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I Thusrom (came grup): Sugpose X 1z am ANR andl
FX-Y b a et b ,,,(,7;7 Thes uﬁ s am ANR 5f amd

,;Ja ¥ £ a me eﬁmlfa,émce

Example (Taghn): There is o coll-biee mop £:@>T
Wﬂ @ s the Hilberl cobe amd T & gt am ANR.

T Iy The B;g Questipn : Cam o cll-Like wap voase
U g diwmematon 7 Ts “thire o cell-Like map Fo XY whou
Vet X s am ANR ) dum X <0 amd dim ¥ > olin X ?

,\'\H; )'\. l‘-\lg‘ Y =

P LT ) e ,
G The Kowlowsley ~ Walah Thevwm Sayo that

. ' Y
n“&‘ l{-&‘uz. Ao ‘ﬁ thin Wﬁhm ‘s WUpy!l W X
ol G e o subsel of & 3-mandrtd .

A
(7

| Our vaafegla )f—mr p\row&nj The Koz[mk[f
Walh Theosomn 15 vevealod Inv the frf&mhﬁ,
Lowma, Girew o ctll-bite map f:X-V, m
ordtn tr show that dim Y £ dimX, we seeR
oM “wfpruxnw&f. feme? to £ — a map
lgi\/-—?X such that 403 i close to 1lY.

L&mﬁ. Sw?w -F:X—?Ylk a"PWW‘%—

!'ma/f. If Coraw_u( opon coves W-of Y, thine is a
'Ma10 9$Y—>X sich that 'F"g e within W of 1y,
thow dim Y £ dim X,
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Proof : Suppose dim X =n. let U be an
Opim corin of Yo The £U a‘smmmof)(.
So tht 1s g Qm‘-a% fimte opn cove Uof X
of udn entt sudh’that A Y= {bV:ve s
refine 71U - Stnee £ @ propet omd MO) thou
‘Fa@?fz {-P(c.QV)i VECUE rs @ M "Ft‘m"ﬁe. d&iwf
cven of Y which vefie U. (Hiwwor, £ dotar
wmt mean/ hawe c1dn émﬂ,) For each VeU,
chome o UY) € U for whih £(0V) © UV)-
Stre FL U % finte ’ﬁW%ma;wu_
vy, WY of Y such Hat f ench Ve,
Uiwe W : ) aw+gl c Uv). (Fr
ch/lf\ﬂﬁ'y) bt Wﬂ - |
NEUW) = Ve and g € PEV)] — U f (ety): veY Mﬂ,@(ceu)},;
ot W= {WyzgeVSe W the duind opon carvn of Vo)

B pothusin, Pt v a 2 Y X sueh
that foa 31'5 ECWV\ W of 1[vaﬁof3r U a
| {imte opm coven of Y of weden enet . Tt
romaim o show that 97! refinee U, I faed,
e shald s kow hat 3"'(1/3 CUWY) dm eanh Ve
et VeU. ket Ye g"(V). Thow o a We W
1S(M/L that Y ';Oalv)) e W. S ;Cy)c- V,
them foyczp e ¥ (elV), So £(etV) W #8. Now
o chosie ' of ?/V"Wmlm thad WCUV) S0
yeldlv). &
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2. A prost of the Kozlewshi- Walsh Thootou

As a wamm- wp for the lorvmp of the Kozbuwsk:-
Walbh Theotom , we will 3‘” a self - contained proot
of the Mm‘v red

Thesom. Q ¢ SufmetsquNR whidn 15
SEM& or cowfacj amd F: XY 15
el ~Like map. Tt dim Y<s0, theu oliim ¥ & duinX.

Before %m&j the proof ot Theswom O, we
recald o vwmlbun of demmm which widl be
el 'bMW thin sectitn,

het W&mwc&mﬂa spaee )
For ACY, we bt Star (4,%) = UfVe AnV+g3.
We Say 'ﬂwd'?f staj-refineq amaf%ww?{of Y
it -QW ye, Sfar(y,‘if) 's conhined rn am
6":;3 opom Comen of a w@hkspmy
o ctar- re»fwoll;:]swo—tm opm ConM of V.

| Lg'tczrhwnppmmd{asfmy_ﬁ\a

;_ﬁo{'?fls'b‘ww«wdhm

| K= 6 U Gcs-rm“f.'e.amﬂnd#—‘ﬁg

‘.;[csel( thewa 0G = $Tc6 : T+63 and
WM G s m&uﬂwtumdm

for nzo, K™ = feeK=dms enl.
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Lz't CUJ(JLG.MOPMCWO(M 5MY,M\J(
It K be s nerve. het 0. (V) the Banuch
spoer of all s —summable  famchug o> R
with morm Jlell’s (S (x@)* = Ve ¥ 3)%2, The

wndindymg K, dewsted K], 15 the

3&bspm of by(¥) gmf‘:«f:‘ry of all o«:Y=>R whih
solisty the Jellsnng thhee conditirna :
() dﬂlr)c (0,11 , @) «'(0,1] € K, and
(3 Six):VeYi=le For 66 K, we Lt
lo]= jxelkl:a™'(o))] € &3, ntlsl=
fe |K[ x'(0,1) =6}, amd 31| = 16l -intls],
Then §intlel:6e K3 @& a—dxsjoc“n‘b eollection whose union
is IKl. For LeK, we It ILl= Uflsl:6eL %,
Tf 6e K and dim 6=n, then Il i am n-cell amd

‘916'11 [dal 15 its (n-:)—sp&wL bomdw%.

A qain bt U be am wpwmo"'aspa,w\/,ma(
fet K be s norve. Kois bug% foute for ench
ceK, the sed ite K:GCZE o fite. Uis stur—Finite
rf for cash Ve ?f, the s«ef{Wf‘Zf: VOW¢)bf i finite.
.f'nu..'Fbu,&m\ﬁ awt ebu.ivaﬂwd'i MY i star-Sinite, @ K is
il #M"Le, @) lkl is buﬂlfj whupaw'f’. H o wedric
spaet ¥ 13 edther ﬁo@aﬂy cmpu} or sqparable, thew each
:{f)e';/ coven. of Y s re-fined lr\«} a star—Imife opm cover
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Ajainlbfzfﬁt W oM CHNN o a spate Y,awa(
ft K JM e narve. A rE Y= Kl s a b%%ﬁt‘c Wap
i it satislies etthe & ¢ -Follouh‘@ valud conditt ous ¢
W i ~|e\1, ¢ € K and ?(1)61':0{!61, then Y€ ne ;
@ it yeV, Ve and Py (N >0, then yel-
Bwujwd”n‘c Maf exist. For,take $¥,:VeU$
o bt o pantition ahmd'j subndindh te U3 e,
1) ‘FWQM/L\ Ve?f, sz)’—:» [0)1] 15 & map with a;"(o,l_] C Vg
() {Ky"-"(oﬂ: Ve¥UF )s a fwite spen coven o Yy and
(3) zix\lhﬁ: vey] =1 Jov each ye Y.
Then a lpmg combric map @:Y-> 1Kl 13 detined pr the
+ormmle 10“7)0/): )",(11) for 16)’, Ve,

Proof of Theoww Q : We have isololed the
contoll (dea of thi pmo@' in lewma B bdaw, beeame
we shafl e thiv Z‘MW in the prost of the
Koelowoler— Waladr Theseme .

thUL&me*pcho‘F Y. By howma A,
ot st fo-ﬁlndam.f g:}’-—?)( suc»\‘baf fog 1<
‘WH:IM}J'I u O'P ”Yf

'! Mt?fohthoﬁwwmofypmwﬂzd@
Lo B o rveponding to the spom covn. U oF Y
ol the choice n=dim Y. Stnw X 15 erithon szfmw{e

or MW)M F mapa X propunlly ot Y



_12_

tham Y i edthon separchle or sl Abir
dim Y =n. Cm 7 ) (Uo s re hw(mm stan-fwte
O?WCM/UL Qfﬂf Y o ordiy ¢ ntl. (f’mof= CZfo S
refined by o stanr-finite opn _cover W of Y, ond W
25 re‘ﬁ'nw(bﬂ W opn conn T F Y of ovdon £ nt .
Lt «: Y > W a‘PmaL(‘m swch that T € =<(T)
Jov each TeS. For each We W, L Viw) =
ViTe I: ()= WI . Then U =1V(w): we W3

5 o star-fire Ofwmof )/ Wc& vedinor Y
md haw ovdin ¢ ntl.)

het K b the mnt of Y, Them thare 13
map IK®)=> X such thal o 6e K®, thm
there tsquew o whuich Ue c Ul GW'&[

\IJIO'I C f'U. Swe the ovder o Y e Entl, Fhom
lea_-K, ol x'vwa_ﬁﬁ of |kl ol X.

hot p: Y= JK| Je m$ umlwbmwp- Define
9:)’-’)( ,6:7 3:\’).;?. We mmﬂu'ﬁw‘i‘fd 18 With'n
U of 1Y, Let ye V. Cheoe o e K <o-that ?(17)61'#10)-
Theon ve No bedaus P o bu«gmmw-
ere v o Ue U such that "Us CU and

plsl ¢ £7U. Tt Jotlown that yeu and
9(3)'4 %?M‘?JC- FIU. So 7, foﬁ['f) eld. &
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| emma El& Swppose- X 1% am ANR and
£:X=Y s o el Ui . For coven U
of Y, Jor nz o, m‘;’Phut 15 m%%
of Y wi%u:% wtodm\\g pro o T+ U s amy
shan-1 inite opUn L of Y whidh vefiun Up amel
K is the nrve of U, thom there 5 a map
P K@= X such that Yor each 6 € K*', thue
isa UeU suchthat Ur CU and yplol C f7U.

Proots lot U, = U We cam chome n opon
oo Un-r, ?/},.z,---,% of Y so that der 820¢ A
it yeY, then thae is a Ve Uy such that
£ (Star (v, ‘VL)) codmels fo pa:hj n V.
Tf octcn-t omd we hane Uiy, thon we ebtain
Uy m twr stps. Fist, she f2X2Y cell-bile and
proper thoe 15 am ofom Coven Wof Y sock thal
for coch We W thowe i o0 VEY,,, so tht £7'W
covtoets v a pm\d i £V, Sewmd dake Ry T
be o <tar-vefinemnit of W, Observe that Us must

Star- vetin %‘u by ocien.

| SWPPMG. i Is a Stav- Fraite opei Coveh of Y
wﬂu‘c)n refinn Yo amd K 25 the nerve of Y. For
0Litn wL M}Mu&h‘m@ obtam wape iz |KD|-> X

withs the Follm‘hj P”’P”"‘y .

@D,; : For eaan 6 € Km, there 15 a Va(a)E?f5
sach that Uo C V;(6) amd ytlsl C£7V;(a).
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Sine Un=U, we will b dome whin we fope
yh: KO = X satishying ?,.

To in, fov each VEU, chooe yeo | fvil
to b a poink n V. Thia defermies
poz KO [ X so thad it satis {5t Po .

het occent amd dndueively asamme we

howe a Tap pP: IK®|=> X which sabsifres ;.
Now comodee a o € K”ﬂ) with diwmea = 1. het
ye Ne and choose Vi () € Uy, so thak

P (Star (1, UD) codvacts to a podet 1 7' Vi ().
Swee ¢ <Y amd Y vefine U5, them

Ve c Stanty,¥;) C Viy (0)- (Thia veridve Pa/u'f
of @,}H.) For each T e 90, we prowe that
yiT e A Stan (Vo) as fotlews @ Thaw i

a Vit e U; suech that Ur V@ amd

\p‘:l-cl c - V;(r.)g am.cl V;‘(t) C.S'tm(j,?fﬁ)
Metae ye Ne €Nz C Vi)e We conclude
that ¢ [96] C £4$tan (3, ¥3). Stnce £'S2a(s, %)
conhacls - « Fomi i TV (0), thm @& )36|
extends tr a rm?a of lol o f'Viy(a). Tn
thia po o lKDPl=> X extendy o = map

“"‘:“[);2';*"1—?)(. The codinuty of Y fotloun

o the Ital finitenss of K winch s
goanasked by the stan-finitencus of U Moresyen,
g sakisdiee By, Tndeed, for ¢ € KO



i+ diwm 6 = U1, thowm Bre, haldo cmstruction
amd ¢ dim g ¢, P bl Y
sahistie ;) wor extenda wY, amd U vefine
C{[iﬂ. ®

We cam wae hemme B o prove Thoum O
l&bﬁd,w% we fnow That dim Y <oo. Suppose we Adon't
it bmsw- thal dim Y <oo, but we make o hove

wond hemma. B wnywal Them we

obtain am me of Y amda map p: IK =%
whre K e nerwe. of U, Sthee we dom't femsw-
that dim Y £, we cawd regui tlad X hawe orden
¢ nt), omd we cmll cmcbude that K®=K. Thus,
the domain of ¢ s vt ald of 1K), lemuma C

will shew that we cam exfend \P'l:DaLW\a.,rﬂ'F

U.i@_ of K\ ve X aF:

(1) thae & o coven W of X ba‘twp-m\sdlb Wﬂ
Site Andorsecttone Dt trivind %«M 'ﬂw'wrhrrtj, amd
D ¢ maps the wshelobm of each il of K
il om Mo{" w,

Tt so emﬂwm that £ X G o B-maniteld, we
tam Aind am op covor WP X amd cotrnl

S0 that thar o comditions b, Thi &
Ao e prowt the Kozlowsks - Walsh Theorom .
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Lemwm £ x Suppose K -thﬂ,Ezrn o am

open cover of sema <pase, K fo buﬂj wite , nxl,

p3 K| — X s a me‘:, W is an open coven of X,

amd the ‘Fodmmﬂ twe conditions Retd :

m If WI,W,,)..,)WheW\f, then for eash yn, every

map of the p—sP‘uM. SP yuly ﬂ,-,!,‘ Wi s [Mb.yfc friviel
@ Fov each ce K, thoae 15 & Wio)e W such

1’ |ot™| C W), whone @ = {'z:c c:dimT en?.

(0™ s the n-skelefom™ of 6.) Then P extends

to a map y:lK[—>X such that g lol C W(s)

Sor Bd-bﬂ\ ge K.

| Beool: For each o e K)Mw*(d)Z[){W(B):O'C'CéKZ.E
We verity thit ¢l C W¥(6) for cach 6€ K. |

We must prove thaif if oce K and 6T, thon
vie®w| c W(x). 51'»«11% obsorve that o ct®  and

\{/l't‘“’l C W(x).

het p'= Y- For each p7n, we shatl 7\n61.ud711647
conitruet o pPe [KP)= X cuch that
‘rP, “(Cp-l)l - V)p-l M ?,PI G-(P)I C W*(G)

fov each 6€ K.

Assu,w_ s aw{ e M a map
¢ [KPO|>X  such that ¢ P! | 0@°] C W¥(s)
Sor each 6e K. MNow comordin o s KPP with
(h‘mﬁ‘:lp. Stn e O'(r')=36, Them “’B-'ladc W*(s).
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0% &1 awhy W) Tn "!f”élﬁi.;? ey
Y Wﬁ}v o Wagp \%E’ : K (Eﬂé
r wam% that wt o] W and
ﬁéw that of 0, T e K, ) [ € {jf(s@}
hm WP pl C W), St
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The. Kozlwski — Walsh Theovow @ T M® s o 3-manilold
omd FMV v all-Lke map, thon dem VY ¢ 3.

Remark: Kozlowski and Walsh qc‘tb\% obtam a_
Stw reswlh s T# M® ¢ o 3 ww.niwcou, X \s any subsed
of M?, amd £:X2Y & a proper owhy map such that
f'"n % o o) -Lke sdSor each Yeé Y, then dim Y &olim X.
Tketj do not assume ecthen that X i am ANR or that X
s o olosed subsed of M. Tn the cann that X 1s am
ANR amd o hosd subset of M2, -thwmammsﬂj
deduee the St Ao veamlt 'F_u_'_m +he Theorem staked abeve
n the ﬁoumhg woy o Lot Y e the guotiend space
obtained From M3 1'%%\‘!\%»67 the poinf-impnaes of
'_E to Folwls. Tham we com and Y an a subsct of
Y yomd we cam veqand the wit map £: M>>Y
25 am extomaton oF £:X—Y. Since F s cebl-bitee,
the Theovem :‘wp&'w dviw ¥ 3. Momee oum Y£3.
So Theorem O -;M’u that dm Y cdim X- I+ X s
wot am ANR, thom me can't mvoke Themem O3 so
. dwn Y &3 u‘szLMWM?J"If X v wit

o olosed subsch of M, thon +he gictiont wap
F:M’>Y i wot necsaamidy propen, dud thin sinple
Mawd' yl'&% Mbﬁl‘hﬂ The frvnc whichh
e A wbwi'ffrgx‘w of this Theorem can be
modidied 45 a pmma of the s-frdngw reaudts
We will commend om theae modilieatirny ofter
we proewt the proot,
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7% Dedinition = A s paet X ik as’péankaj htzf
v P72, of the p-sphre S°
yuley Mﬁ I's Wmm%ﬁww .

_EC?P‘[ E{ the KO?[WLA"UM Themom =
het W&emwmaf)/. By lemma A,
it sufhuws tr find a map 4 Yo M? such that
403 s within U of Y.

het U* /IKOMWV\ coven. of yw{u'ok

S‘{'M'V‘U{L\AM ‘Ll,‘ amd for eaw/l« Ye Y, thosae
uje U¥ so that ye HJ’ Our MM? +o

rove o Thesem dl//mda Wucz% o Ttwo
fok abmt  3-manditde winch v eolablishad

W sectim 3 - CWOMM:’ F2 ahd, COro”Mgv F3.

We new rave ke Coral,la)cg F2 1t obtuh for tach
heY o MPMMJ pum swh s M{, of M* s
“that F*g C WJC £ Uy We adar reﬁmm'%af
it y,zeY, then h{’ UWz s a pr@msogbszf
O'f Ms- Lét W:{Wyfijé V;‘ St\n& -f:N'?Y
e o propa map, there v am opem cever U**
of YV suh that Jor Mje Y, thoe w o we W

%)
5

sunch that £7( Star(y, U*)) C W . Observe
that UT¥Y el petiie

Lt Uo J)‘('H\LW coven ol y[)rowid_’w/
l}g homma B corrponding tr the spen aven. U
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o;cmi Wﬁmu n=2. St\nycz M IS S&/)w‘wé& Wl

ot Y, thow Y alse separable .
W’%W na stn-timte W?fﬂfy
wiidh refime Yy, Let K te peve of .
TWWLG«M@ *}”,kwlﬁ"m Suo[aﬂmi
for each 6¢ K@, thie is o e U*” for which
Us CU oand yls) c £1U.

We shall wow shew fhat the "ypaﬁ/xaw
o Lewma C bt fov owr chorwe of n=a4 so thdd
v will wxtend 1o ol of [K[. Corolluj F3 amd
sndnetion iw‘\ﬂ»«j that amiy Lowiee nmn%o]cﬁémmil}
ot W hamt Mﬁ\ww’i inorsection . We muet s
wvww%rw% cekK, thw ha We)e W
;SM that ¥ @] ic) whoy 6 ={Tco: Adimre2s.
bt ce K. lu:tjeﬂc, Chooar Wi(s) € W so that
£ CsW(q,,fu**)) C W(e)e het T e 6@, We
et show g1t C Wiedo Thoe o a Ue U
sweh that Ut € (L and ¢lt] C f't. Smee
loe c Nt , -M\,wyeu, So 77U C -f"g‘fm(aj,il*"‘).
We concdne that ™~ il < Wie). Now kemma C
prowde o map 7t lkl—>M which extende
P 2 (K@M’ sudh that ¥ 1wl € Wle) each
6e i,

| L.utcf:)/—*lKl,{ytalo mmaf
Define. q:Y—> M by Sz_qfncf,a%& now angue
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that 1[;3 n owithta U of 1YY, Let \o,éy,

M\,pm 0 € K so that ?CTPG tnt lol. Then 3end
bvame ¢ & a baxycmﬂl?n‘c map . hot Vec.ThcmgeVo
Smee §vEe KO “and U* redines UY, Thon thore »s
o Uy e U* such that VCUy amd l{vi] € £ U;.
Theretone ye U, amd yTI{V}) e f'Uy. Swe W
refine £TUY , thoe s a Uy € U such that
?lG‘l C 'F"ul . So 3,(.11)2930?(11)6 F-IU;{,M

fegap € Uy. S {V3 C o,

How FlUVI € Flsle Thw wlivile £7U At U, .
We ecomcduale that yely, ﬁo; (y € Uy and Uinlly 2 9.
Sinee UF star- redines W}W!Z a Ue U sueh that

Uivll, cU. Theeh y, Poj(-j)eu, =

As we noted ectr‘t'tr, Kozlowske and Walsh prm.al a
Le'l'-l-cr theorem Fham we, atfributed © them. Thy ac’fﬂaﬂé,

of tamed :

TK.Q S‘tr% Koe[ms‘nlw M§ I+ M?
15 o 3-manifold ;X & owug subsel of M3 aml {:X->Y

1S o proper owle map su that f"y s a cell-bobe set
for each yeY, then dim Y eim X.

We now ndicate howe Hhe pmoic of #he

Koxlowshi - Waleh Thesrem given. abive cam be adapted
to prove  the S‘ﬂrdvy_ Koelowsbi-Walsh TVheorem
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Sufpou XM amd f: X=>Y % o proper Gh)ltD'
mep., In this situadion we say thed « cobleat o
%oformsdﬁd‘sof/"lt‘sasﬁfm@m
amr of X f U covenn X amd +7F (Unk)=UnX
v eah Ue U Thio conddtim ks FU =
{F(UAX) : UeUS am spm Cover of Y.

The princigal diHerence bchwam the
proof ﬂ«m afm andl the ,orwf of the ﬂfwn?dc.
thoowh 1 the Sollwng : The m&p@d&»'é&
whime /ompf’ an opom covtn of YV must b played
th the  proo ot the strowgor vesulf- by a s,

opom coven of X lonmao Aand B At Eramo Formed
aacerd e fhe %th pmpos:'ﬁbu. le numer
C nedd ‘no medihidion.

EWA(-' Su,f)P:D:‘Q XcM ﬁdmz—?y is a
PrVPV\, m ’ Z'f S O?M,
oo U of X kot s map 2 ¥r X, such that
gof s withy U of the tncluorn XS M ; then
dim Y ¢ dim X .

Le s R - Swppm-ﬂ M % am ANR, XCM
omd Fo XY b prepor map sach that f'y 5 o
wll-like st for cach _tjc—Y- Fov% sattmdesd

opm v ‘U o‘FX, Jor n%0, there 13
o svlmaed epom crn U, of;J wf‘f/z) the -ﬁ)%w;ﬂ
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pro ., I s star-finite “vpem  CoN of ¥
wh%cﬁm PU@_,% K s the nerve of U
’ﬁWv\‘fWBmmwp Y k™ — M sueh that

for each ce K™, Hunt 5 a U such thal
Ue c f(UaX) amd lel U .

Msdule thue ablevesios, $he proot
procu,d.o ' owl bihe a0 2t ddd absve. fs My
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