0. Background Material: Properties of Functions

Definition. fis a function from a set X to a set Y if f assigns to each element x €
X an element f(x) € Y. We write “f : X — Y” as an abbreviation for the statement “f is a
function from the set X to the set Y”. For each x € X, f(x) is called the value off at x.
The set X is called the domain of f, and the set Y is called the range of Y. Two functions
f and g are equal, denoted f = g, if f and g have the same domain and if f(x) = g(x) for
each element x of this common domain.

Notation. Suppose f: X — Y. We may also express this by writing
“x - f(x) : X = Y”. For example, we may denote the squaring function with domain and
range the real numbers R by “x - x*: R — R”.

Definition. Suppose f: X — Y. If AC X, the image of A under f is defined to be
the set
f(A) = {f(x) : xEA}.

Thus, the statement “y € f(A)” is equivalent to the statement “there is an x € A such that
f(x) = y”. This equivalence is useful for proving results about the set f(A). The set f(X) is
also denoted Im(f) and is called the image of f. Thus,

Im(f) = {f(x) :xEX}.
If BCY, the preimage of B under f is defined to be the set
'(B) = {x:f(x) EB}.
Definition. If X is a set, then the identity function of X is the function idx : X — X
defined by the formula
idx(x) = x

for every x € X.

Definition. Iff: X — Y and g : Y — Z are functions, then a function gof : X — Z,
called the composition of f and g, is defined by the formula

gof(x) = g(f(x))
for every x € X.
Definition. Suppose f: X — Y and suppose A C X. The restriction of f to A is

the function with domain A and range Y which is denoted f| A : A — Y and is defined by
f1 A(x) = f(x) for x € A.



Theorem 0.1. a) If f : X — Y is a function, then foidx = f = idyof.

b) Iff:W—=X,g:X—=Yandh:Y — Z are functions, then ho(gef) = (hog)ef.

Homework Problem 0.1. Prove Theorem 0.1.

Definition. Suppose f: X — Y is a function. A functiong:Y — Xis an inverse
of f : X = Y if the following two equations hold: gof = idx and feg = idy.

Observation. The definition of inverse is symmetric. In other words, ifg:Y — X
is aninverse of f : X = Y, thenf: X —Yis also aninverse ofg:Y — X.

Theorem 0.2. If a function f : X — Y has an inverse, then that inverse is unique.
In other words, ifg: Y — X and h : Y — X are both inverses of f : X — Y, then g = h.

Proof. Assume f: X — Y is a function, and assume that the functionsg:Y — X
and h: Y — X are both inverses of f : X — Y. Then by Theorem 0.1,

g = idxeg = (hofog = ho(fog) = hoidy = h. O

Definition. Suppose f: X — Y is a function. If f : X — Y has an inverse, then
that inverse is unique by Theorem 0.2 and we denote it by f' : Y — X. Thus,
flof = idx and fof ' = idy.

Observation. Suppose f' : Y — X is the inverse of the function f : X — Y. Then,
as we observed above, f : X — Y is also the inverse of ' : Y — X. Observe that this
assertion is also expressed by the equation ()™ =f.

Remark. Suppose f: X — Y is a function and suppose B C Y. Observe that the
set f(B) is well defined and exists regardless of whether the function f : X — Y has a
inverse.

Definition. Suppose f: X — Y is a function. f is injective (or one-to-one) if for all
x, X € X, x =X implies f(x) # f(x"). fis surjective (or onto) if for every y € Y, there is an
x € X such that f(x) =y. f: X —= Y is a bijection (or a one-to-one correspondence) if it is
both injective and surjective.



Theorem 0.3. Suppose f: X — Y is a function.
a) The following three statements are equivalent:
 f:X —Yisinjective.
* Forallx, x” €X, if f(x) = f(x"), then x = x".
« Foreveryy€Y, the setf'({y}) contains at most one element.
b) The following three statements are equivalent:
 f:X —Y is surjective.
* Im(f)=Y.
« Foreveryy €Y, the setf'({y}) contains at least one element.

Homework Problem 0.2. Prove Theorem 0.3.

Theorem 0.4. Suppose f: X —=Y andg:Y — Z are functions.
a) ff:X—=Yandg:Y — Zare injective, then gof : X — Z is injective.
b) If f: X—=Y and g:Y — Z are surjective, then gof : X — Z is surjective.
c) If gof : X — Z is injective, then f : X — Y is injective.
d) If gof : X — Z is surjective, then g : Y — Z is surjective.

Homework Problem 0.3. Prove Theorem 0.4.

Homework Problem 0.4. Find an example of functionsf: X —Yandg:Y —=Z
such that gof : X — Z is a bijection, but f : X — Y is not surjective and g : Y — Z is not

injective.

Theorem 0.5. Suppose f: X — Y is a function. Then f: X — Y has an inverse if
and only if f : X — Y is a bijection.

Proof. First assumef: X — Y has aninverse f':Y — X. Thus, f'of = idx and
fof ' = idy. Since identity functions are injective and surjective, then f'of is injective
and fof ' is surjective. Therefore, parts c) and d) of Theorem 0.4 implies that f is both
injective and surjective. Hence, f is a bijection.

Now assume that f : X — Y is a bijection. Then according to Theorem 0.3, for
every y €Y, the set f'({y }) contains exactly one element. Foreachy €Y, let g(y)
denote this unique element of f'({y} ). For eachy € Y, since f '({y }) C X, then g(y) €
X. Hence, we have defined a function g : Y — X with the property that for eachy €Y,

F({y}) ={ay)

Lety €Y. Since f'({y})={g(y) }, theng(y) Ef"({y }). Hence, f(g(y)) E{y }.
Therefore, f(g(y)) =y. Thus, fog(y) = idy(y) for every y € Y. It follows that fog = idy.



Let x € X. Clearly f(x) €{f(x) }. Hence, x € f'({f(x)}). On the other hand, the
definition of the function g implies that f'( { f(x) } ) = { g(f(x)) }. Thus, x €{ g(f(x)) }.
Hence, g(f(x)) = x. Thus, gof(x) = idx(x) for every x € X. It follows that gof = idx.

Since gof =idx and feg = idy,theng:Y — Xisaninverseof f : X =Y. We
conclude that f : X — Y has an inverse. O

Homework Problem 0.5. Suppose f: X — Y is a function.
a) Prove that if A C B C X, then f(A) C f(B).
b) Prove thatif CC D C Y, then f'(C) C f (D).

Homework Problem 0.6. Suppose f: X — Y is a function, and suppose A and B
are subsets of X, and C and D are subsets of Y. In each part of this problem, decide
whether either of the two given sets must be a subset of or equal to the other. If a
subset or equality relation must hold, prove it. If no such relation must hold, exhibit an
example of a function f: X — Y and sets Aand B C X or C and D C Y that illustrates this
failure.

a) f(A U B) and f(A) U f(B). b) f(A N B) and f(A) N f(B).
c) f(A —B) and f(A) — (B). d) A and f(f(A)).
e) f'(CuUD)andf'(C)uf'(D). f) £(C N D)andf'(C) N (D).
g) f'(C—-D)andf'(C)-f"(D). h) C and f(f'(C)).

Homework Problem 0.7. As in Exercise 0.6, suppose f : X — Y is a function,
and suppose A and B are subsets of X, and C and D are subsets of Y. Consider one of
the parts a) through h) of Exercise 0.6 in which equality fails to hold between the two
given sets. Does the addition of either of the hypotheses “f : X — Y is injective” or
“f : X — Y is surjective” change this situation and allow equality between the two given
sets to be proved? If so, state and prove this result. In other words, in any part of
Exercise 0.6 where equality between the two given sets doesn’t hold but addition of one
of the hypotheses “f is injective” or “f is surjective” makes it possible to prove equality
between the given sets, then state and prove this result.

Definition. For n =1, an ordered n-tuple (x1, X2, ... , Xn) iS an object with the
following property:
(X1, X2, <.y Xn) = (Y1, Y2, ..., Yn) ifand only if x4 =y1, X2 =y, ... and X, = yn.
If X4, Xz, ..., X, are sets, then the Cartesian product of X4, Xz, ..., X, is the set
XixXox ... xXn = { (X1, X2, ..., Xn) : X1 € X1, X2 € Xp, ... and X, € X, }.
When n = 2 in the preceding definition, we have the special case of the ordered

pair (x,y). Thus, (x,y) = (x",y")ifandonly if x=x"andy =y’. Also, if Xand Y are sets,
then the Cartesian product of Xand Yistheset X x Y ={(x,y) : x€Xandy €Y }.



Observe that the statements “z € X x Y” and “there is an x € X and ay € Y such that
(x,y) = z” are equivalent. This equivalence is useful for proving results about the set
XxY.






