. As such, they may suffer from slow convergence and
variable quality of the 2D projection mapping. Our application of the truncated Newton
method accelerates that local minimization aspect of the problem, but any other efficient
large-scale method like the limited-memory BFGS method [11, 12] will likely perform
just as well.

Principal component analysis (PCA) [25] and the related factor analysis [25] are two
fundamental statistical techniques in multivariate data analysis. Since PCA can produce
a compressed database in the low-dimensional space Rl that is optimal in the sense of
maintaining the variation of the original database in Rm, PCA provides another prom-
ising approach for generating a good initial candidate for refinements which project the
data from a high to a low-dimensional space.

In this paper, we formulate the PCA projection procedure and then show that PCA
can produce the same projection mapping as SVD if each column of a database matrix
has a mean of zero. The relationship we describe here may be of practical utility to
researchers in the field, since PCA is widely used.
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Similar to the SVD/TNPACK approach, we combine the PCA projection mapping
with TNPACK for solving the distance-geometry problem. Numerical results show that
while the PCA and SVD mappings are different for matrix databases that have columns
with non-zero means, subsequent refinement by TNPACK can significantly reduce the
differences in the coordinate scales. Hence, the PCA/TNPACK and SVD/TNPACK map-
pings generally produce similar accuracies in terms of retaining the distance relationships
of the original database.

Furthermore, using PCA/TNPACK and Merck drug compounds (each represented
by 300 topological atom-pair descriptors [9]) selected from a commercially available
database from MDL, Inc. called MDDR (MDL Drug Data Report), we numerically
investigate several important issues (as summarized below) related to the projection
refinement approach.

First, we explore through simple tests the degree of improvement possible when the
projection mapping of a database is defined by a global instead of a local (as found by
PCA/TNPACK) minimum. Of course, the distance-geometry problem is a challenging
global optimization task [5, 16, 17], but the computing cost involved is generally pro-
hibitive. Thus, we solve the distance-geometry problem approximately by applying an
efficient local minimization algorithm such as TNPACK together with a good starting
point such as that generated from PCA or SVD.

To compare some accuracy and efficiency aspects of the PCA/TNPACK procedure
to that of a global optimization algorithm, we construct a subset of the database with 15
compounds; the corresponding global minimizer of the distance-geometry problem can
be easily located by the simulated annealing program SIMANN [10, 23, 22]. Numerical
results show that the 2D projection mapping defined by the global minimizer provides
minor improvements to the 2D PCA/TNPACK mapping in terms of the accuracy of
retaining the database distance relationships. We also compare the performance of SI-
MANN with that of TNPACK for a dataset of 342 compounds. With a proper choice of
starting temperature (obtained by experimentation), SIMANN identifies the same local
minimizer as TNPACK does (with the same starting point generated by PCA) but costs
more than 5000 times more CPU time. Clearly, global optimization approaches are im-
portant, but cost may be prohibitive for realistic applications, and the local minimization
approach presents a valuable first step.

Second, we investigate how the 2D PCA/TNPACK mapping preserves distance re-
lationships. Namely, from a dataset of 342 Merck compounds, we randomly select 12
spatially distant points and four nearby pairs of points based on the 2D PCA/TNPACK
mapping and compare the similarity/diversity of the original chemical compounds in
the database (before projections). Tests show that the chemical interpretation of the 2D
mapping appears reasonable — distances between points in the projection roughly corre-
spond to chemical similarity/diversity in terms of chemical structures and bioactivities.
We also show that the projection accuracy of both the PCA and PCA/TNPACK map-
pings can improve significantly as the projection dimension l increases. For example,
with l = 20 (rather than 2 or 3), almost all of the distance segments in the PCA/TNPACK
mapping are within 10% of the original distance values. Though 2D and 3D projections
are simpler for graphical illustrations, compressed datasets with higher dimensionality
are valuable for compound similarity applications.
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Third, we test how the 2D PCA/TNPACK mapping can retain certain clusters of
chemical compounds. For this investigation, we construct a subset of MDDR that con-
sists of four clusters of compounds in the 300-dimensional chemical space. We then
project this dataset onto 2D by PCA/TNPACK. The four clusters are reasonably pre-
served in the 2D PCA/TNPACK mapping.

Finally, we apply the 2D PCA/TNPACK mapping to the study of the relationship
between structures and medicinal activity. For this purpose, we construct a dataset con-
taining four different therapeutic groups of compounds and visualize these compound
interrelationships in 2D by PCA/TNPACK. While the 2D PCA/TNPACK mapping pro-
duces reasonably clusters corresponding to the four therapeutic groups, we emphasize
that the compounds belonging to the same therapeutic category can have very different
chemical structures.

The remainder of the paper is organized as follows. Section 2 defines the database
structure. Section 3 reviews the optimization problems arising from database analys-
es. Sections 4 and 5 describe the PCA and TNPACK mapping algorithms. Section 6
presents the numerical results, and Section 7 summarizes our conclusions. The relation
between PCA to SVD (which we have not seen described in our context) is presented in
the Appendix.

2. Database definition

We consider a database of n compounds generated from m highly correlated chemical
descriptors {xj }mj=1. Each compound Xi is represented as a vector

Xi = (xi1, xi2, . . . , xim)
T for i = 1, 2, . . . , n,

where xij denotes the value of descriptor j of compound Xi . The collective database
X = {Xi}ni=1 is represented by the n×m matrix X:

X = (X1, X2, . . . , Xn)
T =




x11 x12 · · · x1m
x21 x22 · · · x2m
...

...
. . .

...

xn1 xn2 · · · xnm


 . (1)

Here the superscript T denotes the vector/matrix transpose.
Many different chemical descriptors have been proposed and used to quantify mol-

ecules [9, 14, 26]. For example, descriptors might characterize molecular connectivity,
electrostatic interactions, or molecular geometry, as in the popular programs Molconn-
X [18] or Molconn-Z [19]. Descriptors can also define the number of bonds along the
shortest paths connecting an atom-pair (“topological atom-pair descriptors”) [9], as in
the large drug database MDDR. Atom-pair descriptors have been used successfully in
structure-activity studies [2, 9]. They also have been recently expanded to include tor-
sions of four consecutive atoms, charges of atom pairs, and hydrophobic characteristics,
in order to reflect physicochemical and geometric features (see [2] for a short review).
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A diversity score for two different compounds Xi and Xj can be measured by the
Euclidean distance norm based on the compound descriptors:

‖Xi −Xj‖ =
√√√√

m∑
k=1

(xik − xjk)2.

To avoid the dominance of a few large descriptors on the diversity score, scaling becomes
necessary if the chemical descriptors use different units and vary significantly in their
magnitudes. It is customary to scale data entries xij by the following formula:

x̂ij = xij − βj

αj − βj
, (2)

where αj = max1≤i≤n xij and βj = min1≤i≤n xij . This definition (also termed “stan-
dardization of descriptors”) makes each column in the range [0, 1].

Another scaling procedure arises from the multivariate statistical analysis. It sets the
scaled component x̂ij as follows:

x̂ij = xij − µj

σj
, (3)

where µj and σj are the mean and the deviation of the j th column of X, respectively,
defined by

µj = 1

n

n∑
i=1

xij and σj =
√√√√ 1

n− 1

n∑
i=1

(xij − µj )2.

This scaling effectively makes each column have a mean of zero and a standard deviation
of one.

3. Database optimization problems

The similarity and diversity sampling problems are two fundamental optimization prob-
lems that arise from database analyses. For a given target compound, the similarity
sampling problem is to find a sampling set that contains a small number of most similar
compounds to the target. Here compoundXj0 is said to be the most similar to compound
Xj in a dataset X if

‖Xj0 −Xj‖ = min
∀Xi∈X
i =j

‖Xi −Xj‖.

Clearly, each search requires a total of O(nm) floating-point operations (flops) ifX con-
tains n compounds and each distance segment δij = ‖Xi −Xj‖ requires O(m) flops to
compute. An effective scheme is sought when n and m are large. The task of similarity
sampling is often performed to find drugs with similar physiochemical and biological
properties to a known drug.
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In contrast to the above similarity problem, the diversity search problem is to find
“the most diverse subset” (or the representative set of the database) S0 that contains n0
representative compounds such that

∑
Xi ,Xj ∈S0
i<j

‖Xi −Xj‖ = max
∀S⊂X

∑
Xi ,Xj ∈S
i<j

‖Xi −Xj‖,

where n0 is a given number satisfying 0 < n0 � n, and S denotes a subset of the dat-
abase X with n0 compounds. An exhaustive search of the most diverse subset requires
a total of O(Cn0

n n
2
0m) flops because there are Cn0

n possible subsets of S of size n0 and
each subset takes O(n2

0m) flops. (Here Cn0
n = n(n − 1)(n − 2) · · · (n − n0 + 1)/n0!).

Clearly, even for a small value of n (more than 100), it may take thousands of years
to solve this problem. Hence, in practice, it is necessary to look for heuristics or for
approximate solutions in some more restricted feasible sets.

Pharmaceutical companies often perform diversity sampling when they scan huge
databases to search for a specific pharmacological activity. Reducing the dataset of n
compounds to the small subset of n0 representative elements is likely to accelerate such
searches. The “representative subset” S0 might also be used to prioritize the choice of
compounds to be purchased or/and synthesized, resulting in an accelerated discovery
process.

Our approach to the above database analysis problems is to create a 2D view of
the database so that similar and diverse compounds can be viewed simply. The most
challenging part of this approach is the construction of a 2D mapping that retains the
distance relationships of the database well. Based on the distance-geometry approach,
we define the following objective function:

E(Y1, Y2, . . . , Yn) = 1

4

∑
i<j

ωij

(
d2
ij − δ2

ij

)2
, (4)

where Yi is the projection vector of Xi into the l-D space, dij = ‖Yi − Yj‖ and δij =
‖Xi − Xj‖ are the Euclidean distances in the l-D and m-D spaces, respectively, ωij
are the weights defined by ωij = 1/δ4

ij if δ4
ij ≥ ηmin and ωij = 1 if δ4

ij < ηmin. The
latter case (very small original distance δij ) may occur when two compounds in the
datasets are very similar. We set the parameter ηmin to a small positive number such as
ηmin = 10−12.

Theoretically, we define the best projection mapping (Y ∗
1 , Y

∗
2 , . . . , Y

∗
n ) in the l-D

space as the global minimum point of the objective function E. That is,

E(Y ∗
1 , Y

∗
2 , . . . , Y

∗
n ) = min

∀Yi∈Rl
E(Y1, Y2, . . . , Yn). (5)

Due to the difficulty of finding the global minimum point, especially for a large database,
in practice, we often solve the distance-geometry problem (5) by an efficient local min-
imization algorithm, together with a good starting point close to the global minimizer.
Note that the objective function E defined in (4) is smooth everywhere so that Newton
algorithms such as TNPACK, which rely on second-derivative information, are good
choices for solving (5).
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The approximation of distance segments δij by dij can be measured by the relative
error expression

|dij − δij | ≤ η δij when δij > dmin

dij ≤ ε̃ when δij ≤ dmin , (6)

where η, ε̃, and dmin are small positive numbers less than one. Their selections are related
to both machine precision and mapping accuracy. For example, we find that η = 0.1,
which specifies a 10% relative accuracy, dmin = 10−12 and ε̃ = 10−8, which indicate
very similar compounds, are satisfactory for our database visualization application.

Let Td be the total number of the distance segments d(Yi, Yj ) satisfying eq. (6).
We introduce the percentage ρ of the distance segments satisfying eq. (6) to assess the
degree of distance preservation of our mapping:

ρ = Td

n(n− 1)/2
× 100%. (7)

Compared with other measures, such as relative errors [35] and percentage of retained
variation in a mapping as given in (19) [25], the value of ρ more directly indicates the
accuracy of the projection mapping. The greater the ρ value (the maximum is 100%), the
better the mapping and the more information can be inferred from the projected views
of the database compounds (assuming reliable descriptors).

4. Projection by TNPACK

We minimize the objective error function E defined in (4) by our truncated Newton
program package, TNPACK [33, 39]. In brief, TNPACK generates a sequence of iterates
{Y k} expressed in the form

Y k+1 = Y k + λkP
k, k = 0, 1, 2, . . . , (8)

from an initial guess Y 0, and P k is a descent direction generated by a “truncated” pre-
conditioned conjugate gradient scheme for solving the classic Newton equation

H(Y k)P = −g(Y k).
The parameter λk in eq. (8) is the steplength generated by a line search scheme [30, 40],
and g and H are the gradient vector and Hessian matrix of the objective function E,
respectively.

The advantage of truncated-Newton (TN) methods is their ability to incorporate
available second-derivative information to accelerate convergence. We have found TN
methods efficient in many molecular applications [37, 38]. As in other Newton methods
appropriate for large-scale applications, the curvature information can be utilized effi-
ciently so that the overall computational work is optimal. The TN outer/inner iteration
design can be particularly robust and efficient for solving difficult optimization problems
when a preconditioner is used in the PCG inner loop and care is taken in determining
the steplength λk in eq. (8). In the present applications, we simply use TNPACK with
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all default parameters and a numerical procedure to approximate matrix/vector prod-
ucts. That is, the product H(Y k)d is approximated by the first-order forward difference
formula:

H(Y k)d ≈ g(Y k + hd)− g(Y k)

h
, (9)

where d is a vector, and h is a small number such as h = 10−8. Since the Hessian
matrix H(Y k) in TNPACK only appears in the calculation of the product H(Y k)d, the
approximation formula (9) leads to a linear dependency on the number of compounds
for TNPACK’s memory location.

We also use a simple preconditioner — a diagonal matrix consisting of the diagonal
elements of the Hessian matrix for the present applications. We terminate the TNPACK
iteration process when the solution iterate Y k satisfies

||g(Y k)|| < εg(1 + |E(Y k)|), (10)

where εg is a small positive number (we used 10−6). For details, see [33, 39]. We in-
tend to further improve the performance of TNPACK through developing more efficient
preconditioners and tailoring other components of TN to the database application in the
future work. We emphasize that other local optimization methods like limited-memory
BFGS algorithms should work equally well in our context.

5. Projection by principal component analysis (PCA)

The accuracy of the l-D projection mapping generated by TNPACK in approximating
databaseX depends on the selection of the initial guess Y 0. In this section, we introduce
PCA to generate a l-D projection mapping of database X. We then use it as the starting
point Y 0 of TNPACK, resulting in the PCA/TNPACK protocol. Note that the PCA pro-
jection mapping is an “optimal” approximation to the database matrix X in the sense
that it retains the variation presented in X in the l-dimensional (l-D) space as much as
possible [25]. Hence, a PCA generated initial guess can be much better than a randomly
selected one for an optimization algorithm for solving the application problem (5).

PCA is a classic tool for data reduction. In PCA, chemical descriptors are regarded as
random variables, and the input database matrix X is considered their sampling matrix.
In terms of the orthonormal eigenvectors of the covariance matrix C of the database X,
PCA transforms the highly correlated descriptor variables into the uncorrelated variables
called principal components (PCs). By using the first l PCs with l � m, the database
matrix X can then be reduced to a smaller matrix with dimension n× l.

The m×m covariance matrix C with elements {cij } is defined by

cij = 1

n− 1

n∑
k=1

(xki − µi) (xkj − µj ) , (11)

where µj and µj are the means of the columns associated with descriptors i and j :

µi = 1

n

n∑
k=1

xki and µj = 1

n

n∑
k=1

xkj . (12)
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Since C is a symmetric positive semi-definite matrix, it has the spectral decomposition

C = V&V T , (13)

where V = (v1, v2, . . . , vm), with vi ∈ Rm, is them×m orthogonal eigenvector matrix
satisfying VV T = Im×m, and & is a diagonal matrix of the m ordered eigenvalues

λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 0 .

The j th principal component vector Yj of dimension n× 1 is defined by the product of
the original matrix X with the j th eigenvector vj :

Yj = Xvj for j = 1, 2, · · · ,m . (14)

The m PCs Y1, Y2, · · · , Ym form the n×m matrix Y :

Y = (Y1, Y2, · · · , Ym).
Equation (14) can be written in the matrix form Y = XV . Since VV T = I , we can
express the dataset matrix X in terms of the PCs as:

X = YV T . (15)

Eq. (15) is a fundamental identity for the PCA data reduction. It can be used to reduce
the dimensionality from m to l while optimally approximating the original variances of
X. In fact, we write eq. (15) as a sum of m matrices:

X =
m∑
j=1

Yjv
T
j , (16)

where YjvTj is an n×m matrix with rank of one. Note that the compound vector Xi is
the transpose of the ith row vector of X, i.e.,

Xi = XT ei,

where ei is the n × 1 unit vector with 1 in the ith component and 0 elsewhere. There-
fore, from eq. (15) it follows that each chemical compound vector Xi has the following
expression:

Xi = XT ei =



m∑
j=1

Yjv
T
j



T

ei =
m∑
j=1

YTj ei vj =
m∑
j=1

yij vj , (17)

where yij = YTj ei is the ith component of the j th PC Yj . This relationship implies that
the compound vector Xi is transformed into the vector space spanned by orthonormal
eigenvectors {vj }, and can be simply denoted by

Xi = (yi1, yi2, . . . , yim)
T .
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According to expression (17), the l-th dimension projection Zi of Xi can be defined
by using the first l PCs as:

Zi = (yi1, yi2, . . . , yil)
T for i = 1, 2, . . . , n. (18)

Note that the eigenvalues λj of the covariance matrix C represent the variances of the

PCs. Hence, the ratio
(∑l

j=1 λj

) / (∑m
j=1 λj

)
indicates the percentage of the vari-

ances of X that is retained in the l-D projected database Z = (Z1, Z2, . . . , Zl).
In practice, the value of l is chosen according to the following criterion involving

the threshold variance γ , 


l∑
j=1

λj )/(

m∑
j=1

λj


 ≥ γ . (19)

The higher the γ value, the better the approximation (that is, the better the original
variances are maintained). The relation of PCA to SVD is given in the Appendix.

6. Numerical examples

In this section, we investigate the performance and potential application of the PCA/
TNPACK combination for similarity and diversity sampling of chemical compounds
as well as several issues related to the interpretation of the projection. We also com-
pare accuracy and efficiency aspects of PCA/TNPACK to those of a global optimization
algorithm in solving the distance-geometry minimization problem (5). All default values
of TNPACK are used.

All numerical experiments are made on datasets selected from the large, commercial-
ly available database MDDR (http://www.mdli.com). Most computations are performed
in double precision on a single R12000 300 MHz processor of an SGI Origin 2000 com-
puter at the New York University. Only the simulated annealing applications (Section
6.8) are performed on a Dell Precision 610 workstation.

We use the package ARPACK [28] with all default parameters for computing the
eigenvalue and eigenvectors required by the PCA and SVD procedures. ARPACK per-
forms very well in our applications because it can compute the first l required PCs,
singular values, and singular vectors for defining the PCA and SVD projection map-
pings in Rl , with an order of ln storage locations and an order of nm2 floating point
operations (the database matrix is n×m).

6.1. Test datasets

All datasets of our tests are selected from the Merck drug database, which contains
7500 compounds retrieved from MDDR version 98.1 based on the assigned label in the
“Source” field in the database. MDDR contains over 82,000 potential drug candidates.
Most entries in the database have an MDDR registration number, chemical connectivity
information, associated therapeutic category, mechanism of action, source/inventor, and
literature citations. The compounds are derived based on patent literature, journal arti-
cles, professional conventions and symposia. There are about 25,000 unique atom-pair
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descriptors and only a small number (several hundreds) are shared by most compounds
in the MDDR.

For our tests, we select 300 atom-pair descriptors (i.e.,m = 300) used by most com-
pounds. We use atom-pair [9] and topological torsion [13] descriptors for all compounds.
Atom pairs are substructure descriptors of a molecule defined as ATi −ATj − rij . The
distance, rij , is the distance in bonds along the shortest path between an atom type ATi
and an atom type ATj . The atom type reflects element type, number of non-hydrogen
atom neighbors, and number of π electrons. Topological torsions are substructure de-
scriptors of a molecule and are defined as ATi −ATj −ATk −ATl , where i, j, k, l are
consecutively-bonded atoms. Topological torsion and atom-pair descriptors can effec-
tively distinguish closely related compounds [2, 9] and are useful in similarity searching.
Since the atom-pair descriptors in our test datasets are small (from zero to 25 only), no
scaling is needed.

6.2. Role of refinement

We first study the role of TNPACK refinement in improving the accuracy of a 2D PCA
mapping of a database in preserving the distance relationships of the database. We ran-
domly selected 832 chemical compounds from the Merck MDDR to form a dataset called

−50 −30 −10 10 30
−50

−30

−10

10

30

PCA/TNPACK
PCA       

Fig. 1. The 2D PCA and PCA/TNPACK mappings for Merck set1 (n = 832,m = 300). See note at end on
color figure
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Table 1. The accuracy of the PCA and PCA/TNPACK mappings as a function of projection dimension l for
Merck set1 (n = 832, m = 300), along with the performance of the PCA and PCA/TNPACK (TN) programs.
Here the minimization objective functionE is defined in (4), and the accuracy ρ is defined in (7) with η = 0.1

Dimension Final E Accuracy ρ TN CPU time (sec.)

l PCA TN PCA TN Itn. PCA Total

2 4.07 × 104 1.80 × 104 2.45 33.70 8 0.20 13.8
3 3.29 × 104 1.06 × 104 2.89 44.72 10 0.21 25.2
5 2.32 × 104 4.87 × 103 7.52 63.16 11 0.33 39.0
8 1.71 × 104 2.17 × 103 17.07 80.80 14 0.57 63.0
12 1.17 × 104 9.68 × 102 28.86 93.49 12 0.72 97.8
16 8.83 × 103 5.18 × 102 42.35 98.12 46 0.88 139.8
20 6.38 × 103 3.12 × 102 53.10 99.50 29 1.01 168.0
25 4.98 × 103 2.01 × 102 61.40 99.88 19 3.26 367.8
30 3.51 × 103 1.11 × 102 71.06 99.99 18 2.80 414.0
35 2.67 × 103 7.22 × 10 78.42 100 20 2.27 540.0
45 1.73 × 103 3.63 × 10 87.13 100 16 4.50 393.0
65 7.32 × 102 1.01 × 10 95.69 100 19 6.28 1141.2

Merck set1 (i.e., n = 832 and m = 300). Figure 1 compares the two 2D mappings for
Merck set1 generated respectively by PCA alone and PCA/TNPACK. From the figure
we see that the PCA mapping has been significantly changed following the TNPACK
refinement procedure. Table 1 (first data row, for l = 2) shows that following TNPACK
minimization, the accuracy ρ of the 2D mapping in approximating the distance relation-
ships of Merck set1 has increased from about 3 to 34%. This minimization process only
took about 14 seconds of CPU time.

Table 1 also shows that the projection accuracy of both PCA alone and PCA/TNPACK
can be improved significantly as the projection dimension l increases (data shown for l
ranging from 2 to 65). The accuracy of the PCA/TNPACK mapping in terms of ρ can
be near maximal (100%) for l = 16, while PCA alone requires l = 65 to reach this
maximal accuracy. From Table 1 we also see that the PCA program only took 0.2 to 6
seconds to compute the l-D PCA mappings for l = 2 to 65, which is very small com-
pared to the total CPU time of 14 to 1141 seconds. Moreover, TNPACK only took 8 to 46
iterations to locate minimum values. Here the number of variables of the minimization
target function E ranges from 1664 (2 × 832) to 54080 (65 × 832).

6.3. Similarity and diversity applications

As an example of similarity and diversity sampling, we selected four pairs of points that
are close in the projection, as shown in Figure 2, and 12 distant points (letters A to L
in Figure 3) from the 2D PCA/TNPACK mapping for Merck set1, respectively. Their
corresponding chemical structures are also displayed in these figures. From these figures
we see that the chemical structures of the compounds corresponding to the four pairs
of nearby points have some resemblance, while compounds corresponding to the 12
distant points are more dissimilar. According to a general principle [21] that compounds
with similar structures are likely to share physicochemical and biological properties, we
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Fig. 2. Four similarity samples (Pair 1 to Pair 4) of chemical compounds based on the 2D PCA/TNPACK
mapping and their chemical structures. See note at end on color figure

might predict that the 12 distant points belong to different therapeutic categories, while
compounds corresponding to each pair are in the same therapeutic category. See Table 2
for the therapeutic categories corresponding to the sampling points. Still, as shown be-
low (Figure 6), dissimilar structures can belong to the same therapeutic group. Clearly,
visual inspection of structures is only one aspect of a compound’s functionality.
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Fig. 3. A diversity sample (A–L) of chemical compounds based on the 2D PCA/TNPACK mapping and their
chemical structures. See note at end on color figure

6.4. Cluster assessment

To test how the 2D PCA/TNPACK mapping can retain certain clusters of chemical com-
pounds, we construct the dataset Merck set2 (n = 342 and m = 300) containing four
clusters as shown below: select four distant target compoundsK,E,H and I according
to Figure 3 and then construct clusters for each from the Merck MDDR (a dataset of
7500 compounds) such that a compound j belongs to the cluster of a target compound i
if the corresponding Euclidean distance dij is less than 15, and each compound belongs
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Table 2. The therapeutic categories of the 20 sampling points selected in Figures 2 and 3

Sampling Points MDDR Reg. No. Therapeutic Category

Pair 1, blue 180311 Angiotensin II Blocker
Pair 1, red 190065 GH Growth Hormone, Somatotropin
Pair 2, blue 192077 Leukotriene Antagonist
Pair 2, red 192078 Leukotriene Antagonist
Pair 3, blue 157851 HIV Protease Inhibitor
Pair 3, red 160107 HIV Protease Inhibitor
Pair 4, blue 166899 Muscarinic M1 Receptor Agonist
Pair 4, red 166906 Muscarinic M1 Receptor Agonist
Point A 180311 Angiotensin II Blocker
Point B 192077 Leukotriene Antagonist
Point C 157851 HIV Protease Inhibitor
Point D 170280 Immunomodulator AIDS
Point E 141090 HMG-CoA Reductase Inhibitor
Point F 149705 Thromboxane Antagonist
Point G 152273 Renin Inhibitor
Point H 146649 Steroid 5alpha Reductase Inhibitor
Point I 166899 Muscarinic M1 Receptor Agonist
Point J 144259 Carbonic Anhydrase Inhibitor
Point K 190519 Elastase Inhibitor
Point L 188363 Lipoxygenase Inhibitor

to only one cluster. This produces clusters for E, H, I, and K containing 17, 77, 239, and
9 compounds, respectively.

We then project these four clusters of compounds from the 300-dimensional chemi-
cal space onto the 2D mapping space by PCA/TNPACK. The four clusters are displayed
in the 2D PCA/TNPACK mapping by using four colors (blue for Cluster E, cyan for
Cluster H, red for Cluster I, and green for Cluster K) in Figure 4. This 2D mapping has
an accuracy of ρ = 35% for η = 0.1. The view shows that the four clusters are well
retained in the 2D PCA/TNPACK mapping.

6.5. Structure and medicinal activity

To examine the relation between structural features (characterized by chemical descrip-
tors) and medicinal activities, we construct the dataset Merck set3 (n = 338 and m =
300) that contains four different therapeutic groups. The names of the four groups and
the number of compounds in each group are listed in Figure 5.

Figure 5 displays the distribution of the four categories based on the 2D PCA/
TNPACK mapping. The accuracy ρ for η = 0.1 (defined in (6)) of the 2D PCA/TNPACK
mapping is 36%. With η = 0.2, we have ρ = 90%. That is, 90% of the distance seg-
ments in the PCA/TNPACK mapping are within 20% of the original distance values.
This shows that the PCA/TNPACK mapping has reasonably approximated the distance
relationships presented in Merck set3.

From Figure 5 we note that the anthelmintic (circles, agents that destroy or cause
the expulsion of parasitic intestinal worms) and immunosuppressant (diamonds, agents
that depress the immune response of an organism) groups contain two separate clusters,
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Fig. 4. The 2D PCA/TNPACK mapping for Merck set2 (n = 342,m = 300). Here set2 consists of four
clusters of compounds: Clusters E, H, I, and K with 17, 77, 239, and 9 compounds, respectively. See note at
end on color figure

while the antibacterial group and the immunostimulant (agents that stimulate an immune
response) group are more spread out — perhaps having some similarities to other com-
pounds. For example, some points from the immunostimulant group are close to some
points from the anthelmintic group as shown in Figure 5. This offers the possibility that
corresponding drugs may have similar structures and similar medicinal activities.

Based on this mapping of Merck set3 in Figure 5, we select eight distant points (two
points per group) as shown in Figure 6. Their chemical structures are also displayed
in Figure 6. From this figure we see that compounds belonging to the same therapeutic
group may have very different chemical structures. Clearly, structural properties are only
one factor in determining complex biological activity.

6.6. PCA/TNPACK vs SVD/TNPACK

As shown in the Appendix, PCA and SVD can generate the same projection mapping
if the database matrix is scaled such that each column has a mean of zero. For an un-
scaled database, PCA and SVD may produce different projection mappings. Figure 7
compares the four 2D mappings for Merck set3, which is unscaled, generated by SVD,
PCA, SVD/TNPACK, and PCA/TNPACK. Merck set3 contains four therapeutic groups
and eight distant sampling points. The values of accuracy ρ with η = 0.1 for these four
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Fig. 5. The 2D PCA/TNPACK mapping for Merck set3 (n = 338,m = 300). Here set3 contains the four
therapeutic groups as indicated in the figure. See note at end on color figure

projections are 10.03% (SVD), 10.04% (PCA), 36.68% (SVD/TNPACK), and 36.66%
(PCA/TNPACK). Even though different projections are generated by SVD and PCA,
from Figure 7 we see that the clusters corresponding to the four therapeutic groups are
reasonably maintained.

6.7. PCA Starting Point vs. Randomly Selected Starting Point

To confirm that PCA can provide TNPACK with a better starting point than a randomly-
generated point, we tested TNPACK for Merck Set 2 using the six random starting points
defined by:

X0,k = 5k−11(k), k = 1, 2, 3, 4, 5, 6,

where 1(k) is a random vector with 2n components (as generated by a pseudo-random
vector generator with seed k). Such starting points cover the search range from zero to
55 (3125) in each dimension direction. These numerical experiments are performed on
a Dell Precision 610 workstation (a Pentium III Xeon 550 MHZ processor with 768MB
RAM and 2MB cache) at the University of Southern Mississippi. The numerical results
in Table 3 show that with the PCA starting point TNPACK located a lower minimum
point in less CPU time than with the random starting points.
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Fig. 6. The diversity of chemical compounds belonging to the same therapeutic group. See note at end on
color figure

6.8. Comparison to a Global Optimization Scheme

To demonstrate that the local minimum point found by PCA/TNPACK may be a reason-
able approximation to the global minimizer, we performed simple numerical tests for
two datasets using simulated annealing implemented by the program SIMANN [22, 23]
(available to the public).

We first compare the performance of PCA/TNPACK with that of SIMANN for solv-
ing the minimization problem (5) for Merck set2 (n = 342 and m = 300). Tests were
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Fig. 7. Comparison of the four 2D mappings generated by SVD, PCA, SVD/TNPACK, and PCA/TNPACK
for Merck set3 (n = 338,m = 300). See note at end on color figure

Table 3. Comparison of the PCA starting point with the randomly selected starting points for TNPACK. Here
the objective function E is defined by (4) for Merck set2 (n = 342, m = 300)

Starting point Initial E Final E Iterations CPU time (sec.)

PCA 8.39 × 103 2.554 × 103 39 18
Seed 1 1.45 × 104 2.567 × 103 61 28
Seed 2 1.45 × 104 2.751 × 103 51 24
Seed 3 5.90 × 105 2.732 × 103 57 26
Seed 4 1.74 × 108 2.584 × 103 59 29
Seed 5 9.94 × 1010 2.699 × 103 74 37
Seed 6 1.43 × 1014 2.571 × 103 63 23

made using starting points generated either randomly or by PCA. Default values of SI-
MANN were used. For example, we set the temperature reduction factor to be 0.85, as
suggested in [10], and the final temperature to be lower than 10−8. The numerical results
reported in Table 4 assess performance in terms of the number of function evaluations
(E evals) and the CPU time. The total number of gradient evaluations (g evals) is also
reported for TNPACK. Gradient evaluations in TNPACK are performed in the line search
and in each inner loop of TNPACK, in which one matrix/vector product is evaluated by
a finite difference of gradients (9).
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Table 4. Comparison of TNPACK with the simulated annealing global optimization program SIMANN for
minimizing objective function E defined in (4) for Merck set2 (n = 342, m = 300)

Methods Final E Final ‖g‖ E evals. g evals. CPU time (min.)

Start point randomly generated

SIMANN 3.22 × 103 1.29 × 10−4 9,097,201 0 1409
TNPACK 2.56 × 103 4.21 × 10−8 82 1970 0.76

Start point generated by PCA

SIMANN 2.55 × 103 9.85 × 10−5 9,028,801 0 1374
TNPACK 2.55 × 103 2.42 × 10−7 39 613 0.26
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Fig. 8. The 2D mapping of the global/local minimizer
located by SIMANN for the set containing the first
15 compounds of Merck set1 (n = 15,m = 300).
See note at end on color figure

Fig. 9. The 2D mapping generated by the local min-
imum point located by PCA/TNPACK for the set
containing the first 15 compounds of Merck set1
(n = 15,m = 300). See note at end on color figure

To compare computing time, we use the same starting point generated by PCA for
both SIMANN and TNPACK. We then set the starting temperature of SIMANN to 100,
a value obtained after many numerical tests, so that SIMANN locates the same local
minimum as TNPACK. In this case, we see that TNPACK is about 5288 times faster
than SIMANN. With a randomly selecting starting point, simulated annealing locates a
higher minimum point than TNPACK.

Clearly, to allow SIMANN to find a lower minimum value than TNPACK, a higher
starting temperature must be used. However, it is difficult to find such a starting temper-
ature for a large-scale minimization problem, as no general rule is available. The starting
temperature depends on the size of problem and may be higher than 1013 [34].

To save computing time for the SIMANN application, we construct a small dataset
that contains the first 15 compounds of Merck Set2; this allows us to conduct many tests
with different starting temperatures that range from 10 to 1017. These tests produce the
lowest value E = 1.635, which we believe to be the global minimum value of E, using
the starting temperature of 1014. The 2D mapping defined by this global minimizer,
which has an accuracy of ρ = 57.14, is plotted in Figure 8.
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For comparison, we also plot the 2D PCA/TNPACK mapping for this small data-
set in Figure 9. Here, the minimum of E found by PCA/TNPACK is 1.731, and the
2D mapping has an accuracy of ρ = 58.1. The figure shows rather similar projections
except regarding points 8 and 10, between which the original distance is 6.63: SIMANN
approximates this distance well (value of 7.48) whereas the PCA/TNPACK approach
yields 1.56. Of course, in general the global optimization approach is essential; yet from
a practical point of view, a local solution can be helpful and can provide a first step for
analysis.

7. Conclusions

We have described optimization problems that arise from database analyses and formu-
lated the PCA/TNPACK procedure for generating a projection mapping of a database
as a first step. Using PCA/TNPACK on Merck drug datasets, we performed numerical
experiments to explore several relevant issues related to the projection and refinement
protocol; these results demonstrate that the PCA/TNPACK protocol can have a reason-
able accuracy in approximating the original distance relationships and retaining both the
clusters of compounds and the distribution patterns of therapeutic groups. Hence, the
PCA/TNPACK procedure is valuable for sampling similar and diverse compounds, and
perhaps ultimately for aiding the generation of drug candidates or the optimization of
bioactive compounds.

To compare the accuracy and efficiency of PCA/TNPACK with that of a global min-
imization algorithm for solving the distance-geometry optimization problem, we have
experimented with simulated annealing as implemented in the program SIMANN [23,
22] for two small Merck datasets. Numerical results show that while the global mini-
mizer can improve the accuracy of the 2D PCA/TNPACK mapping, the computing cost
can be several thousand times greater. It is far from trivial to find the global minimizer
by SIMANN for a large dataset. Thus, the local approach is a valuable first step.

To further improve the performance of TNPACK, we plan to develop more efficient
preconditioners for TNPACK than the simple diagonal formulation used here. We will
also investigate how to overcome the memory limitation that comes from the definition
of the objective function E defined in (4), which requires an order of n2 memory loca-
tions for the calculation of E efficiently (n is the number of compounds of a database).
A possible solution to this problem has been suggested in [36], that is, to divide the huge
dataset and apply the PCA/TNPACK procedure to each subset of database, followed by
some suitable assembly technique. Another simple way to solve this problem is to define
the objective functionE by only using a banded distance matrix with a small band width
so that the memory requirement is reduced to an optimal order of n. Global optimization
approaches, of course, have greater potential for success in general for these kinds of
problems, and might be worth the investment in algorithm development.
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Appendix

Relation of PCA to SVD

SVD is another classic technique used for data reduction in many practical applications.
In [35, 36], we described its application to visualize chemical databases. In this section
we show that PCA and SVD are closely related. In particular, they generate the same
projection mapping if each column of a data matrix X has a mean of zero.

A database X can be modified into a database X̂ = {x̂ij } with a mean of zero for its
each column by defining each x̂ij as

x̂ij = xij − µj , (20)

where µj is the mean of the j th column of X as defined in eq. (12). The SVD decom-
position of X̂ can be expressed as

X̂ = U3V T , (21)

where Un×n = (u1, u2, . . . , un) and Vm×m = (v1, v2, . . . , vm) with ui ∈ Rn and vi ∈
Rm are orthogonal matrices, and 3 = diag{σ1, σ2, . . . , σm} is a diagonal matrix with
the singular values arranged in decreasing order:

σ1 ≥ σ2 ≥ . . . ≥ σr and σr+1 = . . . = σm = 0.

Here r indicates the rank of matrix X̂.
According to eq. (21), we define the l-D projection mapping Yi of each modified

compound X̂i (i.e., the transpose of the ith row vector of X̂) as follows:

Yi = (σ1ui1, σ2ui2, . . . , σluil)
T , (22)

where uij is the ith component of the j th left singular vector uj (see [35] for details).
It is well known that the SVD projection mapping Y = (Y1, Y2, . . . , Yn)

T is an optimal
approximation of X̂ in the following sense

‖Y − X̂‖ = min{‖B − X̂‖ | for all n×m matrices B with rank l},

and that ‖Y − X̂‖ = σl+1 [24].
Note that the covariance matrix of the database X̂ is C = X̂T X̂. Hence, combining

the SVD factorization of X̂ in eq. (21) with UT U = I and V T V = I , we have

CV = X̂T X̂V = (U3V T )T U3V T V = V3UT U3V T V = V32,

or in vector form,

Cvj = σ 2
j vj for j = 1, 2, . . . , m.

This shows that the right singular vectors vj are the eigenvectors of the covariance matrix
C with σ 2

j as the corresponding eigenvalues.
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Therefore, the PC mapping Y of the database X̂ is defined by Y = X̂V , and can be
written as

Y = X̂V = U3V T V = U3,

or in the vector form,
Yj = σjuj for j = 1, 2, . . . , m. (23)

This shows that PCs are the products of singular values and the corresponding left
singular vectors.

According to eq. (23), the components of PC Yj can be expressed as yij = σjuij
for i = 1, 2, . . . , n. Hence, the PCA mapping defined in (18) is identical to the SVD
mapping defined in (22). This shows that PCA and SVD generate the same projection
mapping for a database modified by eq. (20).

A database X whose columns have a mean of zero can be scaled by the scaling pro-
cedure (3) so that the range of variance in each column of X is the same. For a database
scaled by (3), the total sum of all variances becomes m, and

∑l
j=1 σ

2
j indicates the

total variances retained in the projection mapping. Hence, based on SVD, rule (19) for
selecting the dimension l can be simplified as

1

m

l∑
j=1

σ 2
j ≥ γ. (24)

For a database X whose columns have a mean of nonzero, the PCA and SVD map-
pings are clearly different. In fact, PCA and SVD define two different orthonormal
rotation transforms that mapX into two different spaces (in terms of orthogonal vectors
{vj }mj=1). They also have different coordinate scales for the mapping points.

We use the efficient program package ARPACK [28] for computing spectral decom-
position for SVD and PCA.ARPACK allows users to compute only the first l eigenvalues
and eigenvectors at a complexity of the order nm2 (with n > m) floating point operations
per iteration; storage requirements are of order nl.
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Note on Figures
(Color version of figures available at: monod.biomath.nyu.edu/index/papdir/pap 2 92.html)


