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Abstract This paper gives a general convergence analysis to the truncated incom-
plete Hessian Newton method (T-IHN). It shows that T-IHN is globally convergent
even with an indefinite incomplete Hessian matrix or an indefinite preconditioner,
which may happen in practice. It also proves that when the T-IHN iterates are close
enough to a minimum point, T-IHN has a Q-linear rate of convergence, and an ad-
missible line search steplength of one. Moreover, a particular T-IHN algorithm is
constructed for minimizing a biomolecular potential energy function, and numeri-
cally tested for a protein model problem based on a widely used molecular simulation
package, CHARMM. Numerical results confirm the theoretical results, and demon-
strate that T-IHN can have a better performance (in terms of computer CPU time)
than most CHARMM minimizers.

Keywords Truncated-Newton method · Incomplete Hessian Newton method ·
Convergence analysis · Molecular potential minimization

1 Introduction

A practical and efficient modified Newton minimization method, called the truncated
incomplete Hessian Newton method (T-IHN), was recently proposed in [34] to solve
the following local minimization problem:

f (x∗) ≤ f (x) for all x ∈ D ⊂ Rn, (1)
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where D is an open domain containing only one local minimum point x∗, f is twice
continuously differentiable on D, and the Hessian matrix H(x) (i.e., the second deriv-
ative of f at x ∈ D) is dense but can be well approximated by a sparse incomplete
Hessian matrix, M(x). In [34], the incomplete Hessian Newton method (IHN) was
proposed and analyzed under the assumption that M(x) is symmetric and positive
definite (SPD). In practice, however, M(x) may be indefinite when x is far away
from x∗. To develop a practical IHN-type scheme, IHN was modified as T-IHN by
using the truncation strategies similar to those suggested in [29], resulting in a well
defined descent search method even with an indefinite incomplete Hessian matrix
or an indefinite preconditioner. T-IHN was well studied numerically in [34] for a
chemical database problem described in [23, 31, 35], which is one typical example
of problem (1). But, its convergence analysis was not given.

Another typical example of (1), as mentioned in [34], is the minimization prob-
lem of biomolecular potential energy function; solving it is a fundamental and chal-
lenging task in biomolecular simulations [15, 18, 23]. In this application, f (x) is
a sum of bonded and nonbonded potential energy terms, and x is a collective vec-
tor of all the atomic coordinates of a biomolecular system; each value of x deter-
mines a conformation of the biomolecular system. Mathematically, the energy func-
tion f (x) is twice continuously differentiable in some domain but strongly non-
linear with many local minimum points. Evaluating the function and its gradient
vector is extremely expensive, and its Hessian matrix is typically dense. Hence,
minimization of the energy function is a formidable geometry optimization prob-
lem [22]. So far, several numerical optimization algorithms were adapted to some
widely-used biomolecular simulation packages such as CHARMM [3], AMBER [5],
NAMD [17], and GROMACS [12, 26] for minimizing the biomolecular energy func-
tion. For example, CHARMM contains the steepest descent method, the nonlin-
ear conjugate gradient method (CONJ) [9], the modified Newton-Raphson method,
the adopted basis Newton-Raphson method (ABNR) [4], and the truncated Newton
method (TN) [6, 8, 29].

In this paper, we intend to give T-IHN a general convergence analysis, and develop
a particular T-IHN algorithm for minimizing the biomolecular potential energy func-
tion. In particular, we prove that T-IHN is globally convergent even with an indefinite
incomplete Hessian matrix or an indefinite preconditioner. As the T-IHN iterates are
sufficiently close to the minimum point, T-IHN is proved to have a Q-linear rate of
convergence, and an admissible line search steplength of one.

In the construction of the particular T-IHN algorithm, we observed that most of
the nonzero entries of H(x) are only related to the nonbonded potential energy terms,
which can be found in the form O(1/r3

ij ), where rij denotes the distance between two
atoms i and j with i �= j . Thus, most entries of H(x) can be simply zeroed out when
rij is large enough, resulting in a sparse incomplete Hessian matrix, M(x), a good
approximation to the original H(x). Based on this observation, we constructed an
effective and efficient T-IHN algorithm for minimizing the biomolecular potential
energy function by using a simple distance cutoff strategy. We then programmed it in
FORTRAN based on CHARMM [8, 25, 30, 32], and numerically tested it based on
a simple model problem defined by a protein, BPTI (a bovine pancreatic trypsin in-
hibitor with 586 atoms). We also made numerical tests to compare the performances



Convergence analysis of T-IHN and its application

of T-IHN with that of three widely-used CHARMM minimizers: CONJ, ABNR, and
TN. Numerical results confirm our T-IHN analytical results, and demonstrate the
great potential of T-IHN in minimizing the biomolecular potential energy function.
About 60% and 95% total CPU times were saved by T-IHN compared to ABNR and
CONJ, respectively, for this protein model problem.

The remainder of this paper is organized as follows. We define T-IHN in Sect. 2,
and give it a general convergence analysis in Sect. 3. In Sect. 4, the T-IHN for mini-
mizing the biomolecular potential energy function is constructed, and the numerical
results for the protein model problem are presented. Finally, conclusions are made in
Sect. 5.

2 The T-IHN method

Let f (xk), g(xk), H(xk), M(xk) and B(xk) denote the values of function, gradient
vector, Hessian matrix, incomplete Hessian matrix, and preconditioner at the kth iter-
ate xk , respectively. When there is no ambiguity, they are simply denoted by fk , gk ,
Hk , Mk , and Bk . Similarly, H∗ and M∗ denote their values at the minimum point x∗.
Throughout this paper, Bk is assumed to be at least invertible for k = 0,1,2, . . . , ‖ · ‖
represents the standard Euclidean norm of a vector or a matrix, and the superscript T

of a vector or a matrix denotes its transpose. For a given initial guess, x0, a sequence
of the T-IHN iterates, {xk}, is defined by

xk+1 = xk + λkpk, k = 0,1,2, . . . , (2)

where pk is a descent search direction generated by using the truncated Newton
strategies described in [30] for solving the incomplete Hessian equation

Mkpk = −gk, (3)

and λk is a steplength determined by a line search algorithm (e.g., the one given
in [16]), which satisfies the Wolfe’s conditions

f (xk + λkpk) ≤ f (xk) + αλkg(xk)
T pk, (4a)

g(xk + λkpk)
T pk ≥ βg(xk)

T pk, (4b)

for some α ∈ (0, 1
2 ) and β ∈ ( 1

2 ,1). The details on the construction of the search
direction pk of T-IHN are presented in Algorithm 1 for clarity.

Algorithm 1 (Search direction pk of T-IHN) Let p
(j)
k be the j th iterate of the pre-

conditioned conjugate gradient method (PCG) [11] for solving (3) at the kth T-IHN
iteration, Bk denote a preconditioner of PCG, ITmax be the maximum number of
PCG iterations (e.g., ITmax = 80), and δ the tolerance of the singularity test (e.g.,
δ = 10−10). Set ηk = min{cr/k,‖gk‖} (e.g., cr = 0.5). The kth descent search direc-
tion pk of T-IHN is produced by the following steps.
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1. [INITIALIZATION]
Set j = 1, p

(1)
k = 0, r

(1)
k = −gk , and d

(1)
k = z

(1)
k , where z

(1)
k is the solution of the

linear system Bkz
(1)
k = r

(1)
k .

2. [SINGULARITY TEST]
If either |(r(j)

k )T z
(j)
k | ≤ δ‖gk‖‖d(1)

k ‖ or |(d(j)
k )T Mkd

(j)
k | ≤ δ‖d(j)

k ‖2,

exit the algorithm with pk = p
(j)
k (for j = 1, set pk = −gk).

3. Compute p
(j+1)
k = p

(j)
k + α

(j)
k d

(j)
k , where α

(j)
k = (r

(j)
k )T z

(j)
k

(d
(j)
k )T Mkd

(j)
k

.

4. [DESCENT DIRECTION TEST]
If gT

k p
(j+1)
k ≥ gT

k p
(j)
k ,

exit the algorithm with pk = p
(j)
k (for j = 1, set pk = −gk).

5. Compute r
(j+1)
k = r

(j)
k − α

(j)
k Mkd

(j)
k .

6. [TRUNCATION TEST]
If ‖r(j+1)

k ‖ ≤ ηk‖gk‖ or j + 1 ≥ ITmax

exit the algorithm with pk = p
(j+1)
k .

7. Compute d
(j+1)
k = z

(j+1)
k + β

(j)
k d

(j)
k , where β

(j)
k = (r

(j+1)
k )T z

(j+1)
k

(r
(j)
k )T z

(j)
k

, and z
(j+1)
k

is the solution of the linear system Bkz
(j+1)
k = r

(j+1)
k .

8. Increase j to j + 1 and go to Step 2.

The preconditioner Bk is usually an SPD matrix that well approximates Mk in
some sense. But, in practice, it may be indefinite. Thus, a modified Cholesky factor-
ization method is required to solve the preconditioning equation Bkz

(j)
k = r

(j)
k . In our

implementation of T-IHN, we use the unconventional modified Cholesky (UMC) fac-
torization method proposed in [29]. Compared to the traditional modified Cholesky
method (see [10], for example), UMC allows the modified Bk to remain to be indefi-
nite to avoid a too large modification when Bk is strongly indefinite. See [29] for the
details on UMC.

The case that PCG fails at its first iteration may happen only if Bk or Mk is indef-
inite. In our experiences, such an extreme case happened rarely. Instead, since B(x∗)
and M(x∗) are usually SPD, the continuity of B(x) and M(x) implies that both Mk

and Bk are SPD. Thus, the search direction pk is mostly set as p
(j)
k with j determined

by the truncation test as xk is sufficiently close to x∗.

3 T-IHN convergence analysis

We first show that T-IHN is convergent for any initial guess x0 ∈ D even with an
indefinite Mk or Bk , which may occur in practice when the T-IHN iterate xk is far
away from the minimum point x∗.

Theorem 1 Let {xk} be a sequence of T-IHN iterates for solving the local minimiza-
tion problem (1). For any initial guess x0 ∈ D, T-IHN is a descent search method.
Furthermore, if D contains the level set {x|f (x) ≤ f (x0)}, and the Hessian H is
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bounded above, then the T-IHN iterative sequence {xk} converges in the sense

lim
k→∞‖g(xk)‖ = 0. (5)

Proof We first prove that T-IHN is a descent method. In T-IHN, the kth search di-
rection pk is set as pk = −gk when PCG fails at its first iteration, which is clearly a
descent search direction; otherwise, pk = p

(l)
k with l ≥ 2. For all l ≥ 2, the descent

direction test of Algorithm 1 guarantees that

gT
k p

(l)
k < gT

k p
(l−1)
k < · · · < gT

k p
(2)
k < gT

k p
(1)
k = 0, (6)

where p
(1)
k = 0. This shows that p

(l)
k is descent. Thus, each search direction pk of

T-IHN is descent, and then a positive steplength λk that satisfies the Wolfe’s condi-
tions (4) exists (see [7], for example). Hence, T-IHN is a well-defined descent search
method.

We next prove the convergence (5). Since D contains the level set, all T-IHN iter-
ates xk are in D. Thus, with (4a), we can get that

f (x∗) ≤ f (xk) ≤ f (x0) for all k ≥ 1, (7)

where f (x∗) is the minimum value of f on D. From that H is bounded above it
follows that there exists a constant M > 0 such that

‖H(x)‖ ≤ M, ‖M(x)‖ ≤ M, and

‖g(x) − g(y)‖ ≤ M‖x − y‖, ∀x ∈ D. (8)

The third inequality of (8) defines the Lipschitz continuity of g. With the Wolfe’s
conditions (4), the Lipschitz continuity of g, and (7), we can use the same arguments
as the ones used in the proof of Theorem 3.2 in [19] to get

j∑

k=0

cos2 θk‖g(xk)‖2 ≤ M[f (x0) − f (xj+1)]
α(1 − β)

≤ M[f (x0) − f (x∗)]
α(1 − β)

< ∞,

which immediately implies that

lim
k→∞ cos2 θk‖g(xk)‖2 = 0,

where cos θk = −gT
k pk/(‖gk‖‖pk‖). We then can obtain cos θk ≥ c1/c2 for all k and

complete the proof by

‖g(xk)‖ ≤ c2

c1
cos θk‖g(xk)‖ → 0 as k → ∞

provided that there exist two positive constants c1 and c2 (independent of k) such that

(a) − gT
k pk ≥ c1‖gk‖2, (b) ‖pk‖ ≤ c2‖gk‖, ∀k ≥ 0. (9)
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Hence, the remaining part of the proof is to verify the above two inequalities, which
is presented in the following.

Proof of (9a) For j = 1,2, . . . , l with l ≥ 2, by some arguments used in the proof
of Lemma 1, it is easy to obtain

gT
k p

(j+1)
k − gT

k p
(j)
k = −[(r(j)

k )T B−1
k r

(j)
k ]2

(d
(j)
k )T Mkd

(j)
k

, (10)

from which it immediately follows that

gT
k p

(j+1)
k < gT

k p
(j)
k is equivalent to (d

(j)
k )T Mkd

(j)
k > 0. (11)

Because of the singularity test, we actually obtain that

(d
(j)
k )T Mkd

(j)
k > δ‖d(j)

k ‖2, or
‖d(j)

k ‖2

(d
(j)
k )T Mkd

(j)
k

<
1

δ
, (12)

for j = 1,2, . . . , l with l ≥ 2. By (6), (10), and the singularity test, we get that

gT
k pk ≤ gT

k p
(2)
k , gT

k p
(2)
k = − [(r(1)

k )T z
(1)
k ]2

(d
(1)
k )T Mkd

(1)
k

, and

|(r(1)
k )T z

(1)
k | > δ‖gk‖‖d(1)

k ‖.

From the second inequality of (8) it follows that (d
(1)
k )T Mkd

(1)
k ≤ M‖d(1)

k ‖2. Hence,

for pk = p
(l)
k with l ≥ 2,

−gT
k pk ≥ −gT

k p
(2)
k = [(r(1)

k )T z
(1)
k ]2

(d
(1)
k )T Mkd

(1)
k

≥ δ2

M ‖gk‖2.

When PCG fails at its first iteration, pk = −gk , and thus −gT
k pk = ‖gk‖2. There-

fore, setting c1 = min{1, δ2

M } completes the proof of (9a).

Proof of (9b) For l ≥ 2, the PCG iterate p
(l)
k can be written as

p
(l)
k =

l−1∑

j=1

α
(j)
k d

(j)
k =

l−1∑

j=1

(r
(1)
k )T d

(j)
k

(d
(j)
k )T Mkd

(j)
k

d
(j)
k =

l−1∑

j=1

d
(j)
k (d

(j)
k )T

(d
(j)
k )T Mkd

(j)
k

r
(1)
k ,

where we have used the identity (aT b)b = bbT a for vectors a and b, and the identity
(r

(j)
k )T B−1

k r
(j)
k = (r

(1)
k )T d

(j)
k , which follows from (15) and (16). Hence, for pk =

p
(l)
k with l ≥ 2, by r

(1)
k = −gk and (12),

‖pk‖ ≤
⎡

⎣
l−1∑

j=1

‖d(j)
k ‖2

(d
(j)
k )T Mkd

(j)
k

⎤

⎦‖r(1)
k ‖ ≤ l − 1

δ
‖gk‖ ≤ ITmax

δ
‖gk‖.
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If pk = −gk , then ‖pk‖ = ‖gk‖. Thus, setting c2 = max{1, ITmax
δ

} gives (9a). This
completes the proof of this theorem. �

Remark 1 Similar to the proof of Theorem 1, we also can prove that T-IHN is glob-
ally convergent in the traditional sense: for any x0 ∈ Rn, the iterative sequence {xk}
satisfies limk→∞ ‖g(xk)‖ = 0 provided that f is bounded below in Rn, twice contin-
uously differentiable in an open set N that contains the level set {x|f (x) ≤ f (x0)},
and the Hessian H is bounded above on N .

Remark 2 Obviously, Theorem 1 holds with D = Rn if f is a convex function on
Rn. When f has many local minimizers, we usually consider a local minimization
problem of (1) to avoid the difficulty of finding a global minimizer of f . In practice,
an open domain of D can be selected based on our knowledge of f .

One key fact used in the analysis of IHN [34] is that pT
k rk = 0, which holds natu-

rally since the search direction pk of IHN is the exact solution of (3), i.e., the residual
rk = −gk − Mkpk = 0. In T-IHN, however, the residual rk is usually nonzero since
the T-IHN search direction pk is only an approximate solution of (3). Even so, this
key fact still holds in T-IHN according to the following lemma.

Lemma 1 Let p
(l)
k denote the lth PCG iterate for solving the linear system (3). If the

initial guess p
(1)
k = 0, then for l ≥ 2,

(p
(l)
k )T (gk + Mkp

(l)
k ) = 0. (13)

Proof According to the PCG definition of p
(l)
k as given in Algorithm 1, one can easily

check that

p
(l)
k = p

(l−1)
k + α

(l−1)
k d

(l−1)
k = p

(1)
k +

l−1∑

j=1

α
(j)
k d

(j)
k =

l−1∑

j=1

α
(j)
k d

(j)
k , (14)

where p
(1)
k = 0 has been used. Further, d

(j)
k can be expressed as

d
(j)
k = z

(j)
k + β

(j−1)
k d

(j−1)
k =

j∑

i=1

γijB
−1
k r

(i)
k , (15)

where γjj = 1 and γij = ∏j−1
m=i β

(m)
k for i = 1,2, . . . , j − 1, which can be simplified

as γij = (r
(j)
k )T z

(j)
k

(r
(i)
k )T z

(i)
k

by using β
(m)
k = (r

(m+1)
k )T z

(m+1)
k

(r
(m)
k )T z

(m)
k

.

For j = 1,2, . . . , l, we have that (r
(j)
k )T B−1

k r
(j)
k = (r

(j)
k )T z

(j)
k �= 0 and

(d
(j)
k )T Mkd

(j)
k �= 0. Thus, similar to what is done in the PCG theory (see [11], for

example), we can obtain that the residuals r
(j)
k = −gk − Mkp

(j)
k satisfy

(r
(i)
k )T B−1

k r
(j)
k = 0, ∀i �= j. (16)
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Hence, by (14), (15), and (16),

(p
(l)
k )T (gk + Mkp

(l)
k ) = −(r

(l)
k )T p

(l)
k = −

l−1∑

j=1

α
(j)
k (r

(l)
k )T d

(j)
k

= −
l−1∑

j=1

α
(j)
k (r

(l)
k )T

(
j∑

i=1

γijB
−1
k r

(i)
k

)

= −
l−1∑

j=1

α
(j)
k

(
j∑

i=1

γij (r
(l)
k )T B−1

k r
(i)
k︸ ︷︷ ︸

≡0

)
= 0.

This completes the proof of Lemma 1. �

We assume the following basic assumptions for the remaining analysis.

Assumption 1 (Basic Assumptions)

1. The T-IHN sequence {xk} converges to x∗ ∈ D for which g(x∗) = 0.
2. H(x), M(x) and B(x) are SPD at x = x∗.

It is easy to obtain the following lemma (see e.g., [27, p. 52], and [20, p. 46]).

Lemma 2 Let A(x) be an n × n real matrix function defined on D ⊂ Rn. If A(x)

is continuous and SPD at some point x∗ ∈ D, then A(x)−1 is continuous and SPD
at x∗ too. Moreover, there exists δ > 0 such that A(x) and A(x)−1 are SPD for all
x ∈ B(δ), where B(δ) = {x ∈ D|‖x − x∗‖ < δ}.

In practice, the incomplete Hessian M(x) or preconditioner B(x) may be indef-
inite when x is far away from the minimum point x∗. To deal with these difficult
situations, the singularity and descent direction tests are introduced in Algorithm 1,
which enhance the robustness and numerical stability of T-IHN. However, when x is
sufficiently close to x∗, the following lemma shows that T-IHN can be well defined
without them.

Lemma 3 Let {xk} be a T-IHN sequence. If Assumption 1 holds, then there exists
an index k0 such that for k ≥ k0, the search direction pk of T-IHN is a PCG iterate
determined by only involving the truncation test in Algorithm 1.

Proof By Assumption 1 and Lemma 2, there exists an index k0 such that Bk and
Mk are SPD for all k ≥ k0. In particular, for x �= 0, xT Bkx and xT Mkx are (strictly)
positive. Therefore, the singularity test becomes inactive (theoretically δ = 0 in Al-
gorithm 1). Moreover, (10) further shows that gT

k (p
(j+1)
k − p

(j)
k ) < 0 from which it

follows that all the PCG iterates are descent. Hence, Algorithm 1 terminates only in
the truncation test, and so for each k ≥ k0, the search direction pk of T-IHN must be
set as a PCG iterate, p

(l)
k with some l ≥ 2. This completes the proof of this lemma. �
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Next, we give the following two lemmas, which will be used in the proof of our
next theorem.

Lemma 4 If H and M are n × n SPD real matrices, then the eigenvalues of M−1H

are all positive, and its minimum eigenvalue λmin and maximum eigenvalue λmax
satisfy

λminp
T Mp ≤ pT Hp ≤ λmaxp

T Mp, ∀p ∈ Rn. (17)

Proof Let M
1
2 be the unique square root matrix of M , which is SPD, and set

H = M− 1
2 HM− 1

2 . Clearly, H is SPD. Moreover, Since H can be written as H =
M

1
2 (M−1H)M− 1

2 , H is similar to M−1H . Hence, M−1H has the same eigenvalues
of H , which are positive, and

λminy
T y ≤ yT Hy ≤ λmaxy

T y, ∀y ∈ Rn.

Selecting y = M
1
2 p for p ∈ Rn gives (17) immediately. �

Lemma 5 Let {xk} be a T-IHN sequence, and α and β be the two parameters of
Wolfe’s conditions (4). If Assumption 1 holds, then there exists an index k0 such that
for k ≥ k0,

f (xk + pk) − f (xk) − αgT
k pk

= 1

2
pT

k [(H(uk) − H∗) − 2(1 − α)(Mk − M∗)]pk

+ 1

2
[pT

k H∗pk − 2(1 − α)pT
k M∗pk], (18)

where uk = xk + tkpk for some tk ∈ (0,1), and

g(xk + pk)
T pk − βg(xk)

T pk

=
∫ 1

0
pT

k [H(xk + tpk) − H∗]pkdt − (1 − β)pT
k (Mk − M∗)pk

+ pT
k H∗pk − (1 − β)pT

k M∗pk. (19)

Proof By Lemmas 1 and 3, we can choose an index k0 such that

pT
k (gk + Mkpk) = 0, ∀k ≥ k0. (20)

By Taylor expansion, there exists uk = xk + tkpk , where tk ∈ (0,1), such that

f (xk + pk) = f (xk) + gT
k pk + 1

2
pT

k H(uk)pk.

Hence, by (20) and the obvious algebraic manipulations, we have for k ≥ k0

f (xk + pk) − f (xk) − αgT
k pk
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= (1 − α)gT
k pk + 1

2
pT

k H(uk)pk

= −(1 − α)pT
k Mkpk + 1

2
pT

k H(uk)pk = 1

2
pT

k (H(uk) − 2(1 − α)Mk)pk

= 1

2
pT

k [H(uk) − H∗ + H∗ − 2(1 − α)M∗ + 2(1 − α)M∗ − 2(1 − α)Mk]pk

= 1

2
pT

k [(H(uk) − H∗) − 2(1 − α)(Mk − M∗)]pk + 1

2
pT

k [H∗ − 2(1 − α)M∗]pk,

which gives (18). The proof of (19) is similar. In fact, by Taylor expansion,

g(xk + pk) = g(xk) +
∫ 1

0
H(xk + tpk)pkdt,

and arguing as previously, we get for all k ≥ k0

g(xk + pk)
T pk − βg(xk)

T pk

=
∫ 1

0
pT

k H(xk + tpk)pkdt + (1 − β)pT
k g(xk)

=
∫ 1

0
pT

k H(xk + tpk)pkdt − (1 − β)pT
k Mkpk

=
∫ 1

0
pT

k [H(xk + tpk) − H∗]pkdt + pT
k [H∗ − (1 − β)M∗

+ (1 − β)M∗ − (1 − β)Mk]pk

=
∫ 1

0
pT

k [H(xk + tpk) − H∗]pkdt − (1 − β)pT
k (Mk − M∗)pk

+ pT
k [H∗ − (1 − β)M∗]pk.

This completes the proof of this lemma. �

Now we are in a good position to present and prove the following theorem. Here,
ρ(A) denotes the spectral radius of a square matrix A, which is the largest of moduli
of the eigenvalues of A.

Theorem 2 (Wolfe’s Admissibility) If Assumption 1 holds, and

ρ(M−1∗ H∗ − I ) < min{1 − 2α,β}, (21)

where α and β are the parameters in Wolfe’s conditions (4), then there exists an index
k0 such that λk = 1 satisfies (4) for all k ≥ k0.

Proof By Lemma 4, all the eigenvalues of M−1∗ H∗ are positive real numbers. Let
λmin and λmax denote the minimum and maximum eigenvalues of M−1∗ H∗, respec-
tively. From (21) it quickly follows that 1 − β ≤ λmin and λmax ≤ 2(1 − α). Hence,
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we can set two small positive numbers ε1 and ε2 by

ε1 = 2(1 − α) − λmax and ε2 = λmin − (1 − β).

Since M∗ is SPD, the minimum eigenvalue λmin(M∗) of M∗ is positive. By the con-
tinuity of M(x) and H(x) at x∗, for the positive number ε defined by

ε = 1

3
λmin(M∗)min{ε1, ε2},

there exists δ > 0 such that

‖M(x) − M(x∗)‖ ≤ ε and ‖H(x) − H(x∗)‖ ≤ ε, ∀x ∈ B(δ), (22)

where B(δ) = {x ∈ D|‖x − x∗‖ < δ}.
The first term of the right hand side of (19) can be estimated as below:

∣∣∣∣∣

∫ 1

0
pT

k [H(xk + tpk) − H∗]pkdt

∣∣∣∣∣

≤
∫ 1

0
‖H(xk + tpk) − H∗‖dt‖pk‖2

≤ sup
0≤t≤1

‖H(xk + tpk) − H∗‖‖pk‖2 = ‖H(xk + t ′kpk) − H∗‖‖pk‖2, (23)

where ‖H(xk + t ′kpk) − H∗‖ = sup0≤t≤1 ‖H(xk + tpk) − H∗‖ with t ′k ∈ [0,1] since
‖H(xk + tpk) − H∗‖ is continuous on 0 ≤ t ≤ 1.

Set vk = xk + t ′kpk and recall that uk = xk + tkpk . Since xk → x∗, both uk and
vk → x∗ too. Thus, we can choose an index k1 such that xk , uk , and vk are in B(δ)

for k ≥ k1. Also, by Lemma 5, we can choose an index k2 such that (18) and (19)
hold. Set k0 = max{k1, k2}. Hence, applying (22) to (23) gives

∣∣∣∣∣

∫ 1

0
pT

k [H(xk + tpk) − H∗]pkdt

∣∣∣∣∣ ≤ ε‖pk‖2, ∀k ≥ k0. (24)

If k ≥ k0, then using (18) and (22), we get

f (xk + pk) − f (xk) − αgT
k pk

≤ 1

2
[‖H(uk) − H∗‖ + 2(1 − α)‖Mk − M∗‖]‖pk‖2

+ 1

2
[pT

k H∗pk − 2(1 − α)pT
k M∗pk]

≤ 1

2
[ε + 2(1 − α)ε]‖pk‖2 + 1

2
[pT

k H∗pk − 2(1 − α)pT
k M∗pk]

= 1

2
(3 − 2α)ε‖pk‖2 + 1

2
[pT

k H∗pk − 2(1 − α)pT
k M∗pk].
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Now we give estimate of the last term of the above inequality. Since M∗ is SPD,
pT

k M∗pk ≥ λmin(M∗)‖pk‖2. By Lemma 4, pT
k H∗pk ≤ λmaxp

T
k M∗pk . Thus,

1

2
[pT

k H∗pk − 2(1 − α)pT
k M∗pk]

≤ 1

2
[λmax − 2(1 − α)]pT

k M∗pk

= −1

2
ε1p

T
k M∗pk ≤ −1

2
ε1λmin(M∗)‖pk‖2 ≤ −3

2
ε‖pk‖2.

Hence, it follows that

f (xk + pk) − f (xk) − αgT
k pk

≤ 1

2
(3 − 2α)ε‖pk‖2 − 3

2
ε‖pk‖2 = −αε‖pk‖2 ≤ 0.

This completes the proof that the Wolfe’s first condition (4a) holds for λk = 1 for all
k ≥ k0.

The admissibility of λk = 1 in the Wolfe’s second condition (4b) follows from
(19), (22), (24), and Lemma 4 as shown below:

g(xk + pk)
T pk − βg(xk)

T pk

≥ −[ε + (1 − β)ε]‖pk‖2 + [λmin − (1 − β)]pT
k M∗pk

= −(2 − β)ε‖pk‖2 + ε2p
T
k M∗pk

≥ −(2 − β)ε‖pk‖2 + ε2λmin(M∗)‖pk‖2

≥ −(2 − β)ε‖pk‖2 + 3ε‖pk‖2 = (1 + β)ε‖pk‖2 ≥ 0.

This completes the proof of the theorem. �

Finally, we obtain that T-IHN has a local Q-linear rate of convergence in the fol-
lowing theorem.

Theorem 3 (Q-Linear Rate of Convergence) Let {xk} be a T-IHN sequence, ITmax a
parameter given in Algorithm 1, and ek = xk − x∗. If Assumption 1 and (21) hold,
and ITmax ≥ n, then there exist an index k0 > 0 and a constant c ∈ (0,1) such that

‖ek+1‖∗ ≤ c‖ek‖∗, ∀k ≥ k0,

where ‖ · ‖∗ is defined by ‖x‖∗ = ‖M
1
2∗ x‖.

Proof By Theorem 2, there exists k1 > 0 such that λk = 1, and the T-IHN iterate can
be written as xk+1 = xk + pk for k ≥ k1 . By assumption, xk → x∗, where M(x∗) is
SPD. Hence, by Lemma 2, there exists an index k2 such that M−1

k exists and SPD.
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Therefore, for k ≥ max{k1, k2}, the incomplete Hessian step, pIHN
k = −M−1

k gk , is
well defined and ek+1 = ek + pIHN

k + pk − pIHN
k . Thus,

‖ek+1‖∗ ≤ ‖ek + pIHN
k ‖∗ + ‖pk − pIHN

k ‖∗. (25)

From Corollary 2 in [34], it can follow that there exists an index k3 > max{k1, k2}
and a constant c1 ∈ (0,1) such that

‖ek + pIHN
k ‖∗ ≤ c1‖ek‖∗, ∀k ≥ k3. (26)

In terms of residual rk = −Mkpk − gk , we have pIHN
k − pk = M−1

k rk , and

‖pIHN
k − pk‖∗ = ‖M−1

k rk‖∗ = ‖M
1
2∗ M−1

k rk‖ ≤ ‖M
1
2∗ ‖‖M−1

k ‖‖rk‖.
By the continuity of M(x)−1 at x∗, clearly there exists k4 > 0 such that

‖M−1
k ‖ ≤ ‖M−1

k − M−1∗ ‖ + ‖M−1∗ ‖ ≤ 1/‖M
1
2∗ ‖ + ‖M−1∗ ‖,

for all k ≥ k4 . By Lemma 3 and the assumption that ITmax ≥ n, there exists an index
k5 such that

‖rk‖ ≤ ηk‖gk‖, ∀k ≥ k5.

Furthermore, by Taylor expansion about x∗,

gk = g(xk) − g(x∗) =
∫ 1

0
H(xk + tek)ekdt.

Hence,

‖gk‖ ≤
(∫ 1

0
‖H(xk + tek) − H(x∗)‖dt‖M− 1

2∗ ‖ + ‖H∗M
− 1

2∗ ‖
)

‖ek‖∗

≤
(

sup
0≤t≤1

‖H(xk + tek) − H(x∗)‖‖M− 1
2∗ ‖ + ‖H∗M

− 1
2∗ ‖

)
‖ek‖∗

= (‖H(xk + t ′kek) − H(x∗)‖‖M− 1
2∗ ‖ + ‖H∗M

− 1
2∗ ‖)‖ek‖∗,

where t ′k ∈ [0,1] has been selected to satisfy that

‖H(xk + t ′kek) − H(x∗)‖ = sup
0≤t≤1

‖H(xk + tek) − H(x∗)‖

since ‖H(xk + tek)−H(x∗)‖ is a continuous function of t . Hence, there exists k6 > 0
such that

‖H(xk + t ′kek) − H(x∗)‖ ≤ 1/‖M− 1
2∗ ‖,

and

‖gk‖ ≤ (1 + ‖H∗M
− 1

2∗ ‖)‖ek‖∗ for k ≥ k6.
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Therefore, for k ≥ max{k2, k4, k5, k6},
‖pIHN

k − pk‖∗ ≤ ηkc2‖ek‖∗, (27)

where c2 = (1 + ‖M
1
2∗ ‖‖M−1∗ ‖)(1 + ‖H∗M

− 1
2∗ ‖).

Set k7 = max1≤i≤6 ki . It follows from (25), (26) and (27) that

‖ek+1‖∗ ≤ (c1 + ηkc2)‖ek‖∗, ∀k > k7.

Since ηk → 0, c1 ∈ (0,1) and c2 is independent of k, it is clear that there exists an
index k0 ≥ k7 and a constant c ∈ (0,1) such that c1 + ηkc2 ≤ c for all k ≥ k0. This
completes the proof. �

4 Application in biomolecular potential energy minimization

In this section, we construct a particular T-IHN algorithm for minimizing a potential
energy function, f (x), of a biomolecular system, where x = (X1,X2, . . . ,XN) with
Xi = (x1i , x2i , x3i ) being the position vector of atom i, N is the total number of
atoms of the biomolecular system, and f (x) is a sum of bond length potentials, bond
angle potentials, torsional potentials, van der Waals potentials, Coulomb potentials,
and hydrogen bond interaction potentials. The definitions of these potential energy
terms can be found in [3, 13, 14, 18, 23]. For example, the Coulomb potential part of
f (x) is defined in the form

ECoulomb(x) =
∑

i �=j

cij

qiqj

rij
,

where cij is a constant, qi is the charge on atom i, and rij denotes the distance be-
tween atoms i and j , which is defined by

rij = ‖Xi − Xj‖ =
√

(x1i − x1j )2 + (x2i − x2j )2 + (x3i − x3j )2.

Clearly, the Hessian matrix of ECoulomb(x) is fully dense. The van der Waals potential
part of f (x) is also defined in terms of all the atomic position vectors Xj for j =
1,2, . . . ,N , which can be described as below:

EVDW(x) =
∑

i �=j

(
Bij

r12
ij

− Aij

r6
ij

)
,

where Aij and Bij are the attractive and repulsive coefficients, respectively. Since
each van der Waals potential term decays at least in an order of 1/r6

ij , EVDW(x) is
usually approximately calculated by using a simple cutoff scheme [23]. However, it
has been well known that ECoulomb(x) cannot be simply calculated approximately by
a cutoff scheme; or false conformations may be produced from minimizing f (x) [23].
Other bonded potential terms of f (x) involve only a few of neighboring atoms.
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Fig. 1 The X-ray crystal structure of protein BPTI. The left figure gives the molecular structure with
spherical balls for atoms and lines for bonds. The collection of its atomic coordinates is selected as an
initial guess in all the numerical tests. The right figure gives the secondary structure, where different
residues are shown in different colors, along with two α-helices and two β-sheets

Hence, it is the Coulomb potential part that makes the Hessian matrix of f (x) fully
dense.

We observed that each entry of the Hessian matrix of ECoulomb(x) can be found
in a form of O(1/r3

ij ), which clearly decays quickly with the increase of rij . Hence,
a good incomplete Hessian matrix, M(x), can be naturally generated by using a dis-
tance cutoff strategy, resulting in an efficient T-IHN algorithm for minimizing the
biomolecular potential energy function f (x).

In details, we define the sparse pattern P of M(x) by

P = {(i, j) | ‖Xi − Xj‖ ≤ τ for i, j = 1,2, . . . ,N}, (28)

where τ > 0 is a given cutoff radius, and the (i, j)th block entry of M(x) is set as
the corresponding block entry of the Hessian matrix H(x) if (i, j) ∈ P ; and zero
otherwise. In our numerical tests, P is only calculated once by using the initial guess
x0 and used by all the T-IHN iterations.

Based on the TN program routine of CHARMM (version 29b2) [8, 25, 29, 30, 32],
we developed a T-IHN program in FORTRAN for minimizing the biomolecular po-
tential energy function f (x). Since M(x) is symmetric and sparse, we only stored and
evaluated the nonzero entries of the upper triangular part of M(x) using a compressed
sparse matrix format. Moreover, the natural preconditioner of the TN program within
CHARMM [24, 28] is also employed by T-IHN for improving its performance. This
T-IHN program is complicated since it involves several special numerical schemes
and techniques to formulate a compressed sparse matrix of M(x), and many program
routines of CHARMM, which is a huge and complex FORTRAN program package.
The construction, capability, and usage of this T-IHN program will be discussed in
our sequent papers. To confirm our theoretical results and highlight the performance
of the T-IHN program, in this section, we present some numerical results made by
this T-IHN program for a protein model problem, where the potential energy func-
tion f (x) is calculated from CHARMM for the protein BPTI.

Figure 1 displays an X-ray crystal three dimensional structure of BPTI, including
its residue sequence and secondary structure. BPTI consists of N = 586 atoms (in-
cluding hydrogens), and so the dimension of the minimization problem is n = 3N =
1758. The collection of the atomic coordinates of the X-ray structure of BPTI was
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Fig. 2 Evolution of the values
of the steplength λk of T-IHN
with τ = 12 for protein BPTI

used as the initial guess x0 for all the minimizers considered in this section. Here
f (x0) = −1782.0048 and ‖g(x0)‖ = 18.7469.

Two particular T-IHN algorithms, called T-IHN1 and T-IHN2, were constructed by
using cutoff radius τ = 12 Å and 10 Å, respectively. The two corresponding incom-
plete Hessian matrices have the nonzero entry ratios (i.e., a ratio of the total number
of nonzero entries over n2) 37.13% and 25.31%, respectively. We also carried out
numerical tests using the CHARMM minimizers TN, ABNR, and CONJ, as well as
D-TN (a version of TN with the numerical option of Hessian-vector product, in which
the Hessian-vector product is approximated by the Euler forward finite-difference for-
mula). The tests were made on one processor (600 MHz MIPS R14000 with 1 Gbytes
main memory) of the SGI Origin 300 at the University of Wisconsin-Milwaukee. For
simplicity, the default values of CHARMM for implementing TN, ABNR and CONJ
were used in all the tests, along with the following convergence criterion:

‖g(xk)‖ < εg(1 + |f (xk)|), (29)

where εg = 10−6.
Figure 2 displays the evolution of the steplength λk of T-IHN1 for BPTI minimiza-

tion. From the figure we can see that the values of λk vary mostly between 0 and 1
but can be fixed as 1 when the T-IHN iterates are close enough to the minimum point
x∗. This confirms our theoretical result of Theorem 2.

Figure 3 compares the gradient norms generated by T-IHN, TN, and D-TN. It con-
firms that T-IHN has a linear rate of convergence as claimed in Theorem 3 while both
TN and D-TN have a super-linear rate of convergence. Here, the same preconditioner
was used by T-IHN, TN, and D-TN.

Figures 4 and 5 give a comparison of the gradient norms and energy function val-
ues generated by T-IHN, ABNR and CONJ for BPTI minimization. From the figures
we can see that T-IHN has a much faster rate of convergence than both ABNR and
CONJ, and the energy function values are reduced monotonically.

Table 1 compares the performance of T-IHN with that of the CHARMM minimiz-
ers TN, D-TN, ABNR, and CONJ. In the second column, the number in parentheses
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Fig. 3 Comparison of gradient
norms generated by T-IHN,
D-TN, and TN for BPTI
minimization

Fig. 4 A comparison of the
gradient norms generated by
T-IHN and the two CHARMM
minimizers ABNR and CONJ
for BPTI minimization

is the total number of PCG iterations for producing the descent search directions of
TN, D-TN, or T-IHN. As can be seen from the table, T-IHN1 took more iterations
but less CPU time than TN and D-TN. This becomes possible since each iteration of
T-IHN is much cheaper in computing than TN and D-TN. The table also shows that
T-IHN can be much more efficient than ABNR and CONJ in searching for a local
minimum point of the biomolecular potential energy function. About 60% and 95%
total CPU times were saved by T-IHN1 compared to ABNR and CONJ, respectively.

We noticed that different local minimum points were located by these different
minimizers. This multiple-minima problem is beyond the scope of this work. But,
we noticed that the corresponding molecular structures of these different minimum
points were very similar (as shown in Fig. 6, for example); all of them may be favor-
able in a biomolecular simulation.
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Table 1 A comparison of the performance of T-IHN with that of the CHARMM minimizers TN, D-TN,
CONJ, and ABNR for BPTI minimization (n = 1704). Here T-IHN1 and T-IHN2 denote the two T-IHN
algorithms using the incomplete Hessian using matrices defined from (28) with the cutoff radius τ = 12
and 10, respectively, and D-TN is the TN using the numerical Hessian-vector product option

Minimizer Iterations CPU Time (minutes) Final E Final ‖g‖

T-IHN1 137 (9710) 1.71 −2672.73 9.82 × 10−7

T-IHN2 427 (16308) 3.14 −2724.84 9.95 × 10−7

TN 96 (6084) 2.88 −2742.63 5.66 × 10−8

D-TN 69 (3008) 1.78 −2671.59 5.52 × 10−8

ABNR 4621 4.38 −2756.52 8.03 × 10−7

CONJ 16025 39.29 −2763.21 9.89 × 10−7

Fig. 5 A comparison of the
biomolecular potential energy
values generated by T-IHN,
ABNR, and CONJ for BPTI
minimization

Fig. 6 (Color online)
A comparison of the energy
minimized structures (in
backbone) of BPTI: T-IHN
(dark/red) vs. CONJ
(light/yellow) in the left figure;
and T-IHN (dark/red) vs. ABNR
(light/yellow) in the right figure

5 Conclusion

We have theoretically and numerically shown that T-IHN is a robust and practical
numerical algorithm for solving a class of minimization problems of (1). We have
also obtained a sufficient condition (21) for constructing an efficient T-IHN algo-
rithm, and completed the proofs of the admissibility of a line search steplength of
one in T-IHN and the Q-linear rate of convergence of T-IHN. As an important appli-
cation, an efficient T-IHN algorithm was developed and programmed for minimizing
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the biomolecular potential energy function based on the widely-used biomolecular
simulation package CHARMM [3, 8, 25, 29, 30, 32]. The numerical experiments
reported here confirm our theoretical results and demonstrate that T-IHN can com-
pare favorably (in terms of computer CPU time) to the other available minimizers in
CHARMM.

However, further work is needed to make our T-IHN program package a powerful
tool in real biomolecular simulations. For example, more numerical experiments on
various biomolecular systems are needed to check the capability and reliability of our
T-IHN program. Another important issue is to make T-IHN effective for a solvated
protein system based on either an explicit solvent approach (e.g., placing the protein
at the center of a large box full of water molecules [1, 23]) or an implicit solvent
approach (e.g., modeling the solvent as a continuum dielectric media [2, 21, 33]). We
plan to study these issues, in the future, to further improve our T-IHN program.

Acknowledgements The authors thank the two anonymous referees for their valuable comments, which
led to the improvement of the paper.
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