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A collection ¥ of proper maps into a locally compact Hausdorff space X fixes the topology of
X if the only locally compact Hausdorff topology on X which makes each element of % continuous
and proper is the given topology. In I>=[~1, 1]x[~1, 1], neither the collection of analytic paths
nor the collection of regular twice differentiable paths fixes the topology. However, in IZ, both
the collection of C* arcs and the collection of regular C' arcs fix the topology. In R>, the
collection of polynomial rays together with any collection of paths does not fix the topology.
However, in R?, the collection of regular injective entire rays together with either the collection
of C* arcs or the collection of regular C ! arcs fixes the topology.
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fixes the topology passes through a sequence analytic path
regular arc C®arc polynomial ray entire ray

1. Introduction

The results stated in the Abstract extend work of Rubin [1]. In responding to
questions raised by Diestel, Sorenson and Stone, Rubin showed that in I the
collection of horizontal and vertical straight line segments does not fix the topology,
and in R? the collection of straight lines does not fix the topology. In his proofs,
Rubin endowed 7> and R* with nonstandard topologies which make them locally
compact, connected but not locally connected metric spaces. We shall see that these
topologies can be ‘improved’. In achieving our generalizations of Rubin’s results,
we equip I % and R? with ‘nicer’ nonstandard topologies which make them homeo-
morphic to specific 2-dimensional polyhedra. 1> becomes homeomorphic to the
space obtained from I by identifying the points (¢, 0) and (—, 0) for 0<r<3; and
R? becomes homeomorphic to @ XR where Q is the space obtained from (—c0, 0]
by identifying the points 0 and co.

The terms used in the abstract are defined in Section 2. The results stated in the
Abstract are contained in Corollaries 4, 7, 13, 14, 18, 22, and 23. The proofs of
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100 F.D. Ancel / Paths and rays in the plane

these results yield the following additional information. A map f:J > X passes
through a sequence {x,} in X if x, € f(J) for each n =1. No analytic path in R>
passes through a subsequence of {(1/n, 1/e"): n = 1}; and no regular twice differenti-
able path in R? passes through a subsequence of {(1/n> 1/n*):n=1}. If {z.}
is a bounded sequence in R?, then a C™ arc and a regular C' arc pass through
a subsequence of {z,}. No polynomial ray passes through a subsequence of
{(n, 1/(n +1)): n =1}.If {z,,} is an unbounded sequence in R?, then a regular injective
entire ray passes through a subsequence of {z,}. The results just stated are found
in Corollaries 5, 8 and 19 and Theorems 11, 12 and 21.

2. Definitions

The following definitions bring precise meaning to the terms used in the Abstract,
such as ‘analytic path’ and ‘regular injective entire ray’.

The term ‘map’ is reserved for continuous functions. A map is proper if under
the map the inverse image of each compactum is compact. A path is a map whose
domain is [0, 1]. An arc is an injective path. A ray is a proper map whose domain
is [0, c0).

Let /<R and let f:J >R be a map. If f extends to a map F:L >R where L is
an open subset of R containing J, and if F is n-times differentiable/C"/C, then
we say that f is n-times differentiable/C"/C®. Also if the extension F of f has an
nth derivative, denoted F™, then the nth derivative of f, denoted ™, is defined
by f(n) =F(n)|]-

Let J<R and let f,g:7 >R be maps. Define the map A :J > R? by A(t)=
(f(6), g()). h is n-times differentiable/C"/C* if both its components f and g are
n-times differentiable/C"/C®. If f and g are n-times differentiable, the nth deriva -
tive of h, denoted £, is defined by k™ (¢) = (f™(r), g"(1)). A differentiable map
h:J >R is regular if h'(t) # (0, 0) for every t € J.

Throughout this paper R” has two identities: the Cartesian product of two real
lines, and the field of complex numbers. Hence we identify R with the subset R x {0}
of R?. We reserve the symbol ‘i’ for one of the complex square roots of —1. For
z=(x,y)eR? let|z|= (x> +y?)'2

If U is an open subset of R?, a map f:U »R? is analytic if for every zoe U
there is an ¢ > 0 and a sequence {a, } of complex numbers such that Z:o=0 lanle" <o0
and f(z)= Z:°=o a.(z —z¢)" whenever zeU and |z —zo|<e. In this case, a, =
f™(z0)/n! for each n =0. An analytic map whose domain is all of R2 is called an
entire map. A polynomial is an entire map of the form Z:=o a2 k where Ag, Ay ..., qy
are complex numbers.

Let J <R and let f:J >R or R? be a map. Keeping in mind that R is identified
with R x {0}, we define f to be analytic if f extends to an analytic map F: U - R?
where U is an open subset of R> containing J. f is entire/a polynomial if f is the
restriction to J of an entire map/a polynomial.
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3. Collections of paths in I> which fail to fix its topology

The next proposition reveals the technique by which we endow I”> with a
nonstandard topology that preserves the continuity of every element in an appropri-
ate collection of maps into I°.

Proposition 1. Leta, 8:[0, 11> R be maps such thata (0) =B (0)=0and a(x) <B(x)
for each x >0. Let

W={(x,y)el*: x>0and a(x)<y<B(x)}.
Then there is a space Y and a bijective function ® : I* > Y with the following properti'es.
Y is homeomorphic to the space obtained from I* by identifying the points (t, 0) and
(—t,0) for 0<t=<%. For every open neighborhood N of (0, 0) in I?, ®|I*~(N A W)
is continuous.
Proof. Define the map ¢ : (0, 1]1x[—1, 1]-[0, 3] by

0 if-lsy<sa(x)orgx)sy=si,

y —a(x)
é(x,y)=1 Bx)—alx)

Bx)—y
Bx)—alx) if Ha(x)+Bx)<B(x).

Define the function & : 1> [0, 1]x[~1, 11x[0, 1] by

fa(x)sy<i(ax)+B(x)),

( )_{(O,y,—x) if-1sx<0,
Ty, dlxy) if O<xs<l.

Let Y = ®(I?). See Fig. 1. We leave the verification of the properties of Y and &
to the reader. [

Observe that I is not homeomorphic to the space Z obtained from I° by
identifying the points (¢, 0) and (—t, 0) for 0 <t =<3, for the Jordan Curve Theorem
implies that the only simple closed curve in 7° which fails to separate I is its
boundary. However Z clearly contains many distinct non-separating simple closed
curves.

Corollary 2. Let a, 3 and W be as in Proposition 1. Suppose F is a collection of
proper maps into I* with the property that for every element f:J > I* of &, there is
an open neighborhood N of (0,0) in I* such that f{J)A (N ~ W) =0. Then F does
not fix the topology of I*.

Proof. Let f:J - I° be an element of #. Then @ o f:J =Y is continuous. Since f
is proper and I is compact, J must be compact. So @ o f is proper as well.
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Y= (%)

Fig. 1.

We equip I? with a nonstandard topology by using @ to pull back the topology
on Y. It follows that the nonstandard topology on I? makes each element of %
continuous and proper.

We now show that for appropriate choices of a and 8, the collection of analytic
paths in 7> and the collection of regular twice differentiable paths in I satisfy the
hypothesis of Corollary 2.

Theorem 3. Let W ={(x, y)e R*: x >0 and e '/* <ys<2e V). If f:[0,1]>R? is
an analytic path in R>, then there is an open neighborhood N of (0,0) in R* such
that f[0, 1]n(N n W)=,

Proof. It is well known that a C* map ¢ :R - [0, o) is defined by

e V" fort>0,

w)z{o for ¢ <0.

Hence ¢"(0) =0 for each n =0.
Assume there is an analytic path f:[0, 1]- R for which Theorem 3 fails. Then
f(t)=(g(¢), h(t)) where g, h:[0, 1]>R are analytic. (The power series coefficients
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for g and h are the real and imaginary parts of the power series coefficients of f.)
Since f violates Theorem 3, there is a sequence {#,}in [0, 1]such that 0 <g(r;) < 1/k
and {(g(t))sh(t)=2{(g(t)) for each k=1. We can assume {f;} converges to
to€[0, 1]. Consequently g(to) = h(to) =0.

We shall now argue inductively that h™(to) = 0 for each n = 1. Since & is analytic,
it will then follow that A(¢)=0 for all ¢€[0, 1], contradicting the fact that 0 <
Lgt))<h(t) for all k=1. Let n=1 and assume h"™(t5)=0 for 0O<sm<n-—1.
Then n applications of L’Hospital’s Rule yields

h(t)  R™()

>0 (£ —t)"  n!

Since ¢ ('")(g(to)) =0 for all m =0, then n applications of L’'Hospital’s Rule yields

lim £ (g(t)z {"(e®)
=10 (t — to) n!

= (¢'(t9))" lim -o.
Now if we divide through the inequality {(g(t)) = h (1) =2¢(g(%)) by (t — )" and
take the limit as k - 00, we obtain 0< k" (15)/n!<0. Thus 4 " (t5)=0. O

From Corollary 2 and Theorem 3, we conclude:
Corollary 4. The collection of analytic paths in I? does not fix the topology.
Corollary 5. No analytic path in R® passes through the sequence {(1/n, 1/e"): n = 1}.
We now consider regular twice differentiable paths in I 2,

Theorem 6. Let W ={(x,y)e R x >0 and x**<y<2x*?). If :[0,1]>R? is a
regular twice differentiable path in R, then there is an open neighborhood N of (0, 0)
in R? such that f[0, 1]1n (N n W) =0.

Proof. Assume there is a regular twice differentiable path f:[0, 1]- R? for which
Theorem 6 fails. Let f(t) =(g(¢), 4 (¢)). Then there is a sequence {t,} in [0, 1] such
that 0 <g(t,)<1/n and (g(t.))*> < h(t,) <2(g(t,))*’* for each n = 1. We can assume
{t.} converges to to€ [0, 1]. Hence g(to) = A(tg) = 0. Therefore

4/3

N R IT L NT
fim t—to _}l»nz?)[(t—to) (£ =to) ]
=@t 0=0

4/3
RB<

and lim,..,, A (¢)/(t —to) = h'(to). Now if we divide through the inequality (g(t,,))
h(t,)<2(g(t))*? by t,—to and take the limit as n >0, we conclude that
h'(to)) =0. Since f is regular and f"(to) = (g'(f0), h'(f0)), then necessarily g’(fo) # 0.
Consequently g'(¢) # 0 for ¢ sufficiently close to fo. (g’ is continuous because g is
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twice differentiable.) Now an application of L’Hospital’s Rule yields

tim 0= (=) im
>0 (g(0)? \4g'(to)/ =10 (g (1))

(2t [ () (=) (—m2/31

3 ” 1/3 B
“agtg M (gu >) 0=0.

We have reached a contradiction, because the inequality 0 <{(g(¢,))
ht)/ @) *=1foralln=1. O

43 < h(t,) implies

From Corollary 2 and Theorem 6, we conclude:

Corollary 7. The collection of regular twice differentiable paths in I ? does not fix
the topology.

Corollary 8. No regular twice differentiable path in R? passes through a subsequence

of {(1/n3,1/n%: n =1}

4. Collections of paths in I* which fix its topology

We begin this section with a criterion which guarantees that a collection of proper
maps into a space fixes the topology.

Proposition 9. Let F be a collection of proper maps from metric spaces into a locally
compact metric space X. If for each sequence {x,} in X, some element of F passes
through a subsequence of {x,.}, then F fixes the topology.

Proof. Let Y denote X equipped with a locally compact Hausdorff topology that
makes each element of & continuous and proper. Let e : X -» Y denote the identity
function. Then for each element f:J » X of %, e = f:J » Y is continuous and proper.
We must prove that ¢ is a homeomorphism.

We first argue that ¢ is continuous. For suppose not. Then there is a sequence
{w,} in X which converges to a point x in X such that no subsequence of e(w,)
converges to e (x). By passing to a subsequence, we can assume there is an element
f:J->X of  which passes through {w,}. Hence, for each n =1 we can select a
point s, in f~'(w,). Since the set {w,: n =1} U{x} is compact and f is proper, then
F'{wn: n =1}u{x)}) is compact. It follows that by passing to a subsequence, we
can assume that {s.} converges to a point ¢ of J. Then necessarily f(¢) =x. Since
eof:J - Y is continuous, then {¢ ° f(s,)} converges to e  f(¢). Thus, {e(w,)} con-
verges to e(x). We have reached a contradiction.
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Next we argue that e is proper. For suppose not. Then there is a compactum C
in Y such that e “!(C) is not compact. Consequently, e ~!(C) must contain a sequence
{x,} that has no converging subsequence. By passing to a subsequence, we can
assume there is an element f:J > X of % which passes through {x,}. Hence, for
each n =1 we can select a point ¢, inJ such that f(¢,) = x,.. Therefore, no subsequence
of {t.} can converge. Since e  f is proper, then (e o f)"(C) is a compactum. As {t,}
lies in (e o f)"'(C), we see that some subsequence of {t,} must converge. We have
reached a contradiction.

Finally we argue that e ™" is continuous. Let C be a closed subset of X. We shall
prove that ¢(C) is a closed subset of Y. Let ye Y —e(C). There is an open
neighborhood N of y whose closure, clN, is compact. The propriety of e
implies that e '(cI N) is compact. Thus, C e '(cIN) is compact. Therefore,
e(Crne YcIN)=e(C)nclN is a compact and, hence, closed subset of Y. It
follows that N—(e(C)nclN)=N —¢e(C) is an open neighborhood of y which
misses e(C). O

We shall now demonstrate that each bounded sequence in the plane has a
subsequence through which a C* arc passes and a subsequence through which a
regular C" arc passes. We deduce both of these results from the following lemma.

Lemma 10. Given strictly decreasing sequences {t.} and {x,} converging to 0 such
that t,.1<3t., there is a non-decreasing onto map a:R->R with the following
properties.

(1) alt,)=x,foreachn=1.

(2) a|R—-{0}is C™.

(3) {teR:a'(t)= 0} {O}U (U:o=1 [tns1, %tn])u{tl}-

(4) a is a C* map (at 0) for every integer k =1 for which {x./(t,)*} converges
to 0.

Proof. Using the map ¢ defined in the proof of Theorem 3, we specify a C* map
n:R->[0, 1] by

2]

no=] cora-na/[ coca-oa

Then n(—00,0]=0, n[1,©)=1and n'(t)>0for 0<r<1.
For each n =1, define the C™ map a,, :R > [x, 11, x,, ] by

an(t) = xpa1+ (X0 —Xns1) - n(2¢/2,) = 1).

Then a,(—00, 3.} = Xn+1, @pltn, ©) = x,, @’ is positive on (3t,, 1,,), and for k =1

a0 (0) = (M) 20 @) - .
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Define the C* maps ao:R - [x;, ) and a-:R-> (=0, 0] by ao(t) =x1+{(t—11)
anda_(t)=—¢(—t). Then ao(—0, t1]=x1, ag(t) >0 for t > x; and ao[t1, ) =[x, ©);
and a_[0,00)=0, a’ (t)>0 for t <0 and a_(—00, 0] = (—00, 0].

The desired map « :R >R is defined by

aolt) fort=t,
o a.(t) forit,<t<=t,
a =
Xn+1 for t"+1$t$%

a_(t) forr=0.

In,

The only property of a which requires proof is (4). We proceed by induction on
k. Assume (4) is valid for the positive integer k, and suppose {x,/(t,)**'} converges
to 0. Then {x,./ (t,,)k} also converges to 0, and the inductive hypothesis implies « ®(0)
exists. Hence a®(0)=a®(0)=0. Let M;=max{n”(t):0=<t=<1} for each
j=0. To prove that «“*V(0) exists and equals zero it suffices to establish that
lim, o a®(#)/t = 0. The latter follows from the observation that if 1. <t<1, then

’a(k)(t)‘<(xn—xn+1)2kM <( Xn )2k+1M
R RRNAY: T\ e

To prove the continuity of a®**P(t) at =0, it suffices to establish that
limo a**V(t) = 0. The latter follows from the observation that if it,<t<t, then

Xn— Xn Xn
oV (0)] < (?‘)”ET;‘I') 25 My < (Wﬁ) 2"'My. O

Now we show how to use Lemma 10 to pass a C* arc through a subsequence
of a given bounded sequence in the plane.

Theorem 11. If {z,} is a bounded sequence in R? (I?), then there is a C™ arc in R®
(I'*) which passes through a subsequence of {z,}.

Proof. Since {z,}={(x., y.)} is bounded, then by passing to subsequences, we can
assume that {z,,} convergesto zo = (xo, yo) and that {x,,} and {y, } are strictly monotone.
(If a subsequence of either {x,} or {y.} is constant, then a subsequence of {z,} lies
on a straight line, and we are done. So we can assume this doesn’t happen.)
Furthermore, we can assume that |x, —xo| <1/2"” and |y, —yo| <1/2"”. These
inequalities allow us to use Lemma 10 to obtain non-decreasing onto C* maps
a:R>R and 8 :R >R such that a(1/2"7") = |x,, — x|, B(1/2" Y=y, — yo| and such
that o' and B’ are zero only at points of the countable set {0, 1,358 - L It
follows that & and B are actually homeomorphisms of R. Let o = (x1 — x0)/ |x1—xol
and 7 = (y1~ yo)/|y1— yo|. Define the isometry T of R* by T'(x, y) = (ox +Xo, 7y +Yo)-
Define the map f:R > R? by f(t) = T(a(t), B(t)). Then f(1/2" ") =z, foreach n = 1.
So f([0, 1)) is a C* arc which passes through {z,.}.
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Now suppose {z,} lies in I 2, T'I(I 2) i1s a square in the plane which contains
{(a(0), B(0)) and (a(1), B(1)), and whose sides are parallel to the x and y axes.
Since @ and 8 are increasing functions, it follows that (a(¢), (1) e T~ '( 2 for each
te[0,1]. Thus ([0, 1) <=I?. O

We use Lemma 10 a second time to pass a regular C" arc through a subsequence
of a given bounded sequence in the plane.

Theorem 12. If {z,} is a bounded sequence in R? (I?), then there is a regular c’
arc in R* (I?) which passes through a subsequence of {z,}.

Proof. Since {z,} is bounded and the unit circle is compact, we can assume {z,}
converges to a point zo and {(z, —z0)/|z. — zol} converges to a point u with |u|=1.
For each n =1, let w, = (x4, yn) = (z» —z0)/u. (Here we are performing division in
the field of complex numbers.) Then {w,} converges to (0, 0) and {w,./|w,|} converges
to (1, 0). So {x,/[w.|} converges to 1 and {y./|w.[} converges to 0. Therefore, {x,},
{y.} and {y./x.} all converge to 0. Furthermore, by passing to subsequences, we
can assume 0 < x,4+, <3x, and {y,} converges strictly monotonically to 0. (If all but
finitely many y,’s are 0, then a subsequence of {z,} lies on a straight line, and we
are done. So we can assume this doesn’t happen.)

Lemma 10 provides a non-decreasing C' map a :R - R such that a(x,) = |y.| for
each n=1. Hence a(0)=a'(0)=0. Let o =y;/|y,|. Define the isometry T of R?
by T(x +iy)={(u - (x +ioy))+z,. (Here we are performing multiplication in the field
of complex numbers, and ‘i’ denotes a square root of —1.) Define the map f:R »R?
by f(t)=T(t, a(t)). Then f(x,)=2z, for each n=1. So f|[0, 1] passes through a
subsequence of {z,,}. fis C ! because f'(t) =u - (1 +iga’(t)). f is regular because
[f'(t)| =1 +iga’(t)|= 1. f is injective because both T and the map t- (¢, a(t)) are
injective.

Now suppose {z,} lies in I 2, T™'(I?) is a square which contains the straight-line
segment between (0,0)=T"'(zo) and (xn, |ys])=T"'(z.) for each n=1. Since
{lya]/x.} converges to 0, it follows that T~'(I?) contains the segment [0, £]x{0}
for some £ > 0. Choose n =1 so large that x,, <¢. Then T Y(I?) contains the triangle
A with vertices (0, 0), (x,,, 0) and (x,, |y.|). There is a § >0 such that § <x, and
O=sa(t)/t<|ys|/xn for 0<t=<8§. Hence (t,a(t))ed for 0<t=<§5. It follows that
f(t)eI” for 0st<5. We define g :R—»>R? by g(¢) = f(6¢). Then g0, 1] is a regular
C' arc in I? which passes through a subsequence of {z,}. O

Combining Proposition 9 with Theorems 11 and 12, we have:
Corollary 13. The collection of C* arcs in I 2 fixes the topology.

Corollary 14. The collection of regular C* arcs in I? fixes the topology.
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5. Collections of paths and rays in the plane

We now show how to vary the topology of R* while preserving the continuity
and propriety of an appropriate collection of proper maps into R*.

Proposition 15. Let a, 8 :[0, ©0) > R be maps such that a(x)<B(x) for each x =0.
Foreach t =0, let

W, ={(x, y)eRz: x>tanda(x)<y <B(x)}

Let Q denote the space obtained from (—c0, 0] by identifying the points 0 and 0.
Then there is a bijective map & :R>—> Q XR such that & |R*— W, is proper for each
t=0.

Proof. & =G ° H where G :R*-> Q xR is a bijective map such that G |(—o0, t]xR
is proper for each t =0, and H is a homeomorphism of R? such that H(R*~ W,) <
(—o0, t]XR for each t=0. The construction of G is obvious. H = h,° h; where
h, and A, are homeomorphisms of R2. h, only moves points vertically, #; maps
the graph of a onto A ={(x, —x + «(0)): x =0}, and A; maps the graph of g onto
B ={(x, x +3(0)): x =0}. h, only moves points horizontally and to the left, #,(A) =
{0} % (=00, @(0)}, and A(B) ={0} x[B(0), ). O

Observe that R? is not homeomorphic to Q xR. The Jordan Curve Theorem
tells us that every simple closed curve in R? separates R”. However, Q XR clearly
contains many non-separating simple closed curves.

Corollary 16. Let o, B, W and W,, t =0, be as in Proposition 15. Suppose F is a
collection of proper maps into R? with the property that for every element f:J » R?
of F, there is a t =0 such that f{J) W, =9. Then % does not fix the topology of R>.

Proof. Clearly if f:J »R? is any element of %, then @ - f:J > Q xR? is a proper
map. So if R is equipped with a nonstandard topology by using @ to pull back
the topology on Q X R, then this nonstandard topology makes each element of ¥
continuous and proper. O

We now show that for an appropriate choice of @« and B, the collection of
polynomial rays together with the collection of all paths in R satisfies the hypothesis

of Corollary 16.

Theorem 17. For each t =0, let

1 2
= Zx= st< .
W, {(x,y)eR .x>tandx+1<t x+1}

If f:J >R* is either a path or a polynomial ray, then there is a t =0 such that
f)Nn W, =0.



F.D. Ancel / Paths and rays in the plane 109

Proof. We need only consider the case in which f is a polynomial ray. Assume
there is a sequence {f} in [0,00) such that f(z)e W; for each j=1. f(r)=
Yo (@ + ib )t* where ay and by are real numbers for 0 < k < n. (i’ denotes asquare
root of —1.) Then f(t)=g(t)+ih(t) where g(t)=Y;_oaut* and h(t) =X} _ bat".
Since (g(t), h(t;))e W; for each j=1, then {g(t;)} converges to o and {i(t;)} is a
sequence of positive numbers converging to 0. As {g(¢;)} converges to o, so does
{t;}. Since h is a non-constant polynomial, it follows that {(A(¢;))} converges to co.
We have reached a contradiction. []

From Corollary 16 and Theorem 17, we conclude:

Corollary 18. The collection of polynomial rays and all paths in R? does not fix the
topology.

Corollary 19. No polynomial ray in R passes through a subsequence of
{(n,1/(n+1)):n=1}.

Next we show how to pass a regular injective entire ray through a subsequence
of any unbounded sequence in the plane. Our proof is based on the following lemma.

Lemma 20. If {x.} and {y,} are sequence of real numbers such that xn.1=2x,>0
foreach n=1 and Y._, |ya|/x. <o, then there is an entire map f:R—>R such that
f(xn)=ynforeach n =1.

Proof. For each n =1, since Yixn lz/xc| <Y |z|/2* 'x1=<2|z|/x; for z € R?, then
Theorem 15.6 of [3] implies that an entire map f, :R*->R? is defined by f,.(z)=
k= (1 —z/x), and that f,(z)=0 if and only if z =x, for some k #n. Let a, =
Vn/fa(x,) for each n = 1. We shall argue that an entire map f: R - R? is defined by
f(z) =Z:°=1 a.f.(z). This f has the desired properties: f(R) =R because f,(R) =R
for each n=1, and f(x,)=y, foreachn=1.

We now show that f is well-defined and entire. Theorem 15.5 of [3] tells us that
8§=Tlr., (1-1/2%)>0. For n>1,

fel =T (2-1)- [ (1-2)=(2)s

k=1 \Xg k=n+1 Xk 2x,

because (x,./x1)—1=x,/2x; and x,./x <1/2"7* for k >n. Hence

|yn] 2x1

Ianls—:-T forn=1.

Lemma 15.3 of [3] implies that |f,(z)|<e®?"*1 for each z e R®. Hence

ihl) 2x1 2lzl/x,)
2 a f zZ) =< E —]—e 1,
n=1 l " "( )l <n 1 Xn I}
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Since Yo, |yal/x. <00, then Theorem 10.27 of [3] implies that f is well-defined
and entire.

Theorem 21. If {z,} is an unbounded sequence in R, then there is a regular injective
entire ray which passes through a subsequence of {z,}.

Proof. We can assume {|z,.|} converges to 0 and {z,/|z.|} converges to u where
|u|=1. Let (x,, yn) =z,/u for n =1, (Here we are performing division in the field
of complex numbers.) Then (x,/|z,|, y./|z.|) converges to (1, 0). Hence {x,} con-
verges to  and {y,/x,} converges to 0. By passing to subsequences we can assume
Xn+1=2%, >0 for each n=1 and ¥, _, |y.|/x. <. We now apply Lemma 2 to
obtain an entire map f: R*- R? such that f(x,)=y, foreach n =1 and f(R) =R.

We define the entire map g ‘RZ>R? by g(z)=u - (z +if(z)). (Here we are
performing multiplication in the field of complex numbers, and ‘i’ denotes a square
root of —1.) Clearly g(x,) =2z, for each n=1. Since g'(z)=u ' {1+if'(z)), then
lg'()]=[1+if'(t)]=1 for teR; so g|[0, ) is regular. g|[0, o) is injective because
both the map ¢ - (¢, f(¢)) and multiplication by u are injective. [l

Combining Theorems 11, 12 and 21 with Proposition 9, we have:

Corollary 22. The collection of C* arcs and regular injective entire rays in R* fixes
the topology.

Corollary 23. The collection of regular C' arcs and regular injective entire rays in
R? fixes the topology.
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