& Counterexempis {o & Geomeiric Genergl Position Conjeciure

Let dimylX) denote the Hausdor{f dimension of @ subset X of B, and for
xCRBYPandpe B let X+p = {x+p:xe X)

The following conjecture is false

Geomelric General Position Conjecture. IT X and ¥ are compacta in
E" such that dimy(0) + dimy(Y) < n, then for every £ > 0, there is a p € BD
such that ol < £ and (X+pInY = &,

Example. There are Cantor sets X and Y in [0,1] such that dimy{X) =
dimplY) = O and (X+1InY # & for every t £ [-1,11

Proof. For each t € R, let Ly denote the line {{xy) ¢ B? 'y = x+tl
Observe that the statement "(X+t)nY # @ for every L € [-1,1]" is equivalent
to the statement “Lyn{XxY) = @ for every t € [-1,11. Our construction of ¥
and Y is aimed at satisfving the latier statement.

First we inductively construct two sequences {myl and (ny} of positive
integers and two sequences {a;) and {b;] of positive real numbers satisfying
the following conditions. my = ny = | = 3, = by, Furthermore, for i = 2,
a) my = (ag_gfﬁ-i_g)+3F
by a; = (mi"'m@)“ig
T} n; > ibg,_;;’a;}ﬂy and
d) t}}‘ = (ﬁi'“ﬂi}mﬂi.
Observe that for i = 2, myand ny = 2, 2; and by = 271, mya; < 2j-1, and
niby < By,

Next we inductive construct two decreasing sequences of compacta X; 2
Ko D Kz 2 — and Yy D Yy, D Yz 2 — in [§,1] satisfying the following
conditions. ¥y = [0,1]. Furthermore, if i = 2, then _
a) X has exactly mymy components, each of which is a ciosed interval of
fength a;; and '
B} if [ is a component of X;_1, then I contains exactly m; components of K,



and 1-¥; has exactly mi~1 components, each of which is an open interval of
tength (@ ~ ma;)/{my~ 13 (Here we use the fact that ma; < 331}
The Yi's are described similarly in terms of the ny's and by's.

NMow set ¥ = Mz, and Y = iz 1Yy, Then X and Y are Cantor sets in
(0,11

tet k = 1. We now estimate the (1/k)~-dimensional Hausdorff measure
of X. Observe that for each | = k, X © ¥, ¥ 18 the union of my-my disjoint
closed intervals of length a;, and my-my(a;™) = 1. Also observe that for |
2k memia®) = memilah o= L It follows that the
(1/kj-dimensional Hausderff measure of X is = | < o, Hence, dimy(X; =
i7k. We conclude that dimy(X) = 0. Similarly dimp(Y) = 0. |

Clearly, XYy D Xpx¥p D X3x¥z 2 -, and #xY = [ Xx¥;. Let L €
[~1,1L Wwe prove L;n{XxY) # &, by inductively demonstrating that for each
iz 1, LenlXxY) = 2,

We begin by observing that {((1-t)/2,{1+1)/2) € Lenl0, 112 = Lin{XxYy.

Let i = 2 and inductively assume Lyn{X;.9xY{-(} # @ Then there is a
component T of %_y and a component J of Yo such that LintixJ) # @, we
assert that Lyn{{InX)dxJ) = @ For if not, then Lyn{IxJ) Hes in {I-XjxJ,
S0 Lyn{ixd) is contained in a rectangle whose base is one of the open
interval components of 1-X; and whose height is J. 3ince the open interval
components of I-X; are of length {ay_; — m;a;)/(my=13, J i of length Dy y,
and Ly has slope 1, then

bj..;/{fafg._i “mgag)/iﬂ"%g*?}} < 1.

Henice,
Mmibi—y = by < aj-¢ = Myay.
>0,
Mibi~y < Mibj—y + Mi3j < Bj-y + Dy
Therefors,

My < (a]t,*ifbi_ﬂ%- i,



a contradiction. Our assertion follows: Lin{{InX)xJ) # @ So there 15 2
component 1" of ¥ such that Lyn(I'xJ) # &

Next we assert that LyrdI'x(Uny{)} # @ For if not, then Lyn(I'xJ) Tes
in I'x(J~Y{l So Len(l'=J) is contained in g rectangle whose base is [' and
whose height 15 one of the open interval componenis of J-¥,. Since I' is of
length &, the open interval compenents of J-Y; are ol length
Byt - nybyilng- 1), and Ly has slope 1, then

i< Hbjoq - mibyiing-1i7a.

Henge,
gy - ap < by - by
5o, )
njgy < myay by < g v by
Therefore_

Ny < {bj-qy/ap + 1,
a contradiction. Our assertion follows: Lin{I'x(dny)) # @.
Since I’ € X, we have prove that Lyn(GxY) # &,
Now Lyn(XxY) = @ follows by induction. Hence, there i3 a point uy) €
LindxY) Soy = x+t, xe X andy e V. Thus, v £ ({+1)NY. This shows

(X+0)nY = @ for every t £ [-1,11 0

Observation. 7 = XUY i3 a Cantor set in [0,1] such that dimy(Z) = 0
and (Z+1)NZ # @ for every t £ [-1,1].



