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This paper is concerned with compactifications of high-dimensional manifolds. Sieben-
mann’s iconic 1965 dissertation [L. C. Siebenmann, The obstruction to finding a bound-
ary for an open manifold of dimension greater than five, Ph.D. thesis, Princeton Univ.
(1965), MR 2615648] provided necessary and sufficient conditions for an open manifold
M™ (m > 6) to be compactifiable by addition of a manifold boundary. His theorem
extends easily to cases where M™ is noncompact with compact boundary; however,
when OM™ is noncompact, the situation is more complicated. The goal becomes a
“completion” of M™ i.e. a compact manifold M™ containing a compactum A C oM™
such that JT/I\m\A ~ M™. Siebenmann did some initial work on this topic, and O’Brien
[G. O’Brien, The missing boundary problem for smooth manifolds of dimension greater
than or equal to six, Topology Appl. 16 (1983) 303-324, MR 722123] extended that
work to an important special case. But, until now, a complete characterization had yet
to emerge. Here, we provide such a characterization. Our second main theorem involves
Z-compactifications. An important open question asks whether a well-known set of con-
ditions laid out by Chapman and Siebenmann [T. A. Chapman and L. C. Siebenmann,
Finding a boundary for a Hilbert cube manifold, Acta Math. 137 (1976) 171-208, MR
0425973] guarantee Z-compactifiability for a manifold M™. We cannot answer that
question, but we do show that those conditions are satisfied if and only if M™ x [0, 1]
is Z-compactifiable. A key ingredient in our proof is the above Manifold Completion
Theorem — an application that partly explains our current interest in that topic, and
also illustrates the utility of the 71-condition found in that theorem.
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obstruction; whitehead torsion.
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1. Introduction

This paper is about “nice” compactifications of high-dimensional manifolds. The
simplest of these compactification is the addition of a boundary to an open manifold.
That was the topic of Siebenmann’s famous 1965 dissertation [30], the main result
of which can easily be extended to include noncompact manifolds with compact
boundaries. When M™ has noncompact boundary, one may ask for a compactifi-
cation M™ that “completes” OM™. That is a more delicate problem. Siebenmann
addressed a very special case in his dissertation, before O’Brien [26] characterized
completable n-manifolds in the case where M"™ and OM™ are both 1-ended. Since
completable manifolds can have infinitely many (non-isolated) ends, O’Brien’s the-
orem does not imply a full characterization of completable n-manifolds. We obtain
such a characterization here, thereby completing an unfinished chapter in the study
of noncompact manifolds.

A second type of compactification considered here is the Z-compactification.
These are similar to the compactifications discussed above — in fact, those are spe-
cial cases — but Z-compactifications are more flexible. For example, a Z-boundary
for an open manifold need not be a manifold, and a manifold that admits no com-
pletion can admit a Z-compactification. These compactifications have proven to
be useful in both geometric group theory and manifold topology, for example, in
attacks on the Borel and Novikov Conjectures. A major open problem (in our
minds) is a characterization of Z-compactifiable manifolds. A set of necessary con-
ditions was identified by Chapman and Siebenmann [6], and it is hoped that those
conditions are sufficient. We prove what might be viewed the next best thing: If
M™ satisfies the Chapman-Siebenmann conditions (and m # 4), then M™ x [0, 1]
is Z-compactifiable. We do this by proving that M™ x [0, 1] is completable — an
application that partly explains the renewed interest in manifold completions, and
also illustrates the usefulness of the conditions found in the Manifold Completion
Theorem.

1.1. The manifold completion theorem

An m-manifold M™ with (possibly empty) boundary is completable if there exists
a compact manifold M™ and a compactum C C OM™ such that M "™\ C' is home-
omorphic to M™. In this case M™ is called a (manifold) completion of M™. A
primary goal of this paper is the following characterization theorem for m > 6.
Definitions will be provided subsequently.

Theorem 1.1. (Manifold Completion Theorem) An m-manifold M™ (m > 6) is
completable if and only if

(a) M™ is inward tame,

(b) M™ is peripherally m -stable at infinity,

(¢) o0o(M™) € Iim{Ko(m1(N)) | N a clean neighborhood of infinity} is zero, and
(d) Too(M™) € lim'{Wh(m1(N))| N a clean neighborhood of infinity} is zero.

Too
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Together, conditions (a) and (c) ensure that (nice) neighborhoods of infinity have
finite homotopy type, while Condition (d) allows one to upgrade certain, naturally
arising, homotopy equivalences to simple homotopy equivalences. These conditions
have arisen in other contexts, such as [6] 30].

Condition (b) can be thought of as “mj-stability rel boundary”; it seems unique
to the situation at hand. In the special case where M ™ is 1-ended and No D N7 O - --
is a cofinal sequence of (nice) connected neighborhoods of infinity, it demands that
each sequence

7T1(8MN1' U Ni+1) — 7T1(8MNZ' U Ni+2) — 71(8MN1' U Ni+3) v

be stable where 9y, N; denotes OM™ N N;. This reduces to ordinary m-stability
when OM™ is compact. A complete discussion of this condition can be found in

Sec. @

Remark 1. Several comments are in order:

(1) Dimensions < 5 are discussed briefly in Sec. 2l our main focus is m > 6.

(2) If OM™ is compact and M™ is inward tame then M™ has finitely many ends
(see Sec. Bl), so the ends are isolated and disjoint from OM™. In that case
Theorem [[LT] reduces to Siebenmann’s dissertation [30]. As such, Theorem [l
can be viewed as a generalization of [30].

(3) The special case of the Manifold Completion Theorem, where M™ and OM™
are 1-ended, was proved by O’Brien [20]; that is where “peripheral 7;-stability”
was first defined. But since candidates for completion can be infinite-ended (e.g.
let C C S™~! be a Cantor set and M™ = B™\C), the general theorem is not
a corollary. In the process of generalizing [20], we simplify the proof presented
there and correct an error in the formulation of Condition (c¢). We also exhibit
some interesting examples which answer a question posed by O’Brien about a
possible weakening condition (b).

(4) If Condition (b) is removed from Theorem [[I] one arrives at Chapman
and Siebenmann’s conditions for characterizing Z-compactifiable Hilbert cube
manifolds [6]. A Z-compactification theorem for finite-dimensional manifolds
is the subject of the second main result of this paper. We will describe that
theorem and the necessary definitions now.

1.2. The stable Z-compactification theorem for manifolds

To extend the idea of a completion to Hilbert cube manifolds Chapman and
Siebenmann introduced the notion of a “Z-compactification”. A compactifica-
tion X = X U Z of a space X is a Z-compactification if there is a homotopy
H: X x[0,1] - X such that Hy = id¢ and Hy(X) C X for all t > 0. Subsequently,
this notion has been fruitfully applied to more general spaces — notably, finite-
dimensional manifolds and complexes; see, for example, [2,[3],[9, 5 [TT]. A completion
of a finite-dimensional manifold is a Z-compactification, but a Z-compactification
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need not be a completion. In fact, a manifold that allows no completion can still
admit a Z-compactification; the exotic universal covers constructed by Mike Davis
are some of the most striking examples (just apply [I]). Such manifolds must satisfy
Conditions (a), (c) and (d), but the converse remains open.

Question. Does every finite-dimensional manifold that satisfies conditions (a), (c)
and (d) of Theorem [T admit a Z-compactification?

This question was posed more generally in [6] for locally compact ANRs, but
in [I7] a 2-dimensional polyhedral counterexample was constructed. The manifold
version remains open. In this paper, we prove a best possible “stabilization theorem”
for manifolds.

Theorem 1.2. (Stable Z-compactification Theorem for Manifolds) An m-manifold
M™ (m > 5) satisfies Conditions (a), (¢) and (d) of Theorem [L1l if an only if
M™ x [0,1] admits a Z-compactification. In fact, M™ x [0,1] is completable if and
only if M™ satisfies those conditions.

Remark 2. In [I0], Ferry showed that if a locally finite k-dimensional polyhedron
X satisfies conditions (a), (¢) and (d), then X x [0,1]?**® is Z-compactifiable.
Theorem [[T] can be viewed as a sharpening of Ferry’s theorem in cases where X is
a manifold.

1.3. Outline of this paper

The remainder of this paper is organized as follows. In Sec. 2 we review the status
of Theorem [[1] in dimensions < 6. In Sec. Bl we fix some terminology and nota-
tion; then in Secs. @HD, we carefully discuss each of the four conditions present in
Theorem [[1l In Secs. [QHIO, we prove Theorem [[L1] and in Sec. ], we prove Theo-
rem [[2l In Sec. 2, we provide a counterexample to a question posed in [26] about
a possible relaxation of Condition (b), and in Sec. [[3, we provide the proof of a
technical lemma that was postponed until the end of the paper.

2. Manifold Completions in Dimensions < 6

The Manifold Completion Theorem is true in dimensions < 3, but much simpler
versions are possible in those dimensions. For example, Tucker [32] showed that a
3-manifold can be completed if and only if each component of each clean neigh-
borhood of infinity has finitely generated fundamental group — a condition that is
implied by inward tameness alone.

Since we have been unable to find the optimal 2-dimensional completion theorem
in the literature, we take this opportunity to provide such a theorem. If M? has
finitely generated first homology (e.g. if M? is inward tame), then by classical work
(see [24L 28]) int(M?) ~ ¥2 — P, where X2 is a closed surface and P is a finite set
of points. Therefore, M? contains a compact codimension 1 submanifold C' such
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that each of the components {N;}¥_, of M2\C is a noncompact manifold whose
frontier is a circle onto which it deformation retracts. Complete the N; individually
as follows:

(i) If N; contains no portion of 9M?, add a circle at infinity; and
(ii) If N; contains components of 9M?, perform the Kerékjirté-Freudenthal end-
point compactification to N;.

Classification 9.26 of [4], applied to each N; of type (ii), ensures that the result is
a manifold completion of M?2. As a consequence, we have the following theorem.

Theorem 2.1. A connected 2-manifold M? is completable if and only if Hy(M?)
is finitely generated; in particular, Theorem [l is valid when n = 2.

In dimension 5 our proof of Theorem [II] goes through verbatim, provided it
is always possible to work in neighborhoods of infinity with boundaries in which
Freedman’s 4-dimensional Disk Embedding Theorem holds. That issue is discussed
in [27]; [13], Sec. 11.9] in the less general setting of Siebenmann’s thesis, but the issues
here are the same. In the language of [I3]: Theorem [Tl holds provided Condition
(b) is strengthened to require the existence of arbitrarily small neighborhoods of
infinity with stable peripheral pro-m; groups that are “good”. A caveat is that
whenever [12] is applied, conclusions are topological, rather than piecewise-linear
(PL) or smooth.

Remarkably, Siebenmann’s thesis fails in dimension 4 (see [25] [34]). Counterex-
amples to his theorem are, of course, counterexamples to Theorem [[.1] as well.

As for low-dimensional versions of Theorem if m < 3 and M™ satisfies
Condition (a) then M™ is completable (hence Z-compactifiable), so M™ x [0, 1]
is completable and Z-compactifiable. If m = 4, then M* x [0, 1] is a 5-manifold,
which (see Sec. [[T]) satisfies the conditions of Theorem [[LT] Whether that leads to
a completion depends on 4-dimensional issues, in particular the “goodness” of the
(stable) peripheral fundamental groups of the ends of M* x [0,1]. Those groups
are determined by, but are not the same as, the fundamental groups at the ends
of M*. If desired, a precise group-theoretic condition can be formulated from [I8]

Proposition [TT1].

3. Conventions, Notation, and Terminology

For convenience, all manifolds are assumed to be PL. That assumption is particu-
larly useful for the topic at hand, since numerous instances of “smoothing corners”
would be required in the smooth category (an issue that is covered nicely in [26]).
With proper attention to such details, analogous theorems can be obtained in the
smooth or topological category. Unless stated otherwise, an m-manifold M™ is
permitted to have a boundary, denoted OM™. We denote the manifold interior by
int M. For A C M™, the point-set interior will be denoted Intp;m A and the fron-
tier by Frym A (or for conciseness, Intyr A and the frontier by Frys A). A closed



1078 S. Gu & C. R. Guilbault

manifold is a compact boundaryless manifold, while an open manifold is a non-
compact boundaryless manifold.

For ¢ < m, a g-dimensional submanifold Q7 C M™ is properly embedded if it is
a closed subset of M™ and QI NIM™ = JQY; it is locally flat if each p € int Q7 has
a neighborhood pair homeomorphic to (R™,R?) and each p € Q7 has a neighbor-
hood pair homeomorphic to (R, R% ). By this definition, the only properly embed-
ded codimension 0 submanifolds of M™ are unions of its connected components;
a more useful type of codimension 0 submanifold is the following: a codimension
0 submanifold Q™ C M™ is clean if it is a closed subset of M™ and Frj; Q™ is a
properly embedded locally flat (hence, bicollared) (m — 1)-submanifold of M™. In
that case, M™\ Q™ is also clean, and Frp; @™ is a clean codimension 0 submanifold
of both Q™ and d(M™\Q™).

When the dimension of a manifold or submanifold is clear, we sometimes omit
the superscript; for example, denoting a clean codimension 0 submanifold by Q.
Similarly, when the ambient space is clear, we denote (point-set) interiors and fron-
tiers by Int A and Fr A.

For any codimension 0 clean submanifold Q@ C M™, let J)Q denote @ N
OM™; alternatively dpQ = 0Q\ int(Fr Q). Similarly, we will let intys Q denote
Q N int M™; alternatively inty Q@ = Q\OM™.

4. Ends, Pro-m;, and the Peripheral mw;-Stability Condition

4.1. Neighborhoods of infinity, partial neighborhoods of infinity,
and ends

Let M™ be a connected manifold. A clean neighborhood of infinity in M™ is a
clean codimension 0 submanifold N C M™ for which M™\N is compact. Equiv-
alently, a clean neighborhood of infinity is a set of the form M™\C where C is a
compact clean codimension 0 submanifold of M™. A clean compact erhaustion of
M™ is a sequence {C;}5°, of clean compact connected codimension 0 submanifolds
with C; C Intp; Ci11 and UC; = M™. By letting N; = M™\C; we obtain the
corresponding cofinal sequence of clean neighborhoods of infinity. Each such N; has
finitely many components {Nf }fi:l. By enlarging C; to include all of the compact
components of N;, we can arrange that each Nij is noncompact; then, by drilling out
regular neighborhoods of arcs connecting the various components of each Frj, Nij
(further enlarging C;), we can also arrange that each Fry, Nij is connected. A clean
N; with these latter two properties is called a 0-neighborhood of infinity. Most con-
structions in this paper will begin with a clean compact exhaustion of M™ with a
corresponding cofinal sequence of clean 0-neighborhoods of infinity.

Assuming the above arrangement, an end € of M is determined by a nested
sequence (N, ki )22, of components of the N;; each component is called a neighborhood

2

of €. More generally, any subset of M™ that contains one of the Nl-ki is a neighbor-
hood of €, and any nested sequence (Wj)z?';l of connected neighborhoods of ¢, for

which NW; = &, also determines the end €. A more thorough discussion of ends
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can be found in [19]. Here, we will abuse notation slightly by writing ¢ = (Nik")fil,
keeping in mind that a sequence representing ¢ is not unique.

At times, we will have need to discuss components { N7} of a neighborhood of
infinity N without reference to a specific end of M™. In that situation, we will refer
to the N7 as a partial neighborhoods of infinity for M™ (partial 0-neighborhoods
if N is a 0-neighborhood of infinity). Clearly, every noncompact clean connected
codimension 0 submanifold of M™ with compact frontier is a partial neighborhood
of infinity with respect to an appropriately chosen compact C; if its frontier is

connected it is a partial 0-neighborhood of infinity.

4.2. The fundamental group of an end

For each end ¢ of M™, we will define the fundamental group at € by using inverse

sequences TWO inverse sequences of groups Ay <+ A; € A3 £ ... and By vl
B, & < B3 £ are pro-isomorphic if they contain subsequences that fit into a

commutative diagram of the form

Alg 7,3
Gi, Gi, s q,

\/\/\/ (4

Hjo+1,51 141,52 Hija+1,53

/\10+1 i1 /\11+1 i

where the eonneeting homomorphisms in the subsequences are (as always) compo-

sitions of the original maps. An inverse sequence is stable if it is pro-isomorphic
id i . .

to a constant sequence C' «— C «— C «— ---. Clearly, an inverse sequence is pro-

isomorphic to each of its subsequences; it is stable if and only if it contains a

subsequence for which the images stabilize in the following manner:

A A A
1 G 2 G 3

NN SN S e

Im(\;) «<— Im(\y) =<—— Im(\3) =<—«— -+~

)

where all unlabeled homomorphisms are restrictions or inclusions. (Here, we have
simplified notation by relabeling the entries in the subsequence with integer sub-
scripts.)

Given an end € = (NF")%2 || choose a ray r : [1,00) — M™ such that r([i,00)) C
Nik" for each integer ¢ > 0 and form the inverse sequence

T (NFr(1) 2 m (N§2,7(2)) &2 my (N§2,r(3)) & -, (4.3)
where each )\; is an inclusion induced homomorphism composed with the change-
of-basepoint isomorphism induced by the path 7|;;_; ;). We refer to r as the base ray
and the sequence (@3] as a representative of the “fundamental group at e based at
r” — denoted pro-m (g, r). Any similarly obtained representation (e.g. by choosing
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a different sequence of neighborhoods of €) using the same base ray can be seen to
be pro-isomorphic. We say the fundamental group at e is stable if (Z3)) is a stable
sequence. A key observation from the theory of ends is that stability of pro-m (g, r)
depends on neither the choice of neighborhoods nor that of the base ray. See [19]

or [I4].

4.3. Relative connectedness, relative my-stability, and the
peripheral 1 -stability condition

Let @ be a manifold and A C 9Q. We say that Q is A-connected at infinity if Q
contains arbitrarily small neighborhoods of infinity V' for which AUV is connected.

Example 1. If P is a compact manifold with connected boundary, X C 9P is a
closed set, and @ = P\X, then @ has one end for each component of X but Q
is 0Q-connected at infinity. More generally, if B is a clean connected codimension
0 manifold neighborhood of X in P and A = B\X, then @ is A-connected at
infinity.

The following lemma is straightforward.

Lemma 4.1. Let QQ be a noncompact manifold and A a clean codimension 0 sub-

manifold of 0Q. Then @ is A-connected at infinity if and only if Q\ A is 1-ended.

If A C 0Q and Q is A-connected at infinity: let {V;} be a cofinal sequence of
clean neighborhoods of infinity for which each A U V; is connected; choose a ray
r: [1,00) — int @ such that r([i,00)) C V; for each i > 0; and form the inverse
sequence

T (AUVLr(1) E m (AU Ve, r(2) E m (AU Vs, r(3)) &2 -0 (4.4)

where bonding homomorphisms are obtained as in [@3]). We say Q is A-m1-stable
at infinity if [@4]) is stable. Independence of this property from the choices of {V;}
and r follows from the traditional theory of ends by applying Lemmas 1] and

Lemma 4.2. Let Q be a noncompact manifold and A a clean codimension 0
submanifold of 0Q for which Q is A-connected at infinity. Then, for any cofi-
nal sequence of clean neighborhoods of infinity {V;} and ray r : [1,00) — Q as
described above, the sequence (4.4) is pro-isomorphic to any sequence representing

pro-mi (Q\A, 7).

Proof. It suffices to find a single cofinal sequence of connected neighborhoods of
infinity {N;} in Q\ A for which the corresponding representation of pro-m (Q\ A, r)
is pro-isomorphic to ([@4l). Toward that end, for each i let C; 2 Cy D --- be a
nested sequence of relative regular neighborhoods of A in @ such that NC; = A. By
“cleanness” of the V;, each C; can be chosen so that C; UV} is a clean codimension
0 submanifold of @) which deformation retracts onto A U V;. Then N; = (C; UV;)\ A
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is a clean neighborhood of infinity in Q\A and N; — C; UV; is a homotopy
equivalence. For each i there is a canonical isomorphism «; : m (A U V;,7(i)) —
71 (i, (1)) which is the composition

(AU Vi, r(i) = mi(Cr UV, r(@) & m(Ni,r(i).
These isomorphisms fit into a commuting diagram

AUV, (1) €2 1 (AU Ve, 7(2)) £ m (AU Vs, 7(3)) &4 ..

aq lg (%) l— a3 l_
m(N,r(1) 22 m(Nor(2) 22 m(Ns,r(3) &L ...
completing the proof. O

Remark 3. In the above discussion, we allow for the possibility that A = @. In
that case, A-connectedness at infinity reduces to 1-endedness and A-7q-stability to
ordinary 7-stability at that end.

Definition 4.3. Let M™ be a manifold and ¢ an end of M™.

(1) M™ is peripherally locally connected at infinity if it contains arbitrarily small
0-neighborhoods of infinity N with the property that each component N7 is
OnrNJ-connected at infinity.

(2) M™ is peripherally locally connected at ¢ if ¢ has arbitrarily small 0-
neighborhoods P that are djs P-connected at infinity.

An N with the property described in condition (1) will be called a strong
0-neighborhood of infinity for M™, and a P with the property described in con-
dition (2) will be called a strong 0-neighborhood of €. More generally, any connected
partial O-neighborhood of infinity @ that is 9);Q-connected at infinity will be called
a strong partial 0-neighborhood of infinity.

Lemma 4.4. M™ is peripherally locally connected at infinity iff M™ is peripherally
locally connected at each of its ends.

Proof. Clearly, the initial condition implies the latter. For the converse, let N’
be an arbitrary neighborhood of infinity in M™ and for each end ¢, let P. be a
0-neighborhoods of &, contained in N’, which is dj; P--connected at infinity. By
compactness of the Freudenthal boundary of M™, there is a finite subcollection
{P., }}_, that covers the end of M™; in other words, C = M™ —J;_, P., is
compact. If the P, are pairwise disjoint, we are finished; just let N = |J;_, P-,.
If not, adjust the P., within N’ so they are in general position with respect to one
another, then let {Q;}5_, be the set of components of | J,_, P-, and note that each
Q; is a O @ j-connected partial O-neighborhood of infinity. O

Remark 4. In the next section, we show that every inward tame manifold M™ is
peripherally locally connected at infinity. As a consequence, that condition plays
less prominent role than the next definition.



1082 S. Gu & C. R. Guilbault

Definition 4.5. Let M"™ be a manifold and € an end of M™.

(1) M™ is peripherally mi-stable at infinity if contains arbitrarily small strong
0-neighborhoods of infinity N with the property that each component N7 is
Onr NI-mq-stable at infinity.

(2) M™ is peripherally mi-stable at e if ¢ has arbitrarily small strong 0-
neighborhoods P that are 0y P-m-stable at infinity.

It is easy to see that peripheral mi-stability at infinity implies peripheral
mi-stability at each end; and when M™ is finite-ended, peripheral mi-stability at
each end implies peripheral 7i-stability at infinity. An argument could be made
for defining peripheral 71-stability at infinity to mean “peripherally 7-stability at
each end”. For us, that point is moot; in the presence of inward tameness the two
alternatives are equivalent.

Lemma 4.6. An inward tame manifold M™ is peripherally 7 -stable at infinity if
and only if it is peripherally mi-stable at each of its ends.

Proof of this lemma is technical, and not central to the main argument. For that
reason, we save the proof for later (see Sec. [[3]). Although it is not needed here, it
would be interesting to know whether Lemma .6 holds without the assumption of
inward tameness.

5. Finite Domination and Inward Tameness

A topological space P is finitely dominated if there exists a finite polyhedron K
and maps v : P — K and d : K — P such that d ou ~ idp. If choices can be made
so both dou ~ idp and uod ~ idg, i.e. P >~ K, we say P has finite homotopy
type. For simplicity, we will restrict our attention to cases where P is a locally finite
polyhedron — a class that contains the PL manifolds, submanifolds, and subspaces
considered here.

Lemma 5.1. Let M™ be a manifold and A C OM. Then M™ is finitely dominated
[respectively, has finite homotopy type] if and only if M™\A is finitely dominated
[respectively, has finite homotopy type].

Proof. M™\ A — M™ is a homotopy equivalence, and these properties are homo-
topy invariants. O

Lemma 5.2. A locally finite polyhedron P is finitely dominated if and only if there
exists a homotopy H : P x [0,1] — P such that Hy = idp and H(P) is compact.

Proof. Assuming a finite domination, as described above, the homotopy between
idp and d o v has the desired property. For the converse, let K be a compact

polyhedral neighborhood of Hy(P), uw: K — P,and d=H; : P — K. O
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A locally finite polyhedron P is inward tame if it contains arbitrarily small
polyhedral neighborhoods of infinity that are finitely dominated. Equivalently, P
contains a cofinal sequence {N;} of closed polyhedral neighborhoods of infinity each
admitting a “taming homotopy” H : N; x [0, 1] — N; that pulls N; into a compact
subset of itself. By an application of the Homotopy Extension Property (similar to
[20, Lemma 3.4]) we can require taming homotopies to be fixed on Fr N;. From there,
it is easy to see that, in an inward tame polyhedron, every closed neighborhood of
infinity admits a taming homotopy.?

Lemma 5.3. Let M™ be a manifold and A a clean codimension 0 submanifold of
OM™. If M™ is inward tame then so is M™\ A.

Proof. For an arbitrarily small clean neighborhood of infinity N in M™ let H be
a taming homotopy that fixes Fr N. Then H extends via the identity to a homotopy
that pulls AU N into a compact subset of itself, so A U N is finitely dominated.
Arguing as in Lemma [£2 M"™\ A has arbitrarily small clean neighborhoods of
infinity homotopy equivalent to such an AU N. O

Remark 5. Important cases of Lemma [5.3] are when A = OM™ and when V is a
clean neighborhood of infinity (or a component of one) and A = 95,V Notice that
Lemma 53] is valid when M™ is compact and H is the “empty map”.

A finitely dominated space has finitely generated homology, from which it can
be shown that an inward tame manifold with compact boundary is finite-ended
(see [21l Proposition 3.1]). That conclusion fails for manifolds with noncompact
boundary; see item (3) of Remark[Il The following variation is crucial to this paper.

Proposition 5.4. If a noncompact connected manifold M™ and its boundary each
have finitely generated homology, then M™ has finitely many ends. More specifically,
the number of ends of M™ is bounded above by dim Hy, 1 (M™,0M™;Z2) + 1.

Proof. Let C be a clean connected compact codimension 0 submanifold of M™,
with the property that N = M™\C is a 0-neighborhood of infinity, and let
{N7 ;?:1 be the collection of connected components of N™. It suffices to show that
k < dim H,,—1(M™,0M™;Zs) + 1. For the remainder of this proof (and only this
proof), all homology is with Za-coefficients.

Note that 0C' is the union of clean codimension 0 submanifolds d,;C and Fr C,
which intersect in their common boundary 9(Fr C'). So by a generalized version of
Poincaré duality [23] Theorem 3.43] and the Universal Coefficients Theorem, for all
i, we have

H;(C,00C) = Hpo_i(C,Fr C). (5.1)
Claim 1. dim H,,_1(C, 0y C) > k — 1.

aFor a discussion of “tameness” terminology and its variants, see [I9 Sec. 3.5.5].
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By the long exact sequence for the pair (C,Fr (), we have
- — Hy(C,FrC) — Hy(FrC) — Hy(C)
o
So the claim follows from identity (G]).
Claim 2. rank H,,,_1(N,0mN) > k.
This claim follows from the long exact sequence for the triple (N, 0N, 0y N):
— Hy(N,ON) — Hpy—1(ON, Oy N) — Hpp—1(N, 0y N) —

0 (Z2)k’

where triviality of H,,(N,9N) is due to the noncompactness of all components of
N, and the middle equality is from excision.

The relative Mayer—Vietoris Theorem for pairs [23] Sec. 2.2], applied to (M™,
OM™) expressed as (C' U N, 9y C U9y N), contains

Hm_l(FrC,BFrC) — m_l(C,aMC)@Hm_l(N,aMN) — m_l(M’”,(?Mm)
(5.2)

from which we can deduce

dim(Hmfl(C, 61\/[0) &) Hmfl(N, 8MN))
<dimH,,_1(FrC,0FrC) 4+ dim H,,, .1 (M™,0M™).

Since Hy,—1(Fr C,0Fr C) = (Zs)* (from excision), then by Claims 1 and 2, we have
(k=1 +k<k+dimH,_(M™ oM™).
So k < dim Hyy—1 (M™,0M™) + 1. O

Corollary 5.5. If M™ is inward tame, then M™ is peripherally locally connected
at infinity.

Proof. By Lemma [41] it suffices to show that each compact codimension 0 clean
submanifold D C M™ is contained in a compact codimension 0 clean submanifold
C C M™ so that if N = M™\C, then each component N7 of N has the property
that N7\OM™ is 1-ended.

Since M™ is inward tame, each of its clean neighborhoods of infinity is finitely
dominated, so M™\D has finitely many components, each of which is finitely
dominated. Let P! be one of those components. Then, Fr P! is a compact clean
codimension 0 submanifold of D, whose interior is the boundary of P\oM™.
Since int(Fr P') and P'\OM™ each have finitely generated homology (P'\OM™
is finitely dominated), then by Proposition 5.4, P'\OM™ has finitely many ends.
Choose a compact clean codimension 0 submanifold K; of P'\OM™ that intersects
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int(Fr P') non-trivially and has exactly one (unbounded) complementary compo-
nent in P'\OM™ for each of those ends. After doing this for each of the component
Pl of M™\D, let C = D U (UK)). O

6. Finite Homotopy Type and the o..-Obstruction

Finitely generated projective left A-modules S and T' are stably equivalent if there
exist finitely generated free A-modules F} and F5 such that S® F} =2 T @ F;. Under
the operation of direct sum, the stable equivalence classes of finitely generated
projective modules form a group f(O(A), the reduced projective class group of A.
In [33], Wall associated to each path connected finitely dominated space P a well-
defined o(P) € Ko(Z[m1 (P)]) which is trivial if and only if P has finite homotopy
type. (Here Z[m1 (P)] denotes the integral group ring corresponding to 1 (P). In the
literature, Ko(Z[G]) is sometimes abbreviated to Ko(G).) As one of the necessary
and sufficient conditions for completability of a 1-ended inward tame open manifold
M™ (m > 5) with stable pro-m;, Siebenmann defined the end obstruction oo (M™),
to be (up to sign) the finiteness obstruction o (V) of an arbitrary clean neighborhood
of infinity N whose fundamental group “matches” the stable pro-my (¢(M™)).P

In cases where M™ is multi-ended or has non-stable pro-m; (or both), a more
general definition of oo, (M™), introduced in [@], is required. Its definition employs
several ideas from [30, Sec. 6]. First note that there is a covariant functor K, from
groups to abelian groups taking G to IN(O(Z[G]), which may be composed with the
m-functor to get a functor from path connected spaces to abelian groups; here
we use an observation by Siebenmann allowing base points to be ignored. Next
extend the functor and the finiteness obstruction to non-path-connected P (abusing
notation slightly) by letting

Ko(Z[m1(P)]) = @Ko(Z[r: (P7)),
where {P7} is the set of path components of P, and letting
a(P) = (a(P'),...,a(P"))

recalling that P is finitely dominated and, hence, has finitely many components —
each finitely dominated.

Now, for an inward tame locally finite polyhedron P (or more generally
locally compact ANR), let {IV;} be a nested cofinal sequence of closed polyhedral

PThe main theorem of [26] incorrectly uses o(M™) — the finiteness obstruction of the entire
manifold M™ — in place of ooo(M™). The mistake is an erroneous application of Siebenmann’s
Sum Theorem to conclude that triviality of o(M™) implies triviality of o(IN) for each clean
neighborhood of infinity N. Siebenmann [30] (correctly) used the Sum Theorem to show that, in
the case of stable pro-m1, it is enough to check the obstruction once — for a well-chosen clean
neighborhood of infinity. He denoted that obstruction o(g). In our situation (and O’Brien’s) such a
simplification is not possible. We use the subscripted “co” to help distinguish the general situation
from Siebenmann’s special case.
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neighborhoods of infinity and define
0oo(P) = (0(N1),0(N2),0(N3), ...) € im{ Ko[Z[r (N;)]]}-
The bonding maps of the target inverse sequence
Ko[Z[m1 (N1)]] — Ko[Z[mi (N2)]] — Ko[Z[mi(N3)]] — ---

are induced by inclusion, with the Sum Theorem for finiteness obstructions [30]
Theorem 6.5] assuring consistency. Clearly, o (P) vanishes if and only if each N;
has finite homotopy type; by another application of the Sum Theorem, this happens
if and only if every closed polyhedral neighborhood of infinity has finite homotopy

type.

Remark 6. Alternatively, we could define o, (P) to lie in the inverse limit of
the inverse system corresponding to all closed polyhedral neighborhoods of infinity,
partially ordered by inclusion. These inverse limits are isomorphic, and in either
case, the combination of Conditions (a) and (c) of Theorem [[T]is equivalent to the
requirement that all clean neighborhoods of infinity have finite homotopy type —
a property referred to as absolute inward tameness in [19)].

We close this section with an observation that builds upon Lemma Both
play key roles in the proof of Theorem [l

Lemma 6.1. Let M™ be a manifold and A a clean codimension 0 submanifold of
OM™. If M™ s inward tame and ooo(M™) vanishes, then M™\ A is inward tame
and ooo (M™\A) also vanishes.

Proof. Lemma assures us that if M™ is inward tame, then so too is M™\ A.
The latter ensures that o (M™\A) is defined. Arguing as we did in the proof of
Lemma [53] M™\ A contains arbitrarily small neighborhoods of infinity which are
homotopy equivalent to AU N, where N is a clean neighborhood of infinity in M™.
If 0oo (M™) = 0, then N has finite homotopy type; and since AU N = A\—N UN,
where A\—N is a compact (m — 1)-manifold, then A U N has finite homotopy
type (by a direct argument or easy application of the Sum Theorem for the
finiteness obstruction). The vanishing of oo (M™\ A) then follows from the above

discussion. O

7. The 15,-Obstruction

The 7o obstruction in Condition (d) of Theorem [[[T] was first defined in [6] and
applied to Hilbert cube manifolds; the role it plays here is similar. It lies in the
derived limit of an inverse sequence of Whitehead groups. For a more detailed
discussion, the reader should see [0].
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The derived limit of an inverse sequence
A A A

of abelian groups is the quotient group:

lim' {G, \i} = (HG ) /{ 9o — g1, 91 — X292, 92 — A3gs, .. ) | 9i € Gi}.

It is a standard fact that pro-isomorphic inverse sequences of abelian groups
have isomorphic derived limits.

Suppose a manifold M™ contains a cofinal sequence { N;} of clean neighborhoods
of infinity with the property that each inclusion Fr N; — N; is a homotopy equiv-
alence.© Let W; = N;\ N, 41 and note that Fr N; < W, is a homotopy equivalence.
See Fig. [

Since Fr N; and W; are finite polyhedra, the inclusion determines a Whitehead
torsion 7(W;, Fr N;) € Wh(my (Fr N;)) (see [7]). As in the previous section, we must

3

Fig. 1. Decomposition of M™ into {W;}3°,.

€A manifold admitting such sequence of neighborhoods of infinity is called pseudo-collarable. See
[16] 21, [22] for discussion of that topic.
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allow for non-connected Fr N; so we define
Wh(r (Fr N;)) = @ Wh(m (Fr N})),
where {Fr N7} is the (finite) set of components of Fr N; and
(Wi, Fr N;) = (r(W}L, Fre NY), ..., 7(WF, Fr NF)).
These groups fit into and inverse sequence of abelian groups
Whimi (N1)) — Wh(rm (N)) — Whirs (Ng)) — -

where the bonding homomorphisms are induced by inclusions. (To match [6],
we have substituted 71 (N;) for the canonically equivalent 71 (Fr N;).) Let 7, =
T(W;, Fr N;) € Wh(m1(N;)). Then

TOO(Mm) = [(Tl,TQ,Tg, .. )] S wl{Wh(ﬂl(NZ))},

where [(11, 72, 73, ...)] is the coset containing (71,72, 73, . ..).

If 7oo(M™) is trivial, it is possible to adjust the choices of the N; so that
each inclusion Fr N; — W; has trivial torsion, and hence is a simple homotopy
equivalence. Roughly speaking, the adjustment involves “lending and borrowing
torsion to and from immediate neighbors of the W,”. The procedure is as described
in [6l Sec. 6], except that a Splitting Theorem for finite-dimensional manifolds (see
[26, pp. 318]) replaces [6, Lemma 6.1]. The reader is warned that the procedure
described in [26] Sec. 4] is flawed; we recommend [6].

8. Geometric Characterization of Completable Manifolds
and a Review of h- and s-Cobordisms

The following geometric characterization of completable manifolds, which has
analogs in [26] 2], paves the way for the proof of Theorem [Tl It leads natu-
rally to the consideration of h- and s-cobordisms, which we will briefly review for
later use.

Lemma 8.1. (Geometric characterization of completable manifolds) A non-
compact manifold with boundary M™ is completable iff M™ = |J;=, C; where, for
all i:

(i) C; is a compact clean codimension 0 submanifold of M™,
(ii) C; C Int Ci+1, and
(111) Zf Wi denotes Ci+1\Ci, then (Wi,Fl”Ci) ~ (Fr Ci X [0, 1],FI‘C¢ X {0})

Proof. For the forward implication, suppose M™ is a compact manifold, A is
closed subset set of IM™, and M™ = M™\A. Write A as [, Fj, where {F;}2, is a

sequence of compact clean codimension 0 submanifolds of OM™ with Fiiq1 C Int Fj.
Let ¢ : OM™ x[0,1] — M™ be a collar on OM™ with ¢(OM™ x{0}) = OM™ and, for
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each 7, let C; = M\m\c(lnt(Fi) x[0,1/i)). Assertions (i) and (ii) are clear. Moreover,

Wi ~ Fz X [0,1/2]\(Int Fi+1 X [0,1/(Z+ 1)])
~ F; % [0,1/i]

via a homeomorphism taking c¢(F; x {1/i}) onto F; x {1/i}. Then, since FrC; =
c(F; x {1/i} U OF; x [0,1/i]) ~ F;, an application of relative regular neighbor-
hood theory allows an adjustment of that homeomorphism so that Fr C; is taken
onto F; x {1/i}. A reparametrization of the closed interval completes the proof of
assertion (iii). (Note that this works even when the F; have multiple and varying
numbers of components. See Fig. [2)

For the converse, we reverse the above procedure to embed M™ in a copy of
(. Details can be found in [32] Lemma 1]. m|

The above lemma shows that a strategy for completing a manifold is to fill up a
neighborhood of infinity in M™ with a sequence of cobordisms, then modify those
cobordisms (when possible) so they become products.

Recall that an (absolute) cobordism is a triple (W, A, B), where W is a manifold
with boundary and A and B are disjoint manifolds without boundary for which
AUB = 0W. The triple (W, A, B) is a relative cobordism if A and B are dis-
joint codimension 0 clean submanifolds of OW. In that case, there is an associated
absolute cobordism (V,9A,dB), where V = 0W\ (int A U int B). We view absolute
cobordisms as special cases of relative cobordisms where V = &. A relative cobor-
dism is an h-cobordism if each of the inclusions A <— W, B — W, 04 — V, and

|, [T

Fig. 2. Decomposing completed M™ into product cobordisms.
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0B — V is a homotopy equivalence; it is an s-cobordism if each of these inclu-
sions is a simple homotopy equivalence. (For convenience, @ — & is considered
a simple homotopy equivalence.) A relative cobordism is nice if it is absolute or
it (V,0A,0B) =~ (0A x [0,1],0A x {0},0A x {1}). The crucial result, proof (and
additional discussion) of which may be found in [29] , is the following theorem.

Theorem 8.2. (Relative s-cobordism Theorem) A compact nice relative cobordism
(W, A, B) with dim W > 6 is a product, i.e. (W, A, B) = (Ax[0,1], Ax{0}, Ax{1}),
if and only if it is an s-cobordism.

Remark 7. A situation similar to a nice relative cobordism occurs when 0W =
AU B’, where A and B’ are codimension 0 clean submanifolds of 9W with a common
non-empty boundary A = 9B’. By choosing a clean codimension 0 submanifold
B C B’ with the property that B\ Int B ~ 9B x [0, 1] we arrive at a nice relative
cobordism (W, A, B). When this procedure is applied, we will refer to (W, A, B) as
a corresponding nice relative cobordism. For notational consistency, we will always
adjust the term B’ on the far right of the triple (W, A, B’), leaving A alone.

For our purposes, the following lemma will be crucial.

Lemma 8.3. Let W be a compact manifold with OW = AU B’, where A and B’
are codimension 0 clean submanifolds of OW with a common boundary. Suppose
A — W is a homotopy equivalence and that there is a homotopy J : W x[0,1] — W
such that Jy = idw,J is fized on OB', and Jy(W) C B’. Then B" — W is a
homotopy equivalence, so the corresponding nice relative cobordism (W, A, B) is an
h-cobordism.

Proof. Choose p € A = OB’, to be used as the basepoint for A, B’ and W.
Let i : A — W and ¢ : B’ — W denote inclusions and define f : A — B’ by
f(z) = Ji(z). Then

tof=J oi. (8.1)

Clearly, J; : W — W induces the identity isomorphism on 71 (W, p), and since i is a
homotopy equivalence, it induces a 71-isomorphism. So, from (81]), we may deduce
that f. : 71 (A, p) — m1(B’,p) is injective. Moreover, since f restricts to the identity
function mapping dA onto OB, [§] allows us to conclude that f, is an isomorphism.
From there it follows that ¢, : w1 (B’,p) — 71 (W, p) is also an isomorphism.

Let p : W — W be the universal covering projection, A= p~1(A), and B =
p~1(B'). Since i, and v, are both 7-isomorphisms these are the universal covers of
A and B’, respectively. By generalized Poincaré duality for non-compact manifolds,

Hk(W, E/; Z) = Hg*k(v‘\?’ AV; Z)a
where cohomology is with compact supports. Since A-Wisa proper homotopy

equivalence, all of these relative cohomology groups vanish, so Hy (W,E' Z) =0
for all k. By the relative Hurewicz theorem, 7, (W, B") = 0 for all k, so the same is
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true for m, (W, B’). An application of Whitehead’s theorem allows us to conclude
that B’ — W is a homotopy equivalence. O

9. Proof of the Manifold Completion Theorem: Necessity

We will prove necessity of the conditions in Theorem [L1] by a straightforward
application of Lemma 81

Proof of Theorem [I.1] (necessity) Suppose M™is a compact manifold and A is
closed subset set of 9M™ such that M™ = ]\/Zm\A. As in the proof of Lemma [B]
write A = ), F;, where {F;} is a sequence of compact clean codimension 0 sub-
manifolds of dM™ with Fir1 CInt F;, and let ¢ : OM™ x [0,1] — M™ be a collar
on OM™ with c(OM™ x {0}) = dM™. For each i, let N; = c(F; x [0,1/4]) and N; =
Ni\A. Then {N;} is cofinal sequence of clean neighborhoods of infinity in M™ with
Fr N; = ¢(F; x {1/i} UOF; x [0,1/1]). Since F; x {1/i} UOF; x [0,1/i] — F; x [0, 1/1]
and N; — ]@ are both homotopy equivalences, then so is Fr N; <— N;; and since
each N; has finite homotopy type, conditions (a) and (c¢) of Theorem [Tl both hold
(by the discussion in Secs. Bl and [6).

If we let W; = N;\N;41, then 7o, (M™) is determined by the Whitehead torsions
of inclusions Fr N; < W; (see Sec.[d). Associate W; with F; x [0, 1/i] and Fr N; with
F; x {1/i} UOF; x [0,1/i], as in the proof of Lemma [B] Then, the fact that both
F;, x {1/i} — F; x [0,1/i] and F; x {1/i} — F; x {1/i} UJF; x [0,1/i] are simple
homotopy equivalences ensures that 7(W;, Fr N;) = 0. So condition (d) is satisfied.

It remains to verify the peripheral 7;-stability condition. Fix ¢ > 1 and let Fj
be one component of Fj, ]Vf = ¢(F/ x [0,1/i]) and N7 = ]Vf\A Then 9y N7/ =
¢(F; x {0})\A and N7 is clearly 95 N7-connected at infinity. For each k > i, let F},
be the union of all components of Fj, contained in FY, ]/V\,Q = ¢(F] x [0,1/k]) and
N;, = ]/\Z\A By definition, we may consider the sequence

71 (O3 N7 U N ) 22 (@ N7 U N ) 2wy (9N UNL ) 22, (9.1)

where basepoints are suppressed and bonding homomorphisms are compositions of
maps induced by inclusions and change-of-basepoint isomorphisms. Each of those
inclusions is the top row of a commutative diagram

N/ UN! o N} UN]
] incl ] incl
N/ UNI O N} UN,
I~ I~

(F/ x {0}) U (F} x [0,1/K]) < (F} x {0}) U (F},, x [0,1/k +1]),

where the bottom row is an obvious homotopy equivalence, as are all vertical
maps. It follows that the initial inclusion is a homotopy equivalence as well. As
a result, all bonding homomorphisms in (@.0]) are isomorphisms, so the sequence is
stable. O
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10. Proof of the Manifold Completion Theorem: Sufficiency

Throughout this section {C;}52, will denote a clean compact exhaustion of M™
with a corresponding cofinal sequence of clean 0-neighborhoods of infinity {N;}$2,,
each of which has a finite set of connected components {Nf ?i:l. For each i we will
let W; = N;\Nit1, a compact clean codimension 0 submanifold of M™. Note that
OW; may be expressed as Fr N; U (0pW; U Fr N; 1), a union of two clean codimen-
sion 0 submanifolds of OW; intersecting in a common boundary d(Fr N;). (Figs. I
and 2 contain useful schematics.) The proof of Theorem [[I] will be accomplished
by gradually improving the exhaustion of M™ so that ultimately, conditions (i)—(iii)
of Lemma [8.]] are all satisfied.

Lemma 10.1. If M™ is inward tame and oo (M™) vanishes, then for each i, o(N;)
and o(N;\OM™) are both zero.

Proof. By our discussion in Sec.[d if M™ is inward tame and o (M™) = 0, then
each N; has finite homotopy type. Since N; — N;\OM™ is a homotopy equivalence,
so does N;\OM™. O

Proposition 10.2. If M™ satisfies Conditions (a)—(c) of Theorem [l then the
{C;} and the corresponding {N;} can be chosen so that, for each i,

(1) Fr N; — N; is a homotopy equivalence, and

(2) OW; UFr N;y1 — N; is a homotopy equivalence; therefore,

(3) the nice relative cobordisms corresponding to (W, Fr N;, OpW; U Fr N;11) are
h-cobordisms.

Proof. By Lemma [[0.1] and the definition of peripheral 7;-stability at infinity, we
can begin with a clean compact exhaustion {C;}5°, of M™ and a corresponding
sequence of neighborhoods of infinity {N;}$2,, each with a finite set of connected
components {Nl-j}fizl, so that for all4 > 1 and 1 < j < k;,

(1) NZJ is inward tame, _
(ii) N} is (Op N} )-connected and (9a N7 )-mi-stable at infinity, and

(ii) 0o (N?) = 0.
By Lemmas 5.3 121 and [6.1] this implies that

(i) N{\Ou N7 is inward tame,
(ii") N\OM™ is l-ended and has stable fundamental group at infinity, and
(iii") ooo(N/\OM™) = 0.

These are precisely the hypotheses of Siebenmann’s Relativized Main Theorem
[30, Theorem 10.1], so N7\OM™ contains an open collar neighborhood of infin-
ity V/ ~ V7 x [0,00). Following the proof in [30] (similar to what is done in
[26, Theorem 3.2]), this can be done so that N/ \OM™ (= int(Fr N7)) and 9V/
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N/\oM™

Fig. 3. Vij ~ BVij % [0,1) contained in Ng'\aMm.

contain clean compact codimension 0 submanifolds Ag and Bf , respectively, so that
(ON\OM™)\ int A] = OV \ int B} ~ 0A] x [0,1). See Fig.

Then K f = Nij \VZJ is a clean codimension 0 submanifold of M™ which intersects
C; in A]. To save on notation, replace C; with C; U (UK7), which is still a clean
compact codimension 0 submanifold of M™, but with the added property that

NA\OM™ =~ int(Fr N;) x [0, 00). (10.1)
Since adding das N; back in does not affect homotopy types, we also have that
Fr N; — N; is a homotopy equivalence. (10.2)

Having enlarged the C;, pass to a subsequence if necessary to regain the property
that C; C Int C; 44 for all 4.

Letting N; = M™\C; gives a nested cofinal sequence of clean neighborhoods
of infinity {N;} with the property that each inclusion Fr N; — N; is a homotopy
equivalence; in other words, we have obtained a pseudo-collar structure on M™.
For each i > 1, let W; = N;\N,11, a clean compact codimension 0 submanifold of
M™ with OW; = Fr N; U ((9]\4VVZ U Fr Ni—i—l)-

Claim 1. Fr N; — W; is a homotopy equivalence.

Condition (I02) applied to NV; ensures the existence a strong deformation retraction
H; of N; onto Fr N;. That same condition applied to N;;1 ensures the existence of
a retraction r : N;11 — Fr N;;1, which extends to a retraction 7 : N; — W;. The
composition 7Hy, restricted to W;, gives a deformation retraction of W; onto Fr N;.

Claim 2. 0);W; UFr N; 11 — W; is a homotopy equivalence.
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By applying Lemma B3] it is enough to show that there exists a homotopy
H :W; x[0,1] — W, fixed on d(Fr N;), with the property that Hy (W;) C 9y W; U
Fr N; ;1. Toward that end, let B be a collar neighborhood of 9);W; in W; and let
D = W Use the collar structure on N;\OM™ to obtain a homotopy K : N; X
[0,1] — Ny, fixed on O(Fr N;), which pushes N; into the complement of D; in other
words K1 (N;) € BUN; ;1. Compose this homotopy with the retraction 7 : N; — W;
used in the previous claim to get a homotopy 7Ky of W; (still fixed on 9(Fr N;)) with
7K1 (W;) C BU Fr N;41. Follow this with a homotopy that deformation retracts B
onto dy W; while sending Fr N; 1 into itself to complete the desired homotopy and
prove Claim 2.

We can now write M™ = Cy UW; U Wy U W3 U --- where, for each 4,

e W, is a compact clean codimension 0 submanifold of M™,
e OW;, =FrN;U (81\/[‘/[/z U Fr Nﬁq), and
e both Fr N; — W; and Oy W; U Fr N, 1 — W, are homotopy equivalences.

As such, the corresponding nice relative cobordisms (as described in Remark[) are
h-cobordisms. O

Proposition 10.3. If M™ satisfies conditions (b)—(d) of Theorem [l the con-
clusion of Proposition can be improved so that, for each i, the mice relative
cobordisms corresponding to (W;, Fr N;, Oy W; U Fr N;i1) are s-cobordisms. In that
case, (Wi, Fr N;) ~ (Fr N; x [0,1],Fr N; x {0}) for all i, and M™ is completable.

Proof. By the triviality of 7o, (M™), it is possible to adjust the choices of the N; so
that each inclusion Fr N; < W; has trivial Whitehead torsion, i.e. 7(W;, Fr N;) = 0,
and hence is a simple homotopy equivalence. As was discussed in Sec. [T the adjust-
ment involves “lending and borrowing torsion to and from immediate neighbors
of the W;” as described in [6, Sec. 6], except that a Splitting Theorem for finite-
dimensional manifolds (see [26, p. 318]) replaces [0, Lemma 6.1].

To complete the proof, apply the Relative s-cobordism Theorem to each W;
then apply Lemma 1] O

11. Z-Compactifications and the Proof of Theorem

In this section, we prove Theorem [[.21 Since M™ x [0, 1] satisfies conditions (a), (c)
and (d) of Theorem [[.1]if and only if M™ satisfies those same conditions (see [6]),
it suffices to prove the following proposition which is based on work found in [I§].

Proposition 11.1. If a manifold M™ is inward tame at infinity, then M™ x [0, 1]
is peripherally 1 -stable at infinity.

Proof. Apply Corollary to obtain a cofinal sequence {N;} of clean neighbor-
hoods of infinity for M™ with the property that, for all ¢, each component N} of
N; is Oy N -connected at infinity. Since {N; x [0,1]} is a cofinal sequence of clean



Compactifications of manifolds with boundary 1095

neighborhoods of infinity for M™ x [0,1] it suffices to show that the correspond-
ing connected components, N;j x [0, 1], are all Oprx[0,1] (Nf x [0, 1])-connected and
(Oarxjo,) (V] x [0,1]))-m1-stable at infinity. By Lemmas @I and L2} that is equiva-
lent to showing that, for each N7, intps(N7) x (0,1) is 1-ended and has stable pro-m
at that end. Every connected topological space becomes 1-ended upon crossing with
(0,1), so that condition is immediate. The 7-stability property is proved with a
small variation on the main technical argument from [I§]; in particular, Corol-
lary 3.6 from that paper. The “small variation” is necessary because the earlier
argument assumed the product of an open manifold with (0, 1). That issue is easily
overcome by arranging that the analog of homotopy K; used in [I8, Proposition 3.3]
sends the manifold interior of Intpr(N7) into itself and sends Fr N7 into itself for
all t. That is easily accomplished since Fr Nij has an open collar neighborhood at
infinity. O

12. A Counterexample to a Question of O’Brien
We now give a negative answer to a question posed by O’Brien [26] pp. 308].

Question. (For a 1-ended manifold M™ with 1-ended boundary) Let {V;} be a
cofinal sequence of clean 0-neighborhoods of infinity. If {7 (OM™UV;)};>1 is stable,
does it follow that M™ is peripherally m-stable at infinity?

The key ingredient in our counterexamples is a collection of contractible open
n-manifolds W™ (one for each n > 3), constructed by Sternfeld in his dissertation
[31] (see also [15]). Each W™ has the property that it cannot be embedded in any
compact n-manifold. Although these W™ have finite homotopy type, they are not
inward tame, since they contain arbitrarily small clean connected neighborhoods of
infinity with non-finitely generated fundamental groups. Our counterexamples will
be the (n + 1)-manifolds W™ x [0, 1). First a general observation.

Proposition 12.1. Let W™ be a connected open n-manifold. If W™ has finite
homotopy type, then W™ x [0,1) is l-ended and inward tame, with coo (W™ X
0,1)) =0,

Proof. It suffices to exhibit arbitrarily small connected clean neighborhood of infin-
ity in W™ with finite homotopy type. Let N C W™ be a clean neighborhood of infin-
ity and a € (0,1). By choosing N small and a close to 1, we can obtain arbitrarily
small neighborhoods of infinity in W” x [0,1) of the form

V(N,a) = (N x [0,1)) U(W" x [a,1)).

Since V (N, a) deformation retracts onto W" x {a}, it is connected and has finite
homotopy type. O

Example 2. Consider the (n + 1)-manifold M"+1 = W" x [0,1), where W™ is the
Sternfeld n-manifold (n > 3) described above. Then OM"™ ! = W™ x {0}. A stan-
dard duality argument shows that every contractible open manifold of dimension
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> 2 is 1-ended. Let {NV;} be a cofinal sequence of clean connected neighborhoods of
infinity in W™, and for each ¢ > 1, let V; = V(N,, Hﬁ), as defined in the previous
proof. By Seifert-van Kampen, each V; UOM"*! is simply connected, so the inverse
sequence {m1(OM™ T UV;)}i>1 is pro-trivial, hence, stable.

To see that M™*! is not peripherally m-stable at infinity, first assume that
n > 5. Then, if M™*! were peripherally 7 -stable at infinity, it would be completable
by Theorem [l (The triviality of 7o, (M™*!) is immediate since M™*! is simply
connected at infinity, which follows from the simple connectivity of the V;.) But, if
M™+1 were a completion, then W™ x {0} — dM"*+!would be an embedding into a
closed n-manifold, contradicting Sternfeld’s theorem.

To obtain analogous examples when n = 3 or n = 4, we cannot rely on the
Manifold Completion Theorem. But a direct analysis of the fundamental group
calculations in Sternfeld’s proof reveals that the peripheral pro-m-systems arising
in W™ x [0, 1) are nonstable in those dimensions as well.

13. Proof of Lemma [4.6]

We now return to Lemma .6l which asserts that the two natural candidates for
the definition of “peripherally mi-stable at infinity” (the global versus the local
approach) are equivalent for inward tame manifolds. The intuition behind the
lemma is fairly simple. If M™ contains arbitrarily small 0-neighborhoods of infinity
N with the property that each component N7 is 9p; N7-m;-stable at infinity, then
those components provide arbitrarily small neighborhoods of the ends satisfying
the necessary mi-stability condition. Conversely, if each end & has arbitrarily small
strong 0-neighborhoods P that are 0y P-mi-stable at infinity, we can use the com-
pactness of the set of ends (in the Freudenthal compactification) to find, within
any neighborhood of infinity, a finite collection { Py, ..., Py} of such neighborhoods
which cover the end of M™. If we can do this so the P; are pairwise disjoint, we
are finished — just let N = UP;. That is not as easy as one might hope, but we are
able to attain the desired conclusion by proving the following proposition.

Proposition 13.1. Suppose M™ is inward tame and each end € has arbitrarily
small strong 0-neighborhoods P- that are Opy P.-m1-stable at infinity. Then every
strong partial 0-neighborhood of infinity Q C M™ is Oy Q-m1-stable at infinity.

Our proof requires that we break the stability condition into a pair of weaker
conditions. An inverse sequence of groups is:

o semistable (sometimes called pro-epimorphic) if it is pro-isomorphic to an inverse
sequence of surjective homomorphisms;

e pro-monomorphic of it is pro-isomorphic to an inverse sequence of injective homo-
morphisms.

It is an elementary fact that an inverse sequence is stable if and only if it is both
semistable and pro-monomorphic.
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We will make use of the following topological characterizations of the above
properties, when applied to pro-m;. In these theorems, a “space” should be locally
compact, locally connected, and metrizable.

Proposition 13.2. Let X be a 1-ended space and r : [0,00) — X a proper ray.
Then pro-m1(X,r) is

(1) semistable if and only if, for every compact set C' C X, there exists a larger
compact set D C X such that for any compact set E with D C E C X, every
loop in X\ D with base point on r can be pushed into X\E by a homotopy with
image in X\C' keeping the base point on r, and

(2) pro-monomorphic if and only if X contains a compact set C' with the property
that, for every compact set D with C C D C X, there exists a compact set
E 2 D with the property that every loop in X\E that contracts in X\C also
contracts in X\D.

These are standard. See, for example [14] or [19]. In the case that pro-m (X, )
is pro-monomorphic, the compact set C in the above proposition is called a m1-core
for X. Notice that by Proposition [3.2) the property of (1-ended) X having pro-
monomorphic pro-m1 (X, r) is independent of the choice of r.

It is a non-obvious (but standard) fact that having semistable pro-m (X, r) is
also independent of the choice of r. As for the characterization of semistable pro-
m1(X,r), we are mostly interested in the following easy corollary.

Corollary 13.3. If X is a 1-ended space and pro-mi(X,r) is semistable for some
(hence every) proper ray r, then for each compact set C C X, there is a larger
compact set D C X such that, for every compact set E C X and every path X :
[0,1] — X\D with A\({0,1}) C E, there is a path homotopy in X\C taking X to a
path N in X\E.

We are now ready for our primary task.

Proof of Proposition 3.3l Let Q be a strong partial 0-neighborhood of infinity
in M™. By Lemmal[4.2] proving that Q is 93;Q-m1-stable at infinity is equivalent to
proving that the 1-ended space Q\OM™ has stable pro-m;. We will take the latter
approach.

By Lemma Q\OM™ is inward tame, so a modification of the argument in
[21l Proposition 3.2] ensures that pro-m (Q\OM™,r) is semistable. It is therefore
enough to show that pro-m (Q\OM™,r) is pro-monomorphic. We will do that by
verifying the condition described in Proposition[I3.2] i.e. we will show that Q\O0M™
contains a 7rj-core.

By hypothesis, each end ¢ of @ has a strong 0-neighborhood P. which is 0y P--
m-stable at infinity and lies in Inty; Q. Since the set of ends of @) is compact in the
Freudenthal compactification, there is a finite subcollection {P-, }*_; whose union
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is a neighborhood of infinity in Q. Place the collection of submanifolds { P, }¥_; in
general position.

Claim 1. For each Q C {1,...,k} the set ﬂjeQ P., has finitely many components,
each of which is a clean codimension 0 submanifold of M™.

General position ensures that each component is a clean codimension 0 submanifold
of M™. Since each P, is a closed subset of M™ each component T' of N e P,
is closed in M™, and since T cannot also be open in M™ it must have non-empty
frontier. Since { ., } jcq is in general position, so also is the collection of (compact)
frontiers, {Fr P.,}jcq. So, for each i # j in Q, A;; = FrP., NFr P, is a clean
codimension 1 submanifold of Fr P., and Fr P.,. The union of these A; ; separate
U;?:l Fr P, into finitely many pieces, and since the frontier of each T" is a union of
these pieces, there can only be finitely many such T'.

Choose an embedding b : OM™ x [0,1] — M™ with b(x,0) = x for all x € OM™
and whose image B is a regular neighborhood of 9M ™ in M™. With some additional
care, arrange that B intersects: @ in b(Op @ x [0, 1]); each P, in b(Op P, % [0, 1]);
and (more specifically) each component T of each finite intersection ;. P, in
b(OaT x [0,1]). For each 0 < s < t < 1, let BISU = p(OM™ x [s,t]), B&Y =
BOM™ x (s,1)), etc. For A C OM™, let Ba = b(A x [0,1]) and define B B¢,
etc. analogously.

By hypothesis and Proposition [I3.2] we can choose a clean codimension 0 com-
pact m-core C; for each P.,\OM™. Then choose ¢ so small that BI%* N (Uf:1 C;) =
@. Let C) = Q\ Ule P.,, then let Cy = C{\BI*Y so that Cj is a compact clean
codimension 0 submanifold of Q\OM™. Let C' = Uf:o C; € Q\OM™. Notice that
the collection {B([?ON’:]Q, P.,,...,P., } covers Q\Intg C.

Choose a clean codimension 0 compact submanifold of D" C Q\OM™ so large
that

(i) Intg D' D C,

(ii) D’ contains every compact component of (;cq P-; for all @ C {1,...,k}, and

(iii) for any compact set E C Q\OM™ such that D’ C E, if X is a path in T\OM™,
where T' is an unbounded component of P., N P, for some i,j € {1,...,k},
and ) lies outside D’ with endpoints outside E, then there is a path homotopy
of X in (T\OM™)\C pushing X outside E. (This uses Corollary [3.3 and the
fact that each T', being a clean partial neighborhood of infinity in M ™, has the
property that T\OM™ has finitely many ends, each with semistable pro-r.)

Now, choose a compact set D C Q\OM™ such that

(i"'y D2 D"

(it') for every @ C {1,...,k} and every unbounded component " of (., Fx;, each
x € (T\OM™)\D can be pushed to infinity in (T\OM™)\D’. (This is possible
since there are only finitely such T'.)

(iii") if © = b(y, to) € B\D, then b(y x [0,%0]) N D' = @.
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Claim 2. D is a mi-core for Q\OM™.

Toward that end, let F' be a compact subset of Q\OM™ containing D, then choose
G C Q\OM™ to be an even larger compact set with the following property:

(1) for each i € {1,...,k}, loops in P.,\OM™ lying outside G which contract in

(P:,\OM™)\C, also contract in (P.,\OM™)\F.

Let o : [0,1] % [0,1] — (Q\OM™)\D. The interiors of sets {By b, P-,,..., Pz, }
cover (Q\OM™)\D, so we can subdivide [0, 1]? into subsquares { R;} so small that
the image of each R; lies in B(®:Y) or one of the P.,\0M™ and hence, in B\ D or
one of the (P;,\OM™)\D. Since each vertex of this subdivision is sent to a point x
in BOOY\D and/or T\D, where T is an unbounded component of the intersection
of the P, which contain the images of the subsquares containing that vertex, then
by the choice of D we can push z into (Q\OM™)\G along a path that does not
leave T and does not intersect D’. In those cases where x = b(y,ty) € BOY\D,
push z out of G along b(y x (0,1)), so that the track also stays in B(>Y\D’, by
property (iii’).

Doing the above for each vertex adjusts a up to homotopy in (Q\OM™)\D’ so
that each vertex of the subdivision is taken into (Q\OM™)\G and each R; is still
taken into the same P, (or B(®")) as before.

Next, we move to the 1-skeleton of our subdivision of [0, 1]%. If an edge e is the
intersection R; N Ry of two squares, i.e. e is not in 9([0, 1]?), we use property (iii)
to adjust « up to homotopy so e is mapped into (Q\OM™)\G, noting that this
homotopy may causes the “new” « to drift into (Q\OM™)\C. (If e is sent into
B we can use (iii’) to ensure that the push stays in B\ D’ as well.)

Do the above for each edge until the entire 1-skeleton of the subdivision of [0, 1]2
is mapped into (Q\OM™)\G. The image of a now lies in (Q\OM™)\C'" Notice that
the restriction of « to each Ry is a map of a disk into a single P., (or B(%*)) missing
C; with boundary being mapped into P-,\G. So by the choice of G, we may redefine
« on R; to be the same on its boundary, but to take R; into P.,\F or BOO\F.
Assembling the a|p, we get a map o : [0,1] x [0,1] — (Q\OM™)\F that agrees
with o on 9([0, 1]?). O

Acknowledgment

This research was supported in part by Simons Foundation Grants 207264 and
427244, CRG.

References

1. F. D. Ancel, M. W. Davis and C. R. Guilbault, CAT(0) reflection manifolds, in Geo-
metric Topology, AMS/IP Studies of Advanced Mathmatics, Vol. 2 (Amer. Math.
Soc., 1997), pp. 441-445, MR 1470741.

2. F. D. Ancel and C. R. Guilbault, Z-compactifications of open manifolds, Topology
38 (1999) 1265-1280, MR 1690157.



1100 S. Gu & C. R. Guilbault

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
24.

25.

M. Bestvina and G. Mess, The boundary of negatively curved groups, J. Amer. Math.
Soc. 4 (1991) 469-481, MR 1096169.

J. S. Calcut, H. C. King and L. C. Siebenmann, Connected sum at infinity and
Cantrell-Stallings hyperplane unknotting, Rocky Mountain J. Math. 42 (2012) 1803—
1862, MR 3028764.

G. Carlsson and E. K. Pedersen, Controlled algebra and the Novikov conjectures for
K- and L-theory, Topology 34 (1995) 731-758, MR 1341817.

T. A. Chapman and L. C. Siebenmann, Finding a boundary for a Hilbert cube mani-
fold, Acta Math. 137 (1976) 171-208, MR 0425973.

M. M. Cohen, A Course in Simple-Homotopy Theory, Graduate Texts in Mathematics,
Vol. 10 (Springer-Verlag, 1973), MR 0362320.

D. B. A. Epstein, The degree of a map, Proc. London Math. Soc. (3) 16 (1966)
369-383, MR 0192475.

F. T. Farrell and J.-F. Lafont, EZ-structures and topological applications, Comment.
Math. Helv. 80 (2005) 103121, MR 2130569.

S. C. Ferry, Stable compactifications of polyhedra, Michigan Math. J. 47 (2000) 287—
294, MR 1793625.

S. C. Ferry and S. Weinberger, A coarse approach to the Novikov conjecture, in
Novikov Conjectures, Index Theorems and Rigidity, Vol. 1, London Mathematical
Society Lecture Note Series, Vol. 226 (Cambridge Univ. Press, 1995), pp. 147-163,
MR 1388300.

M. H. Freedman, The topology of four-dimensional manifolds, J. Differential Geom.
17 (1982) 357-453, MR, 679066.

M. H. Freedman and F. Quinn, Topology of 4-Manifolds, Princeton Mathematical
Series, Vol. 39 (Princeton Univ. Press, 1990), MR 1201584.

R. Geoghegan, Topological Methods in Group Theory, Graduate Texts in Mathematics,
Vol. 243 (Springer, 2008), MR 2365352.

S. Gu, Contractible open manifolds which embed in no compact, locally connected
and locally 1-connected metric space, preprint (2018), arXiv:1809.02628 [math.GT].
C. R. Guilbault, Manifolds with non-stable fundamental groups at infinity, Geom.
Topol. 4 (2000) 537-579, MR 1800296.

C. R. Guilbault, A non-Z-compactifiable polyhedron whose product with the Hilbert
cube is Z-compactifiable, Fund. Math. 168 (2001) 165-197, MR 1852740.

C. R. Guilbault, Products of open manifolds with R, Fund. Math. 197 (2007) 197214,
MR 2365887.

C. R. Guilbault, Ends, shapes, and boundaries in manifold topology and geomet-
ric group theory, in Topology and Geometric Group Theory, Springer Proceedings in
Mathematics & Statistics, Vol. 184 (Springer, 2016), pp. 45125, MR 3598162.

C. R. Guilbault and M. A. Moran, Proper homotopy types and z-boundaries of
spaces admitting geometric group actions, Ezpositiones Math. (2019), https://doi.org/
10.1016/j.exmath.2018.03.004.

C. R. Guilbault and F. C. Tinsley, Manifolds with non-stable fundamental groups at
infinity. IT, Geom. Topol. 7 (2003) 255-286, MR 1988286.

C. R. Guilbault and F. C. Tinsley, Manifolds with non-stable fundamental groups at
infinity. III, Geom. Topol. 10 (2006) 541-556, MR 2224464.

A. Hatcher, Algebraic Topology (Cambridge Univ. Press, 2002), MR 1867354.

B. Kerékjarté, Vorlesungen Uber Topologie, i, Die Grundlehrender Mathematischen
Wissenschaften, Vol. 8 (Springer, 1923).

S. Kwasik and R. Schultz, Desuspension of group actions and the ribbon theorem,
Topology 27 (1988) 443-457, MR 976586.



26.

27.

28.

29.

30.

31.

32.

33.

34.

Compactifications of manifolds with boundary 1101

G. O’Brien, The missing boundary problem for smooth manifolds of dimension greater
than or equal to six, Topology Appl. 16 (1983) 303-324, MR 722123.

F. Quinn, Ends of maps. III. Dimensions 4 and 5, J. Differential Geom. 17 (1982)
503-521, MR 679069.

I. Richards, On the classification of noncompact surfaces, Trans. Amer. Math. Soc.
106 (1963) 259-269, MR 0143186.

C. P. Rourke and B. J. Sanderson, Introduction to Piecewise-Linear Topology, Springer
Study edn. (Springer-Verlag, 1982), Reprint, MR 665919.

L. C. Siebenmann, The obstruction to finding a boundary for an open manifold of
dimension greater than five, Ph.D. thesis, Princeton Univ. (1965), MR 2615648.

R. W. Sternfeld, A contractible open n-manifold that embeds in no compact
n-manifold, Ph.D. thesis, The University of Wisconsin, Madison (1977), MR 2627427.
T. W. Tucker, Non-compact 3-manifolds and the missing-boundary problem, Topology
13 (1974) 267-273, MR 0353317.

C. T. C. Wall, Finiteness conditions for CW-complexes, Ann. of Math. (2) 81 (1965)
56-69, MR 0171284.

S. Weinberger, On fibering four- and five-manifolds, Israel J. Math. 59 (1987) 1-7,
MR 923658.



	Introduction
	The manifold completion theorem
	The stable Z-compactification theorem for manifolds
	Outline of this paper

	Manifold Completions in Dimensions <6
	Conventions, Notation, and Terminology
	Ends, Pro-1, and the Peripheral 1-Stability Condition
	Neighborhoods of infinity, partial neighborhoods of infinity, and ends
	The fundamental group of an end
	Relative connectedness, relative 1-stability, and the peripheral 1-stability condition

	Finite Domination and Inward Tameness
	Finite Homotopy Type and the -Obstruction
	The -Obstruction
	Geometric Characterization of Completable Manifolds and a Review of h- and s-Cobordisms
	Proof of the Manifold Completion Theorem: Necessity
	Proof of the Manifold Completion Theorem: Sufficiency
	Z-Compactifications and the Proof of Theorem 1.2
	A Counterexample to a Question of O'Brien
	Proof of Lemma 4.6


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on 'Press'] [Based on '[Press Quality]'] Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        30
        30
        30
        30
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 14.177000
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


