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Preface

It is dawn and the battlefield is waiting. It is sometime in the 12th century
B.C. and a critical moment in the Trojan War must be decided. Paris seduced
and ran away with Helen, the wife of the king of Sparta; and now Menelaus,
the king and a unified Greek army have invaded the Trojan land and are
asking for revenge. The war has been dragging on for years and Troy is not
falling. In fact, it appears that the Trojans, led by Hector, are gaining the
upper hand. Somebody from the Greek army has to step in and fight man-
to-man with Hector. Who will it be? The decision will be left to chance.
Each of the volunteer marks his own lot, then the lots are put in a helmet
and are shaken. A lot is drawn from the helmet and identifies the soldier
who will fight Hector. It is Ajax.

In Homer’s Iliad and in many other early epics, such decisions were often
left to chance. The concept of randomness appears to have been an integral
part of the actions and feelings of early cultures. One might wonder why this
would ever happen. After all, early in human history, people believed that
the gods controlled every little detail (determinism) and therefore nothing
was left to chance. This, however, is not a paradox. Randomness in early
civilizations emerges as part of God. It is controlled only by God, thus
eliminating human intervention and allows the will of God to apply. Thus,
randomness cannot be separated from God (determinism). Randomness and
determinism are thus established early in the human mind as being inter-
connected and associated with something bigger like God, who is boundless
and everywhere at any time.

This sentiment is clearly reflected in Aristotle’s Physics Book II, 4.
“Others there are who believe that chance is a cause but that it is inscrutable
to human intelligence as being a divine thing and full of mystery.”

Later, in his Metaphysics, Book XI, 8, Aristotle extended his logical
arguments about chance to relate “the divine thing” to reason and nature.

vii
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“Since nothing accidental is prior to the essential neither are accidental
causes prior. If, then, luck or spontaneity is a cause of the material universe,
reason and nature are causes before it.”

This cyclic, counterintuitive association and interplay of randomness and
rules is a fascinating mathematical issue and is the main reason for writing
this book. In doing so I made an effort to present and communicate to the
reader the mathematical and scientific ideas step by step, using examples as
simple as possible. Parts I and II open with a hypothetical story where the
main characters engage in a fictitious conversation. This blend of fiction and
scientific facts is designed to familiarize the reader with the mathematical
and physical concepts that follow. In some cases, for the more mathemati-
cally inclined reader, notes on some of the details have been included at the
end of the book. The sequence of chapters has been designed so that what
follows is understood from what has been presented up to that point. I hope
that you will enjoy the book.

Anastasios Tsonis
Milwaukee, Wisconsin

aatsonis@uwm.edu



August 19, 2008 15:21 9in x 6in B-634 fm

Acknowledgements

This year (2008) Professor Edward Lorenz passed away. I would like to
remember him here as the humblest of all the great minds I have met and
for his inspiration and help whenever I needed it. Also this year my father-
in-law Michal Koryzna passed away. I would like to remember him here as
well for all the (good) randomness he injected into my life.

I would like to thank Benoit Mandelbrot, Wolfram Research Inc.,
Brian Hayes, Hendrik Lenstra, B. de Smit, Winton Clitheroe, Heinz-
Otto Peitgen, Dietmar Saupe, J.P. Lewis, Richard Voss, Michael Barnsley,
Kenneth Libbrecht, Eugene Stanley, David B. Searls, and Steven Strogatz
for allowing me free of charge usage of their figures or images. I am thankful
to M.C. Escher Company, Holland, to Pollock-Krasner Foundation, New
York, and to Metropolitan Museum, New York for giving me permission to
publish artwork of these two great painters.

I am indebted to Leila de Carvalho, John Casti, Douglas Hofstadter,
Chris Essex, John Lambris, and Jose Luis Millan for critically reading the
manuscript and offering criticism.

ix



August 19, 2008 15:21 9in x 6in B-634 fm

This page intentionally left blankThis page intentionally left blank



August 19, 2008 15:21 9in x 6in B-634 fm

Contents

Preface vii

Acknowledgements ix

Part I: The Three Parts of Everything 1

1. Gödel Visits Escher’s Studio 3

2. Gödel’s Theorem 10

3. Slippery Road 19

4. Fuller than Full 27

5. Cantor Would Have Been Pleased 34

Part II: Sources of Randomness 39

6. A Private Lesson a Long, Long Time Ago 41

7. The Five Faces of Order 47

8. Randomness of the First Kind 55

9. Randomness of the Second Kind 59

10. Randomness of the Third Kind 65

Part III: Randomness in the Universe 69

11. From Aristotle to Einstein 71

12. The World According to an Electron 76

13. Chaos 86

xi



August 19, 2008 15:21 9in x 6in B-634 fm

xii Randomnicity

14. The Supreme Law 91

15. Randomness of the Fourth Kind? 98

16. Connections 102

17. Allowed Behaviors 107

Part IV: The Emergence of Real World 109

18. The Fractal Character of Nature 111

19. Physics Plus Randomness 129

20. Stochastic Processes 135

21. Self-Organization 138

22. The Blueprint of Life 140

23. Human Products and Social Phenomena 144

24. The Principle of Minimum Energy Consumption 159

Part V: The Role of Randomness 161

25. Efficiency, Paradoxes and Beauty 163

In Closing. . . 173

Notes and References 175

Index 189



August 4, 2008 10:37 9in x 6in B-634 ch01

PART I

The Three Parts of Everything

Is randomness an intrinsic property
of mathematics?

1
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Chapter 1

Gödel Visits Escher’s Studio

“I paint things as I think of them, not as I see them.”

Picasso

In a rare break from his everyday occupation of proving theorems, Gödel
decides to visit Escher’s studio. He has heard rumors that this fellow is
experimenting with painting paradoxical pictures. He arrives at the studio
at about 11:00 am. It is quite a gloomy and foggy day in Baarn but this does
not seem to bother Gödel. He rings the bell and very soon a serious, well-
dressed bearded man opens the door to a small, frail-looking man wearing
heavy rim glasses.

“Good morning sir, my name is Dr. Kurt Gödel. I am a mathematician
and I would like, if you don’t mind, to look at your work. I am not an art
connoisseur. In fact I am not sure I understand modern art, but I understand
you are on to something different. Is this a bad time?”

“Not at all. Please come in,” replies Escher showing Gödel the way in.
Once inside the studio Escher discretely lets his visitor wander around.

Gödel, his hands clasped behind his back, is silently moving around looking
at the pictures, some of which are framed and hanging on the walls and
some are laying flat on large tables. “If you have any questions please call
me,” Escher says after a while. Gödel does not reply. He seems quite fixed
in front of a lithograph. Escher approaches saying: “Oh, this one! It is one
of my favorites. I gave it the title Print Gallery.”

Gödel remains motionless looking at the lithograph, his eyes wide open
and charged as if they are about to produce sparks. In that painting, Gödel
observes a young man who is standing in a gallery, looking at a painting
of a ship in the harbor of a small town with many flat stone roofs. On top

3
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Fig. 1. M. C. Escher’s “Print Gallery” (© 2007 The M. C. Escher Company Holland).

of one of the stone roofs a little boy ponders something, while two floors
below a woman gazes out of a window from her apartment. Her apartment
sits directly above a gallery where a young man is standing and looking at
a painting of a ship in the harbor of a small town … ad infinitum!

“This is a self-referential painting,” replies Gödel, regaining his com-
posure. “I thought only verbal self-referential statements existed.”

“I actually call it a strange loop.1 My intention with this painting is to
draw the viewer into some kind of a ride where what you think is real soon
appears to be an illusion. In order to achieve this we have to have a level
followed by another level of greater reality. When these levels are connected
in a loop what is real and what is an illusion is not clear. In strange loops
one cannot know what is true and what is false.”

“This is incredible …, how did you, technically speaking, achieve this?”
“I’ll be happy to explain my procedure to you Dr. Gödel. One way to

paint a scene is to lay a regular grid over the scene and the same grid on a
piece of blank paper and then paint each square at a time. This way I would
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Fig. 2. Regular grid.

paint the scene exactly as I see it. But this is for amateurs, if I may say
so. What I did was to transform the regular grid over the blank paper to a
distorted grid. I hate to sound childish but let me start by showing you a
regular grid where all squares are the same.

The distortion scheme I chose will bend the horizontal lines approxi-
mately like this

Fig. 3. Distortion for horizontal line.

and the vertical lines like this.

Fig. 4. Distortion for vertical line.
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Fig. 5. M. C. Escher’s “Grid: for Print Gallery” (© 2007 The M. C. Escher Company Holland).

I guess you mathematicians call this a nonlinear transformation. In any
case, such a distortion scheme will cause the squares to be stretched in the
vertical and in the horizontal directions with the expansion becoming more
pronounced as we go from right to left and from bottom to top. As we go
clockwise around the center the grid because of the expansion has to fold
onto itself.After fiddling with it I finally arrived at the following grid (Fig. 5).

“Very interesting,” said Gödel.
“So now Dr. Gödel, let me show you the original scene with a regular

grid overlaid, which was used to produce “Print Gallery” (Fig. 6).
Here I have outlined the pathABCD. In producing Print Gallery I started

by transferring the original squares along this particular path. As you can
see, because of the transformation, the gallery appears to get larger as we
move from right to left and then from bottom to top.”

“Excuse me if this sounds naive, but clearly segment CD is much shorter
than AB and it only spans the length of a small painting hanging in the
gallery. Yet, in the final product, this small painting is expanded to span
the whole breadth. I understand that according to your transformation the
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Fig.6. M.C.Escher’s “Print Gallery before the expansion” (© 2007The M.C.Escher Company
Holland).

pulling and stretching will enlarge this small painting, but I would not think
by that much.”

“You are very observant, Dr. Gödel. Remember that my intention was
to create some kind of a visual strange loop. In order to achieve this,
after the first level of expansion along ABCD, I concentrated only on
the segment CD, which I repeatedly expanded until it filled the available
space.”

“Brilliant, I must say,” replies Gödel, who now prepares to give Escher
a little taste of his logic. “It is obvious that underlying the concept of your
strange loops is the notion of infinity. Since a strange loop is an endless
repetition of a finite process, the coexistence between finite an infinite pro-
duces a strong sense of paradox.”

“I am impressed,” concedes Escher.
“No, sir, I am impressed. I bow to your ingenuity. Your visual presen-

tation of such a paradox is amazing.”
Escher makes a gesture that appears to imply thanks. “What did you

mean earlier that only verbal self-referential statements existed?”
“Have you ever heard of Epimenides?”
“I am afraid not,” replies Escher.
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“Epimenides lived in ancient Greece about 2,500 years ago. He was
from the island of Crete and invented the first ever verbal realization of a
self-referential statement, or as you call it, a strange loop.”

“Really? What is it?”
“My version of it is ‘Cretans are liars,’” said Gödela.
Escher pauses for a moment pondering about this statement. Then he

starts thinking out loud. “If the above statement is true, then Epimenides
is telling the truth. But since he himself is a Cretan and according to the
statement Cretans are liars, then he must be lying and thus the statement
is false. If we instead assume that the statement is false, then Cretans are
not liars, which means that Epimenides is telling the truth, meaning that the
statement is true.”

“Quite right. Like your painting this self-referential statement violates
the usual dichotomy of statements into true and false. The minute you
assume the statement to be true it backfires making you think it is false, and
the minute you decide that it is false another backfiring brings you back to
the idea that it must be true.”

“Most amazing,” replies Escher.
“Most amazing indeed. But, coming back to your painting, and if you

forgive my question, why did you leave the painting incomplete?”
“Do you refer to the center of the painting?” replies Escher smiling.
“Yes,” answers Gödel. “At the center of the picture I can see that there

is some kind of a blemish with your signature. One would never know what
the center would look like.”

“Yes, yes, of course. I must explain.You see, Dr. Gödel, the grid used for
Print Gallery was designed to create an annular or cyclic bulge that would
allow me to produce my strange loop. The lines of the grid are arranged
so that moving clockwise around the center they spread further apart. This
“empty” spot at the center is, if I may use a silly analogy, like the eye of
a hurricane. As the air spirals toward the center of the hurricane, natural
laws prevent it from converging exactly at the center and force it to “hit
a wall” near the center and rise higher leaving the area close to the center
“empty”. The “empty” spot can be made smaller by considering grids of

aIt is worth pointing out that Epimenides’ paradox (which is more accurately written The
Cretans, always liars, evil beasts, idle bellies!) was quoted in the New Testament (Titus
1:12–13), but was not intended or interpreted as a logical paradox in ancient times.
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higher resolution, but with the present tools there will always be an empty
spot at the center. It may sound strange but I could completely finish the
painting only if I had infinite resolution.”

Gödel is speechless. He seems quite stirred up but distant. His mind
is obviously somewhere else. Politely, Escher asks, “Would you like some
tea?” Gödel snaps out of whatever state he is in and replies, “No thanks.
I must be going. This has been an experience. I am grateful for your time.”

“The pleasure was mine, sir. I hope we will have a chance to see each
other and chat more some other time.”

“A chance?” replies Gödel departing from the studio rather hastily.
Back on the street Gödel looks up in the sky. The fog is gradually dis-

sipating as the sun begins to break through. He walks rather carelessly not
aware that he is bumping into people who turn and sullenly look at him.
“Where do these loops come from?” he murmurs. “Why do they exist if
they can only cause trouble? It is logical to speculate that mathematics
has something to do with it, but what is the connection between them and
mathematics? Can these self-referential statements be connected to number
theory? If they can, what will be the implications? Mathematical statements,
propositions, theorems, axioms, formulas and what have you involve lan-
guage as well as symbols and numbers. It is easy to see how language can
talk about language and paintings about pictures, but how can mathematical
statements talk about numbers when they don’t involve only numbers? In
order to talk about numbers, everything should be expressed as a number.
Only then one can use mathematical reasoning to explore mathematical
reasoning itself. If I can do this, I am half-way there.”
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Chapter 2

Gödel’s Theorem

“What is laid down, ordered, factual, is never enough to embrace the
whole truth.”

Boris Pasternak

All mathematics is based on numbers. The history of numbers goes back
a long, long time. It is now well documented that in all cultures the first
numbers to be discovered were the positive integers (counting numbers)
starting with 1 and continuing with 2, 3, 4, . . ., etc. The set of these numbers
is called the natural numbers. As humans began to develop mathematical
reasoning, however, it was realized that this system was not adequate. For
example, within a mathematical system based on natural numbers try to
solve the simplest equation:

x + m = n,

where m and n are two known natural numbers and x is the unknown. If m

is less than n (say, m = 3, n = 5), the solution is x = 2 (2 + 3 = 5), which
is a natural number. But if m is greater than n (say, m = 5, n = 3), then
no positive integer exists that when added to 5 gives as a result 3. Thus,
a mathematical system based on natural numbers only is not adequate to
solve even the simplest equation. This signals the need to extend this system
to include other numbers. The extension is achieved by first considering
m = n to define zero, then m = 2, n = 1 to define minus one, and so on in
order to define all negative integers. Note that the set of all positive integers
and zero (which is considered an integer) is often referred to as the set of
whole numbers. So, now our mathematical system includes all integers. Has

10
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the system become adequate? Well, it has become capable of solving the
above equation. But, how about the equation

ax = b,

where a and b are integers? If a = 2 and b = 4, the solution is x = 2
(2 × 2 = 4), which is an integer. But if a = 3 and b = 2, then the solution
is x = 2/3, which is not a number in the set of integers. It is the ratio of two
integers and lies in between 0 and +1. Thus, the system must be extended
further to include numbers that are expressed as a ratio of two integers
(with the denominator not equal to zero). These numbers are called rational
numbers. Note that an integer is a rational number since it can always be
written as a quotient of two other integers. For example, 5 can be written as
10/2. Is our system adequate now? Not really. Consider, for example, the
equation

x2 = 2,

where the exponent 2 means to the power of two (or x times x). Does this
equation have a solution that is a rational number? It can be shown that no
rational number exists that will satisfy this equation2. Thus, the system must
be extended one more time to include numbers that satisfy equations like
the above. These numbers are called irrational numbers (strictly speaking,
however, not all irrational numbers are solutions to algebraic equations).
Examples of irrational numbers include

√
2, π, and e (the base of natural

logarithms).
Among the positive integers there is a special group of numbers called

prime numbers. A prime number is an integer that can be divided only by
itself and by 1 (by agreement the number 1 is not a prime). The first ten
prime numbers are 2, 3, 5, 7, 11, 13, 17, 19, 23, and 29. The number 2 is
the only even number that is a prime number. Any other even number is a
multiple of two and thus can be divided by itself, by 1, by 2, and perhaps
by other numbers. Thus, according to the definition of prime numbers, no
even number greater than 2 can qualify as prime. The set of all integers,
rationals and irrationals defines the real number line, which extends from
minus infinity (−∞) to plus infinity (+∞).

Let us now to see how Gödel proved that self-referential statements exist
in mathematics. The actual proof is a formidable tour-de-force that even
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−6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6

2.25 3.14159...

−∞ ∞

Read (all numbers)

IrrationalsRationals

Integers Non-integers

NegativesWhole

Zero Positives

Fig. 7. The number line (top) and classification of numbers (bottom).

accomplished mathematicians have difficulty following. In the interest of
keeping things simple yet accurate, our procedure will be a rough sketch
of the original proof. Think of it as a caricature face drawing. Even though
it simplifies and/or exaggerates facial characteristics it still maintains the
identity of the face.

Let us start by recalling our version of Epimenides’ paradox:

Cretans are liars.

This sentence by itself is not a paradox. It is just a statement. It becomes a
paradox only when it is known that it is a Cretan who is saying it. It is this
fact that makes the statement self-referential. Now consider the following
sentence:

This statement is false.
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Look at it for a second. Is this a paradox? What does the word ‘This’ refer
to? Which statement is false? Let’s say that you are reading some text that
includes the following sentences: “Water freezes at 40◦C. This statement
is false.” Do you see any problem here? Obviously not! In order for the
sentence ‘This statement is false’ to become a paradox, the sentence must
be a statement about the statement! In other words, the statement must be
talking about itself. Then it says that if the statement that the statement is
false is true, then the statement must be false. And if the statement that
the statement is false is false, then the statement is true! Now you have a
paradox.

In mathematics we have theorems, propositions, conjectures and other
mathematical statements. Gödel in effect started his quest to discover
strange loops or self-referential statements in mathematics by changing the
above sentence to:

This proposition is unprovable in the current mathematical system.

As we explained above, this sentence (often called the Gödel sentence)
becomes a self-referential statement only if the proposition is that the propo-
sition is itself unprovable. Accordingly, if the proposition that the propo-
sition is unprovable is true, then the proposition is true but unprovable in the
current mathematical system. This makes the system incomplete. If, on the
other hand, the proposition that the proposition is unprovable is false, then
it is provable. But since the proposition says of itself that it is unprovable,
we are proving something that is false. This makes the mathematical
system inconsistent. Thus, in any case the system is either incomplete or
inconsistent.

Do you think that Gödel is smiling? Well, not exactly. Because even
though Gödel knows he is on to something he also realizes that his sentence
is just a sentence in English. To formalize such statements they somehow
have to be converted into some kind of arithmetic statements, which would
involve only positive integers, addition and multiplication. “In order to talk
about numbers everything must be expressed as numbers.” To achieve his
goal, Gödel followed two ingenious steps.

The first step was an invention of a coding scheme to enumerate
mathematics. This scheme is called Gödelization. The philosophy behind
Gödelization can be introduced with the following example. Consider the
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English language with its 26 letters (symbols) a, b, c, d, . . . , z. We can enu-
merate these symbols by assigning the number 1 to symbol a, the number
2 to symbol b, . . . , and the number 26 to symbol z. Now consider the word
‘car.’According to the above scheme the letters in this word will be assigned
the numbers 3, 1, and 18. We can then combine these numbers according to
some rule to produce a single number corresponding to the word ‘car.’ For
example, we can multiply them to get the number 54. If we stick with this
rule, however, the word ‘if’ will also correspond to number 54. It follows
that if the rule is to multiply the numbers assigned to each letter, then we
may not have a one-to-one correspondence between words and their cor-
responding numbers. In order to avoid this we need to develop or employ
a more sophisticated rule. So how about we consider all prime numbers
(2, 3, 5, 7, 11, . . .) and use the numbers assigned to the English language
letters as exponents to these prime numbers. In this case (since the word
‘car’ has three letters) we may consider the first three prime numbers 2, 3,
and 5 raise them to the power of 3, 1, and 18, respectively, and multiply
them together. According to this rule the word ‘car’ will receive the number

23 × 31 × 518 = 91,552,734,375,000.

Similarly, the word ‘if’ will receive the number

29 × 36 = 373,248.

Now ‘car’ and ‘if’ correspond to different numbers. What did the trick was
the procedure used to generate the numbers corresponding to the two words.
With such a procedure distinct words correspond to distinct numbers but
not every number corresponds to a word. For example, the number 2 has
no corresponding word. Mathematics is also a language. As such it uses
symbols to express relationships, propositions, rules, variables, proofs, etc.
There are many more symbols in mathematics than in natural languages
and we think of the set of all symbols as the alphabet of mathematics.
Thus, in principle, we can assign a number to each symbol and express
any mathematical statement as a number. Because this procedure results
in huge numbers it is guaranteed that the Gödel number of any statement
or any proof of a statement is unique. Each mathematical expression has
its own number like every individual has his/her own telephone number
or identification number. This is what Gödelization is all about and in all
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questions concerning algorithms it makes no difference whether we discuss
the original formulas or their Gödel numbers.

Before we describe the second step in Gödel’s proof we need a
brief introduction to a specific type of equations: the Diophantine equa-
tions. Diophantine equations involve variables that are raised to some
exponent and parameters. What makes them special is that in their case
we demand positive integer solutions. Examples of such equations are the
following

2x + 3y = 1,

2x + 3y = 5,

x3 + y3 = z3 − 3,

5x221 + 3y49 − 47 = 0.

In the first equation the variables are x and y, the exponent they are raised
to is 1, and the parameters are 2, 3, and 1. The problem of whether a Dio-
phantine equation has a solution is not an easy one. Some of them have
solutions and we can prove it, some do not have any solutions and we can
prove it, and for some we may never know if a solution exists. For example,
consider the first three equations. For the first equation, since x and y must
be positive integers the smallest value they can assume is 1. Clearly the
equation is not satisfied when x = 1, y = 1. For these values the left-hand
side of the equation is greater than the right-hand side. And since those
are the smallest possible positive integers, any other positive integers will
make the difference between the two sides even greater. It follows that the
first equation cannot be satisfied by any integer combination. Thus, the first
equation does not have a solution.A similar argument proves that the second
equation has the solution x = 1, y = 1. For the third equation, however, no
proof is available that a solution exists. In fact it appears that this equation
may not have an integer solution at all. According to Stephen Wolfram
(who has tried in a computer all combinations of integers from one to one
billion), no integer solution exists below a billion. In other words, for the
first 109 × 109 × 109 = 1027 integer combinations (a number one billion
times greater than the age of the universe in seconds), no integer solution
exists.3 One might actually have to consider an infinite number of possible
integers with no guarantee that a solution will be found.
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Now an important aspect in Gödel’s second step is that given a strong
mathematical system and an effective enumeration scheme, there is a
Diophantine equation that has no solutions, which is equivalent to Gödel’s
sentence. The equivalence lies in the fact that the equation asserts of itself
that it has no solutions. For example, if we consider the first of the above
equations (2x + 3y = 1), a mathematical statement equivalent to Gödel’s
sentence is

The Diophantine equation 2x + 3y = 1 has no positive integer solutions.

Having such an equivalent statement Gödel did the following indirect trick:
He turned around the statement and assumed that he had found a positive
integer solution. Then he enumerated the procedure of verifying the solution
and found its Gödel number. He then showed that this number is the number
that we get if we enumerate the proof that there is no solution! To be honest
with you the first time I read something like this it went over my head. So
here is the procedure in detail.

For illustration purposes let us assume that we have found a positive
integer solution of the equation 2x+ 3y = 1 and that this solution is x = 1,
y = 1. The procedure then to verify this solution is as follows:

For x = 1 and y = 1, the above equation gives 2 + 3 = 1.
But 5 �= 1, therefore x = 1, y = 1 is not a solution.

If we enumerate this verification procedure according to Gödel’s scheme we
will get the Gödel number of a statement that proves that the equation has
no solutions. Therefore, by assuming that there is a solution we constructed
the Gödel number of a proof that the equation has no solutions! Thus,
assuming that the statement is provable, Gödelization showed that it leads
to contradiction.

Gödel was thus able to show that there are mathematical statements that
cannot be proved within the current mathematical system. In the same way
that we cannot decide if the Epimenides’ sentence is true or false or that
Escher could not have completed the center of his lithograph if he wanted
to be consistent with the rules, Gödel proved that if all mathematical state-
ments could be proved (which will indicate that the formal mathematical
system is complete) then the system will be an inconsistent system. This self-
reference about a mathematical system proves that consistent mathematics is
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an incomplete system. This means that in a consistent mathematical system
there will always be uncertainty about certain statements. This uncertainty
introduces a form of randomness into the formal mathematical system. For-
mally, Gödel’s Incompleteness Theorem, which hepresented in a paper in
1931, is expressed as:

For every consistent formalization of arithmetic, no matter how
complex, there exist arithmetic truths unprovable within that
formal system,

or in a somewhat simpler form:

In today’s mathematics there are true statements about numbers that
cannot be proved.

A nice everyday example of the principle underlying Gödel’s theorem
is given by Douglas Hofstadter in his monumental book Gödel, Escher,
Bach: An Eternal Golden Braid. Consider a phonograph which is playing
a record in a room. The phonograph produces sounds, which are sent out
to its surrounding environment. A sound is a vibration. These vibrations, as
well as other vibrations from other sources, are reflected by the walls and
propagate back to the phonograph. In this way the reflected vibrations may
affect the phonograph’s operation. Obviously, the stronger the vibrations a
record produces the greater the effect they have on the phonograph. As such
for any record player there may be records which cannot be played because
they may cause its indirect self-destruction.

The system of mathematics can become less incomplete by adding
more rules. There are numerous cases where mathematical statements were
proven only after new insights (new rules) were discovered. The Fermat
Conjecture is the most celebrated example. Proposed by Pierre Fermat in
1665, it states that the equation xn + yn = zn (a Diophantine equation)
does not have a positive integer solution when n is an integer greater than 2.
Thousands of mathematicians wrestled with this problem unsuccessfully
until it was finally proven in 1995 by Andrew Wiles. Why did it take 330
years before anyone could prove the conjecture? Because there were areas
of mathematics, specifically the theory of elliptic curves, which had to be
discovered before anyone could prove the conjecture.

However, unless an infinite number of rules are added, one cannot be
certain that the system will not be incomplete. What that means is that there
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is no finite set of rules that can be consistently added to the system to make
it complete. A consequence of this is that a procedure, which decides that
any mathematical statement is true in a finite number of steps, does not
exist. Think of the system as a photograph. Many years ago photographs
were black and white and blurry. As such there were “truths” (for example,
the color of the sky) that could not be “proven” by them. As technology
improved (read: more rules were added), photographs became more realistic
(or more complete). Still, however, unless we have an infinite resolution,
the details in the scene that is photographed cannot be known exactly (for
example, individual molecules cannot be seen).

Since the time of Euclid, the dream of mathematicians was to reduce
mathematics to a set of basic axioms from which, through inference, all
theorems could be proven. Gödel’s theorem shook the foundations of math-
ematics by showing that this is not possible. He also showed that strange
loops and their effect on what is true and what is false extend to the lan-
guage of nature: Mathematics. The implications are startling. Apart from
philosophical issues such as “Can we ever know the truth from reasoning?”,
it implies that whether a mathematical statement is true or false may not
be known. Moreover, since there can be an infinity of such statements,
Gödel’s theorem implies that the element of uncertainty, and thus ran-
domness, is interweaved with axioms, theorems and the whole structure of
mathematics. This naturally brings up the following question: What exactly
is randomness?
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Slippery Road

“Everything that we see hides something we want to see.”

Rene Magritte

Consider Fig. 8 showing what is, arguably, the most ordered structure in
mathematics.

The circumference, c, of circle is related to the radius, r, according to
the very simple formula

c = 2πr,

where π is the proportionality constant. As we all know this funny constant
is an irrational number that has an infinite number of decimal digits. Fur-
thermore these digits show no pattern whatsoever. For the first one trillion
digits all attempts up to now have failed to reveal any form of regularity. The
weirdness of π becomes more intense when one thinks that in something so
ordered and symmetric randomness will reign. But is this real randomness?

The earliest mathematical treatment of randomness was attempted by
Blaise Pascal, Pierre de Fermat and Christian Huygens in the 17th century.
Fundamental to their approach is that outcomes of random processes are
equally probable. This is considered the first definition of randomness in
statistical terms. While this definition may be appropriate to processes like
tossing a coin, it is not adequate for many other processes. Think, for
example, of earthquakes as random events. Very powerful earthquakes are
not equally probable with weak events. By the early 1900s, mathematicians
were beginning to wrestle with new definitions of randomness. Among the
first were Richard von Mises. According to von Mises randomness is the
inability to devise a system that will allow us to predict where in the sequence

19
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Fig. 8. Most ordered structure on mathematics — circle.

a particular observation will occur without prior knowledge of the whole
sequence. This amounts to saying that a sequence is random if there is no
rule or law that can be used to produce it (or that each step is completely
independent of the previous step).

The way we write numbers today is based on the decadic (base 10)
system. According to this system, any number is expressed as a string of
some or all of the ten digits 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. This, however, is
not a unique way to write a number. Numbers can be written, for example,
as strings of just two digits (0 and 1). In this case, the numbers are said
to be in binary form. All positive integers in the decadic system can be
produced by the simple operation ‘+1’ — meaning that you start with zero
and add 1 to produce the first integer, then add to this integer 1 to produce the
second integer, and so on. Similarly, we can produce all negative integers
by a similar operation denoted as ‘−1.’ Having all integers, we can then
produce all rational numbers by simple division.All rational numbers can be
written down as an infinite decimal expansion. In the case of an integer, the
expansion is just a string of zeros. For example, the number 5 can be written
as 5.000000000 . . . In the case of a ratio of two integers, the expansion
is periodic. For example, the decimal expansion in the division 7/3 =
2.3333333 . . . . is periodic. Similarly, the decimal expansion in the division
137/65 = 2.10769230769230 . . . becomes periodic after seven decimal
places. Since there is an infinite number of rationals, it follows that any
periodic sequence may be matched with a simple operation. Furthermore,
due to the regular repetition in the decimal expansion, the value of the digit
at any place in the sequence can be known exactly.

How about the irrational numbers? Since irrational numbers cannot be
written as the quotient of two integers how can we generate them? The
fact is that we can produce irrational numbers such as π,

√
2, and e using
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algorithms based on more sophisticated operations.4 Thus, although the
sequence of digits in the expansion of irrational numbers is aperiodic and for
all practical purposes random (without an obvious pattern), there are rules
that can generate them and as such the value of the digit at a given place
is known. This fact suggests that all mathematical objects obey some law,
which simply means that there exists no sequence that conforms to no law.
It follows that random sequences à la von Mises may not exist or perhaps
the notion of randomness itself is inconsistent.

You see how elusive the definition of randomness can be? We started
with a very logical and straightforward definition for randomness and before
long it slipped through our fingers. Why is this happening? What is it in the
von Mises definition that leads to contradiction?

Von Mises’definition implies that every rule or law will fail to predict an
observation in a random sequence. In the early 1960s, Andrei Kolmogorov
(in Russia), Gregory Chaitin (in USA) and Ray Solomonoff (in USA) were
independently wrestling with a new view of randomness. Their attempts to
improve von Mises’ definition began with the idea of relaxing the condition
‘every rule or law.’ We will introduce their definition of randomness with a
series of simple examples. First, let us consider the binary sequence

010101010101010101010101.

We only need to look at this sequence to realize (without any mathematical
analysis) that it is periodic. In fact we can reproduce this sequence by writing
a rule or a computer program that for illustration purposes is one line long
or, if you prefer, requires 21 keystrokes to type it (including the spaces
between words):

Print 01 twelve times.

It follows that all periodic sequences can be described by very simple rules
or very short programs. Next, let us consider the following sequence, which
is 25 digits long:

1101100011010011010100110.

In this case it would take more than a second to find the rule that produces
this sequence. For all practical purposes this sequence appears random.
There is no apparent pattern which will enable us to write a simple program
in this case. Thus, the program that produces the sequence might as well
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have as many lines as the number of digits:

Print 1
Print 1
Print 0

...

Print 0.

This program is “equivalent” to 199 keystrokes (25 lines times 7 keystrokes
per line plus 24 keystrokes to enter new lines). According to the Chaitin–
Kolmogorov–Solomonoff (CKS) idea of randomness, the first sequence has
a low complexity whereas the second has a high complexity. By defining
complexity as such, CKS established levels or degrees of randomness based
on the shortest program that would describe a sequence. A sequence is
ultimately random (often called Kolmogorov random) if the length of the
program needed to produce the sequence is equal to the length of the
sequence. Such a definition of randomness is different than that of von
Mises because, rather than requiring the randomness of a sequence to be
judged by absolute unpredictability, it requires unpredictability by a small
set of simple rules. In other words, every sequence that is not periodic, and
hence cannot be described by simple rules, is random with some degree of
randomness. Look, for example, at Fig. 9, which shows several distribu-
tions of parallel lines. The one to the left is periodic but the remaining are
non-periodic, exhibiting varying degrees of randomness.

This definition of randomness, however, will also slip through our
fingers. The point is, how do we really know that the above program is the
shortest program possible? Would you be surprised if you were told that
this sequence can actually be produced by a program two lines long? Well,
it is true and here it is:

First line: Q(n + 1) → If [evenQ(n), 3n/2, 3(n + 1)/2]
Second line: S(n) → If [even[Q(n), 0, 1].

These two lines may look like hieroglyphics but what they say is simple.
The first line says that if at a particular step, n, the number Q(n) is even,
multiply it by 3/2; otherwise add 1 and then multiply by 3/2. So, if we start,
say, with the number 1 (an odd number) to obtain the next number we add 1
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periodic random jiggled erbium eigenvalues zeta zeros primes bridges railroad tree rings quakes bicycling

Fig. 9. Distribution of parallel lines from perfectly periodic (far left) to random with varying
degree of “diversity” (Courtesy of Brian Hayes).

and multiply 1 + 1 = 2 by 3/2, which gives the number 3. This number
is also an odd number. Thus the third number in the sequence is obtained
by adding 1 and multiplying 3 + 1 = 4 by 3/2. This gives the number 6.
Continuing accordingly we get the following sequence of odd and even
numbers, which appears to have no pattern:

1, 3, 6, 9, 15, 24, 36, 54, 81, 123, 186, 279, 630, . . . .

The second line translates into: if a number generated by the first line is even,
replace it with 0, otherwise replace it with 1.This yields our sequence of
0’s and 1’s. However, how on earth could we have known or found this rule
if we were just given the sequence? It follows that, although Kolmogorov
random sequences may exist, it is impossible to prove this fact. One can
never effectively construct or recognize such sequences.

Thus, on one hand random sequences à la von Mises may not exist, and
on the other hand if random sequences à la CKS exist we cannot prove that
they exist. Again, we may pose the question: Do random numbers actually
exist? After all, sequences that show no order whatsoever can be produced
by very short programs. The answer to this question is as surprising as the
conclusion reached above. It turns out that most numbers are indeed random.
We will demonstrate this with the following set up.A sequence of 0’s and 1’s
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of length n = 3 can be represented as one of the following 23 possibilities:

010
000
111
011
110
101
001
100.

There are several possible programs, which produce the above eight
sequences of 0’s and 1’s. These programs can be programs of length-one
(i.e. it requires only one line), or length-two (it requires two lines), or length-
three. For example, the program of length-one

write 1 three times

generates the sequence 111.
Similarly, the program of length-one

write 0 three times

generates the sequence 000.
There are no more length-one programs that will generate any of the

remaining six sequences in our example. There are, however, four length-
two programs that will generate four of the remaining six sequences. They
are:

Step 1: write 0 twice
Step 2: write 1 } generates 001

Step 1: write 1 twice
Step 2: write 0 } generates 110

Step 1: write 0
Step 2: write 1 twice } generates 011

Step 1: write 1
Step 2: write 0 twice } generates 100.
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Finally there are two length-three programs that will generate the last two
sequences:

Step 1: write 0
Step 2: write 1 } generates 010
Step 3: write 0

Step 1: write 1
Step 2: write 0 } generates 101.
Step 3: write 1

The last two programs are of the same length as the sequence they produce.
Thus, given the eight possible length-three sequences in our example, the
proportion that can be described by a program having less complexity
than the sequences is 6/8. Accordingly, in this example, two of the eight
sequences are of maximum complexity or truly random. As n increases, the
proportion of length-n sequences that can be described by a program with
less complexity (and thus being not maximally random) decreases and the
proportion of the truly random sequences increases. For example, if n = 5,
there are 25 possibilities but only 1/16 of these can be described by a less
complex program. Since every number can be expressed in binary form,
this example demonstrates that as n increases there will be infinitely more
maximally random numbers than not. Consequently, we are far more likely
to find randomness than order in the domain of mathematics! Therefore,
we conclude that while there are plenty of random numbers, we simply
cannot prove that a given number is random. These conclusions form the
basis of the so-called Chaitin’s theorem, which reminds us of Godel’s
theorem:

There exist numbers having complexity greater
than any mathematical system can prove.

So what is going on? On one hand we show that most real numbers are
random, yet on the other hand we see that we cannot prove that a given
random number is random. Randomness appears to be a strange loop itself!
The minute we try to define it, it leads to contradiction.

The work of Kolmogorov, Chaitin and Solomonoff provides another
strong link between randomness and the very structure of mathematics.
In addition, the discussion in this section hints that there may be some
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abstract relationship between randomness and infinity by demonstrating
that there is an infinite amount of random numbers. However, we also saw
that sequences such as the patternless digits of π are in fact deterministic.
If all irrational numbers are as such deterministic, where is all that ran-
domness? Where is it hiding and where is it coming from?
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Fuller than Full

“I have just written the word ‘infinite.’ I have not interpolated this
adjective out of rhetorical habit. I say that it is not illogical to think that the
world is infinite. Those who judge it to be limited postulate that in remote
places the corridors and stairways and hexagons can conceivably come to
an end, which is absurd.”

Jorge Luis Borges
The Library of Babel

Imagine there are 10 chairs numbered 1 to 10 in a room. Also assume that in
that room 10 individuals are standing each wearing a T-shirt with a different
number on it. At the sound of a bell they select a chair and sit down. If the
10 numbers on the T-shirts are 2, 7, 9, 11, 20, 22, 23, 29, 30, and 31, one
possible sitting arrangement could be the following:

Chair number 1 2 3 4 5 6 7 8 9 10
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓

T-shirt number 7 20 22 30 23 2 11 29 31 9

This is called a perfect sitting because at the end everybody is sitting
and all chairs are occupied. In mathematical terms we say that the set of the
chair numbers {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} is of the same size as the set of
the T-shirt numbers {2, 7, 9, 11, 20, 22, 23, 29, 30, 31}. The above two sets
are both finite sets because they include a finite number of elements (ten).
So far so good.

Now, let us move to infinite sets.An obvious such set is the one containing
all whole numbers:

{0, 1, 2, 3, 4, 5, 6, . . .}

27
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Similarly, the set containing all positive integers

{1, 2, 3, 4, 5, 6, 7, . . .}

is infinite simply because infinity has no end and thus there must be infinite
positive integers. Between these two sets we can thus make the following
“sitting” assignment where each element of one set “sits” upon one element
of the other set.

0 1 2 3 4 5 6 7 8 9 · · ·
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
1 2 3 4 5 6 7 8 9 10 · · ·

It follows that the two sets are of the same size, even though the second
set is identical to the first set minus one element. This is a property of
infinity. You can subtract something from it or you can add something to it
and you still get infinity.

Accordingly, we can subtract all odd numbers from the set of whole
numbers and still have a perfect sitting.

0 1 2 3 4 5 6 7 8 9 · · ·
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
0 2 4 6 8 10 12 14 16 18 · · ·

We can then conclude that the whole numbers, the even numbers, the
integers and the odd numbers, are all sets of the same size: the size of the
counting numbers. As a result, all these sets are countable.

Now, let us make it a bit more difficult. How about the rational numbers?
Is their set countable? As it is known, rational numbers are ratios of two
integers with the denominator not being zero. Thus, we can graph them in
a two-dimensional Cartesian coordinate system where one axis represents
the integers of the numerator and the other the integers of the denominator.

Apart from the origin, the first point in this graph is the point with
coordinates (1, 1) and corresponds to the rational number 1/1. The second
point (moving up) is the one with coordinates (1, 2) and corresponds to the
rational number 1/2, and so on. Having such a set-up we can then assign
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Fig. 10. Enumeration of the rational numbers (Courtesy of Charles Seife).

the following sitting assignment:

Seat Rational number

1 0
2 1/1
3 1/2
4 2/1
5 3/1
6 2/2
7 1/3
8 1/4
9 2/3

10 3/2
etc. etc.

You may observe that in the above seating, the rational number 1 is
assigned to two seats (1/1 and 2/2 both correspond to the number 1, which
is assigned to seats 2 and 6). Subsequently, you might think that this is not
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a perfect sitting. We can overcome this problem by simply skipping the
duplicates when we make the assignment. In this case, we have:

Seat Rational number

1 0
2 1
3 1/2
4 2
5 3
6 1/3
7 1/4
8 2/3
9 3/2

etc. etc.

Eventually each rational number will occupy one seat. In the above pro-
cedure we only considered positive rational number. We can do exactly the
same for the negative rational number and simply modify the above sitting
assignment by inserting a negative rational after its equal in magnitude
positive rational to get:

Seat Rational number

1 0
2 1
3 −1
4 1/2
5 −1/2
6 2
7 −2
8 3
9 −3

etc. etc.

Therefore, all rational numbers (positive, negative and zero) have a seat.
The set containing the seat number is the set of the counting numbers. It
follows that the set of rational numbers is also countable.
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So, fine! The whole numbers, the even numbers, the odd numbers, the
integers and the rational numbers are all sets of the same size and they are
countable. But, how about the rest of the numbers in the number line? How
about those strange irrationals, which have infinite aperiodic expansions?
Is their set countable? Now things are going to become a bit tricky, so pay
attention!

Let us assume that we have a list of all real numbers (rational and
irrational) between 0 and 1, which shows each real number and its seat
number. Let us also assume that all real numbers are given by some laws or
rules. Let’s say this list is as follows:

Seat Rational number

1 0.813528…..
2 0.772134…..
3 0.023577…..
4 0.312153…..
5 0.552728…..
6 0.856571…..

etc. etc.

Consider the first digit (8) in the expansion of the first number. Let us now
choose a number that is other than 8 and put it aside. We can do this by
putting the digits 0, 1, 2, 3, 4, 5, 6, 7, 9 inside a box and select one of
them blindly. Say this number is 3. Now consider the second digit in the
expansion of the second number. It is 7. Do the same trick and choose a
number that is not 7 and put it aside. Say this number is 4. Continue this
process with the third digit of the third number, the fourth digit of the fourth
number, and so on. The following is a possible summary of this process:

Seat Real number Change circled digit to

1 0.©8 13528….. 3
2 0.7©7 2134….. 4
3 0.02©3 577….. 9
4 0.312©1 53….. 0
5 0.5527©2 8….. 6
6 0.85657©1 ….. 7
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We can now form a number between 0 and 1 whose decimal expansion
includes all the digits in the third column in the above order. This number is

0.349067 . . . ..

This number is different from the first number in our example because the
first digits in their expansion do not match. It is different from the second
number because their second digits do not match. It is different from the
third number because their third digits do not match, and so on. Going
down the list this way, effectively creates a number that is different from all
numbers in the list. This means that it cannot be in the list! But it is a real
number and we started with the assumption that our list includes all real
numbers. So here we go again. Yet, another contradiction. Since whatever
we did was mathematically legal, this contradiction implies one thing only:
In the case of real numbers the perfect seating does not exist. Due to that
the set of real numbers is uncountable. In fact we see that the set of real
numbers is bigger than the set of the rational numbers or the set of the whole
numbers. Since all these countable sets are infinite sets this result indicates
that the set of real numbers is a bigger infinity. It follows that there is more
than one infinity. In fact, one can extend the above examples to create an
infinite number of infinities (the transfinite numbers as they are called),
which become successively larger in size up to the “ultimate” infinity that
engulfs all other infinities. It is mind boggling but nevertheless technically
straightforward.

All the above results are due to Georg Cantor, a Russian born mathe-
matician who worked and spent most of his life in Germany. His insights on
infinity were, however, well ahead of his time and that time’s establishment
severely criticized him. More specifically, Leopold Kronecker, a professor
at the University of Berlin and one of Cantor’s teachers, could not handle
very well the fact that a student would have insights that a teacher could
not comprehend (actually this happens way too often in our time as well).
Kronecker, who is best known for defining the delta function, believed that
God made only the integers and that everything else was simply the product
of the imperfect human mind. As we saw above, if a set is countable then
each element can be represented by an integer, no need to resort to any-
thing else. Cantor shattered Kronecker’s vision of God and his relation to
mathematics by suggesting that God had ties with strange numbers such
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as the irrational numbers and the transfinite numbers. The attacks that the
powerful Kronecker unleashed against Cantor eventually led Cantor to a
mental institution in Halle where he died in 1918. Of course today Cantor’s
ideas are well accepted by mathematicians and have formed the basis of the
so-called Set Theory.

The conclusion that the set of real numbers is not countable is far
reaching. One may ask the question: Where do all these “unaccounted,”
“extra” numbers come from? When we started our discussion on the size of
the set of the real numbers, we assumed that we had a list of all real numbers
and that all of them are given by some kind of a rule. But when we pro-
duced the real number that was not in the list we actually picked the digits
in its expansion at random. No particular rule was applied in choosing its
digits. They were chosen at random. Then these “extra” numbers are the
product of randomness. Interestingly, when we deal with infinity, mathe-
matics cannot do away with randomness. We should note that the falsifi-
cation of the hypothesized existence of the above list of real numbers can
be achieved by other means. For example, if at step n the digit is d we
can change it to d + 1 if d = 0, 1, 2, 3, 4, 5, 6, 7, 8 or to zero if d = 9.
This procedure will also produce a real number that is not in the list, but it
does not involve randomness. Nevertheless, such procedures do not exclude
the possibility of choosing the digits in a non-deterministic way. Thus, the
discussion in this section gives a new perspective in the definition of ran-
domness. Since sequences exist that obey no rule, von Mises’ definition
of randomness may after all be a valid one. Similarly, the interpretation of
Chaitin’s theorem becomes clearer — maximally random numbers cannot
be described in any mathematical system, meaning that randomness does
not manifest itself as a set of rules but as the absence of rules. The con-
struction of the number 0.349067…clearly demonstrates that there is no
deterministic algorithm that will produce this sequence and thus we cannot
possibly predict the next digit by antecedent digits. Thus, pure randomness
implies unpredictability. This point is the central point behind the definition
and sources of randomness. Keep this in mind. We will come back to this
later in Part II, Chapter 7.
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Cantor Would Have Been Pleased

“Art is the Queen of all sciences communicating knowledge to all
generations of the world.”

Leonardo Da Vinci

When I started writing Part I, I picked Escher’s Print Gallery as my intro-
ductory example because clearly it is a beautiful example of a visual rep-
resentation of self-referential statements. As we have seen, such statements
are at the heart of Gödel’s incompleteness theorem and its implications.
Little did I know that there is more to this example than meets the eye.

In July 2002, the New York Times published an article in their science
section with the title “Mathematician fills a blank for a fresh insight on art.”
The article tells the story of Dr. Hendrik Lenstra, a professor at the University
of California, Berkeley and at the University of Leiden in the Netherlands,
who actually filled in the empty spot on Escher’s painting. Dr. Lenstra saw
the painting in an airline magazine and was intrigued. After examining the
grid Escher used, he had the insight that if the process is carried it to its
logical end, it will produce a repeating image. Using elliptic curve theory,
he was able to mathematically describe the twisting and bulging of the grid.
Knowing this, Dr. Lenstra and his team proceeded to reverse the distortion
and to produce the undistorted scene. As expected, there was a missing
piece at the center as well as a blurred swath spiraling across the top of
the picture resulting from the outward spreading of the grid lines from the
center. Dr. Lenstra hired an artist who completed the undistorted scene with
houses, water, etc. Once the complete undistorted image was in hand, they
applied the formulas describing the elliptic curves and used a computer to
distort the completed image according to the equations. The final result is
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astonishing. Now in the center the blank is filled with another smaller and
rotated copy of the distorted scene, and within that yet a smaller copy and
so on to infinity!

In reality, of course, the computer-generated picture is not really com-
plete. It is complete as far as the resolution of the computer will allow. While
it is more complete than Escher’s version it can only be absolutely complete
if the resolution becomes infinite. Thus, this example does not illustrate
only the concept of strange loops. It goes further as it connects very nicely
to other major points discussed in this chapter and to other issues that will
be discussed later. First, it shows that a system will always be incomplete
unless we add to it an infinite number of rules. Second, it shows that there
exist more than one infinity. The initial infinity associated with the strange
loop is one, and the infinite number of copies spiraling into the central point
is another. Cantor would have been ecstatic to see this. Third, it visually
introduces us a new concept. The recovering of the whole part as we zoom
into smaller and smaller scales is a kind of symmetry that is called self-
similarity. Self-similarity, as we will see later, is an important property of
many natural processes.

It never ceases to amaze me that over time artists, writers and poets
have in their own way approached, tried to understand, and presented their
feelings and thoughts about very difficult scientific notions with stunning
insights. Thus, I would like to end this part with another story. The Argen-
tinean Jorge Luis Borges, a world-renowned modern writer and poet, in his
short story The God’s Script, included in the book Labyrinths, wrestles with
the issue of randomness and infinity. In God’s Script, a prisoner begins to
believe that God, foreseeing that at the end of time there will be complete
catastrophe, wrote on the first day of creation a sentence that has the power if
read aloud to eliminate all evil. As Borges states: “He (God) wrote it in such
a way that it would reach the most distant generations and not be subject to
chance.” The prisoner embarks on an intense thinking of what such a sen-
tence might be. At the end of his “thinking trip” he finds the answer: “I saw
infinite processes that formed one single felicity and, understanding all, I
was able to understand the script. It is a formula of fourteen random words
and to utter it in a loud voice will suffice to make me all powerful.” What
an insight by Borges on the paradoxical character of chance. The Script
is a formula (implying order). However, in order for the Script not to be
a subject of chance it has to be random (a strange loop) and engulfed in
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Fig. 11. M. C. Escher’s reconstruction of “Print Gallery”(top) with magnifications of the center
by factors of 4 (middle) and 16 (bottom) (© 2007 The M. C. Escher Company Holland)
and Courtesy of H. W. Lenstra Jr. and B. de Smit, Universiteit Leiden (source: escher-
droste.math.leidenuniv.nl).
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Fig. 11. (Continued )

infinity. In a simple sentence we see his insight on the interplay of rules,
randomness and infinity; or shall we say on the three parts of everything?

And isn’t that what we learned so far? From Gödel we learned that
proving that a mathematical statement is true or false might often be left
to chance unless an infinite number of rules exist in the mathematical
system. From Kolmogorov–Chaitin–Solomonoff we learned that it is far
more likely to find randomness than order in the domain of mathematics.
From Cantor we learned that there are many infinities and when we are
dealing with infinity, the exact and ordered nature of mathematics cannot
avoid the presence of randomness. Rules, randomness and infinity are all
interwoven. They all coexist and none can be by itself. However elusive the
definition of randomness may be, it is nevertheless intricately connected to
rules and order and to the incomprehensible and abstract (infinity). As the
late American physicist Joseph Ford put it: “Randomness lies at the very
foundations of pure mathematics and permeates every human description
of nature.” If you think about it what we may be saying is that there is an
endless space where rules and randomness can coexist and create.

We then need to dig deeper into the origins of randomness and its role
in natural processes.
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PART II

Sources of Randomness

Are there distinct mechanisms for generating
randomness?
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Chapter 6

A Private Lesson a Long, Long Time Ago

“Consequently, he who wants to have right without wrong
Order without disorder
Does not understand the principles
Of heaven and earth
He does not know how
Things hang together.”

Chuang Tzu

It is a chilly spring morning in Mieza, in ancient northern Greece. The
enchanting surroundings with their limitless green views and blooming
spring flowers, which announce the coming of summer, and with the
imposing mountains that seem to hold firm on their peaks the beautiful
blue sky, accept this coldness gladly. There is a synergy between the slowly
changing and the rapidly changing components of nature which somehow
transforms impatience into a feeling of pure content.

Alexander, still a boy, takes all this in as he tries to lock this moment
deep into his mind, to make it a prisoner there, never to escape.

Aristotle, his private tutor, observes the boy as he prepares for the daily
teaching routine. He cannot help thinking of what might come out of this
remarkable boy, the boy who would be king, once his urge to lead and
conquer is tamed by knowledge and rational thinking. He calls Alexander
in and they sit facing each other. “What would you like to discuss today,
Alexander?”

Alexander peers with his blue eyes into Aristotle’s serious but lively
eyes, whose color has been diluted by age into something between green
and gray. “Is every man’s destiny predetermined?” he finally asks.
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Aristotle cannot help smiling as he has a pretty good idea what is in
Alexander’s mind. “Well,” he starts, “there is a short and a long answer to
your question. Which one do you prefer?”

“The short one,” replies the man who would undo the Gordian knot.

“Come on Alexander. We have all the time in the world. Let us analyze
things. Consider a man on a long journey through mountains and valleys.
Somewhere in his path, a rock that has existed for thousands of years,
having endured many rains and many snows, having seen hundreds of feet
of ice slowly building upon it and then disappearing, often at the mercy of
tremors and many other natural processes, has reached a point where its solid
positioning has been compromised. Having endured all these tortures, the
rock is on the verge of collapsing. Our man, after many days of travel, some
on horse, some on foot, and many stops to eat, sleep and rest, approaches the
place where the rock is ever so slowly falling toward its new and unknown
resting place. Right when our unsuspecting man passes under the rock, the
rock falls and kills him. What would you say Alexander? Was our man’s
destiny predetermined?”

“That was an accident.”

“And where do accidents come from? Are they predetermined or do they
just happen? If our man’s life was taken by accident was his destiny
predetermined?”

“Too many questions…. I am getting confused.”

“Let us take one thing at a time, Alexander. To say that something is pre-
determined is to say that someone in control has already set up things in
motion and that nothing will alter the outcome. Do you agree?”

“Yes.”

“Who might that somebody be?”

“Obviously a god.”

“Correct. So then, if everything is predetermined, this god has created the
world so that he oversees every little detail, from the motion of the ants, to
the twinkling of the light of the night stars, to the swimming path of every
little and big fish in the infinite oceans, to the movement of every leaf on
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all trees on the Earth, to the time when a fly will be squashed by a human,
to…, should I go on?”

“No. I get the point” answers Alexander.

Aristotle pauses for a minute making sure that what he is about to say next
will come out right. “You see,Alexander, it does not make sense a god would
create this vast universe with its billions upon billions of stars, so that he
would spent the rest of time dictating the future of every little detail. God
created the universe as a present to all creatures. The rules are set and then
we are allowed to evolve, to make our own destiny. He gave us free will.”

“Are you saying that god also created accidents and randomness?”

“In our example, the accident to the man happens because the man con-
stantly interacts with his environment, which we might say is comprised
of infinite “agents.” It is through the interaction between all these “agents”
that randomness emerges. Randomness is part of the whole design.”

Alexander falls silent for a minute. What Aristotle is saying sounds logical
but he is having a hard time digesting it. “But this is not fair. A man tries
all his life to achieve his goals only to be taken by a falling rock.”

“It may seem unfair,” continues Aristotle, “but the alternative is even worse.
The alternative leads to contradiction.”

“How?” asks Alexander with interest.

“Let us assume that there is no chance and that everything is predetermined.
Let us further assume that your predetermined destiny is to conquer the
world. Since everything is cast in stone, there will be no change in your
destiny, no matter what your actions will be. Do you agree?”

“It makes sense. . . .”

“And the same should apply for the destiny of any other individual, right?”

“Right,” replies Alexander knowing that his teacher is setting up a trap.

“And here lies the paradox, my boy. Since your destiny has to be fulfilled,
you cannot be restricted from achieving your goal. At the same time, no
individual can act to kill you before you fulfill it. Thus, the actions of all
others are restricted. But this violates a basic assumption of predetermined
destinies.”
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Impressed, Alexander smiles at his tutor. “And this would have been the
short answer to my question.”

“Precisely.”

“We can then conclude that the destiny of a man cannot be predetermined.
In this case we cannot predict the future no matter what.”

“Well, not so fast Alexander. I certainly did not say that. What I said was
that god set up both rules and randomness. It is the interplay between rules
and randomness that will determine outcomes. Since rules are deterministic,
their presence promotes regularity and thus the ability to predict outcomes.
Randomness, on the other hand, imposes limits on our ability to predict. The
interplay of rules and randomness will result in something in between. When
the interaction is weak, rules tend to dominate and predictions are accurate.
For example, because the earth goes around the sun very obediently and
fairly undisturbed by its environment, summer will happen at the expected
time every year.b When, however, the interaction is strong, predictions are
not to be trusted. For example, whether it is going to rain at a given place
on a summer day depends greatly on the environmental conditions, which
change greatly from day to day. As a result, one cannot be confident that
rain will fall at a given place in a given day. This is why natural phenomena
may repeat themselves but not exactly in the same way. In such cases, an
outcome may be probable or not probable but not predictable.”

Alexander shifts his body as he reflects on all this. Aristotle patiently waits
for his comments.

“According to what you are telling me, I cannot know whether I will succeed
in my conquests but I do know that I am the heir to the throne and that I
will most likely be king. Thus, it is possible that I will succeed.”

“If this is your problem, you might say so,” replies Aristotle.

Aristotle is ready to dismiss his pupil but he senses that something still
bothers Alexander. “Is there anything else you would like to discuss before
lunch break?”

“Well, I was thinking that the man in your example could have avoided that
particular accident if, say, he took a minute or two longer to wake up that

bRemember this is a fictional story. Aristotle did not know that the earth revolves around
the sun. In fact, the Aristotelian model had Earth at the center of the Universe.
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morning or if he started his journey a day earlier or a day later. How does
this fit in with all these?”

“My dear boy, this is an excellent question. I was going to discuss this issue
later, but since you raised it we might as well get it over with. We can assume
any delay that will cause our man not to be under the rock when it is falling
as accidental and then treat it as yet another environmental influence. Thus,
whether our man woke up a minute later or he was delayed by admiring a
beautiful bird that accidentally crossed his path, the effect would have been
the same: He would be delayed just enough to avoid the falling rock and his
life would be spared, at least for now. There is, however, another angle to
your question. Let me explain with another example. Let us assume that you
take a stone and place it on the top of a mountain. The shape of the mountain
is rather complex and ragged. Now, push the stone down the mountain. Let
us further assume that there are absolutely no environmental influences, no
wind, no rain, not anything that will interfere with the rolling of the stone.
The stone will eventually settle somewhere on the mountain or in the valley
at the foot of the mountain. Now, let’s repeat the experiment. Take the stone
and position it at the same place as before and let it roll down the mountain
again. Do you think it is going to settle at the same point as before?”

“I am pretty sure that it will not.”

“Why do you say that?” asks Aristotle.

“I just cannot imagine that it will,” replies Alexander smiling faintly.

“How about if we put aside imagination at this point and stick with the facts,”
answers Aristotle seriously. “We assumed that there are no environmental
influences, which will cause the path of the stone to deviate. And mountains
do not change shape that fast. So, if you positioned the stone exactly at the
same spot on the top of the mountain every time you repeated the experiment,
it will have to go down on the same path. Wouldn’t it?”

Alexander gazes silently at the surrounding mountains, the sun now is
approaching its high point for the day. He appears removed. This is always a
sign that he is deep in thought.Aristotle lets silence be the teacher now. Soon
Alexander begins to talk. “If there are no environmental influences and the
shape of the mountain remains the same, then what must be the controlling
variable in this experiment is the positioning of the stone. It is practically
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impossible to position the stone in exactly the same position with exactly the
same orientation and push it down with exactly the same force. We may try
our best but everytime we repeat the experiment the initial position of the
stone will be slightly different. This is what causes the path to be different
each time.”

“You are absolutely right,Alexander,” shoutsAristotle, proud of his student.
“In this example our experiment is sensitive to the initial conditions, to
how you start the experiment. And it is this sensitivity that makes the final
outcome unpredictable. It is this sensitivity that generates the randomness
in the path and settling place of the stone.”

“So, every decision we make, every interaction with our environment, and
every little uncertainty constantly change our lives.”

“Yes, Alexander, life is exactly like that.”
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Chapter 7

The Five Faces of Order

The above short story introduces us to some of the aspects of how ran-
domness may be generated. In this Part we will remain within the mathe-
matical system and we will discuss the various mechanism of randomness
generation. However, before we discuss randomness, we should get to know
a bit better its counterpart: order.

In the late 1940s, the American scientist John von Neumann introduced
cellular automata as abstract models of self-reproduction in biology. Cel-
lular automata, however, did not become popular until about twenty years
ago when Stephen Wolfram, in trying to study the complexity observed
in nature and in mathematics, re-introduced them to the world.3 Cellular
automata are systems whose evolution is described not by equations but by
very simple, computer-program-like rules. They can provide an alternative
to more complicated systems described by differential equation and as such
they can illustrate and demonstrate very effectively the points we are trying
to explain in this and in subsequent sections. In one dimension, a cellular
automaton consists of a line of cells. In its simplest form each cell can take
the value 1 or 0 (black or white). So let us consider a line of cells in which
initially only the center one is black.

Fig. 12. Cellular automaton — 1st step.

This represents the simplest initial condition when only one cell is black.
Now let us assume that the cells evolve according to the following rule. In
the next step a cell will be black if it or either of its two closest neighbors
were black in the previous step. According to this rule in the second step
the system grows as follows,

47
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Fig. 13. Cellular automaton — 2nd step.

in the third step it grows as follows,

Fig. 14. Cellular automaton — 3rd step.

and so on. Apparently, we get a simple growing pattern uniformly filled
with black. Each cell reaches the steady state of black. Now let us change
the rule a little. Let us assume that in the next step a particular cell will be
black if either or both of its two closest neighbors were black in the previous
step and white if both were white. In this case the resulted pattern is again
very simple but now alternates between black and white.

Fig.15. Growing pattern with alternates between black and white (© Wolfram Research, Inc.).

You may be getting the feeling that cellular automata will always result
in something simple and ordered since each cell evolves according to some
very simple rule. So here is another example. In this example we change the
rule so that a cell will be black whenever one or the other but not both of its
two closest neighbors were black in the previous step and white otherwise.
This rule (known in the literature as rule 90) represents only a slight change
from the previous rule. The resulted pattern, however, is drastically different.
The pattern now is much more intricate, having a nested structure. In fact, if
we carry out the evolution for many steps, we will see that each triangular
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section is a smaller copy of the whole pattern, with still smaller copies
nested inside it (recall the completed version of Print Gallery in Fig. 11).
Such structures are called self-similar structures or exact fractals. Fractals
are unlike Euclidean objects (such as triangles, squares, cubes, spheres etc.)
and are studied by newly developed fractal geometry. The basic principles
of fractal geometry will be discussed in Part IV.

Fig. 16. Growing pattern according to rule 90 (©Wolfram Research, Inc.).

Still you may argue the above pattern may be intricate but is symmetrical and
ordered. None of the patterns showed so far exhibits any form of irregularity.
Okay, I will not keep you in suspense. Consider the following rule: If in the
previous step a cell and its right-hand neighbor (as we look at it) were both
white, then make the cell whatever the color of the left-hand side neighbor
was. Otherwise, make the color the opposite of that. With such a rule (known
as rule 30), the following structure emerges.

Fig. 17. Growing pattern according to rule 30 (©Wolfram Research, Inc.).

Rather than settling down to some regular pattern, this structure appears
for all practical purposes random. If, for example, you take the color of the
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center cell and write down its binary sequence of zeros and ones you get

110111001100010110010011101011100 . . . ,

which shows no obvious patterns. In fact, if we change 1 to H (head) and 0
to T (tail) we get the sequence

HHTHHHTTHHTTTHTHHTTHTTHHHTHTHHHTT . . . ,

which is practically indistinguishable from a sequence produced by a
random coin toss. The significance of this structure is that starting from a
very simple and fixed initial condition and a very simple rule a complicated
pattern emerges. Wolfram calls this intrinsic randomness. Yet, this pattern
cannot be considered as truly random. It is generated by specific rules and
as such the color at any step in the future can be predicted perfectly (we
will discuss this issue further in the following section). Together with the
uniform, periodic and fractal structures, this amorphous structure is just
another face of order.

By studying thousands of cellular automata, Wolfram was able to show
that in addition to these four types of evolution there is one more type.
This type, which is shown in Fig. 18, is obtained by starting again with just
one black cell and evolving it according to the following rule: The color
of the cell in the next step stays black unless when in the previous step the
colors of the cell and its two closest neighbors are all the same, or when
the left neighbor is black and the cell and its right neighbor are both white.
This type (known as rule 110) shows a remarkable mixture of regularity
and irregularity as regular diagonal stripes interact with irregular localized
structures.

Cellular automata can also be two and three-dimensional. In two-
dimensions, the cells are arranged in a square grid, with the color of each
grid being updated according to a rule that depends on its neighbors in all
four directions of the grid. In three-dimensions, the cells are arranged in a
cubic lattice.

In the previous examples, the cellular automata are not subject to external
noise. What is meant by this is that the set-up is completely deterministic.
The initial condition is exactly defined (only the middle cell can grow) and
the rules are set and permanent. Thus, the above five different behaviors
represent five different types of order. The important conclusion here is
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Fig. 18. Growing pattern according to rule 110 (©Wolfram Research, Inc.).

that order does not have to always be associated with regularity. These
five types of behavior are the only ones suggested by the study of cellular
automata as well as of dynamical systems (systems whose evolution is
governed by differential equations). No other types have been identified by
any other study. Later we will see how these types of order relate to formal
mathematics and to natural phenomena and how they are modified when
the cellular automata are subjected to noise (randomness).

Some of the statements in the last paragraph can get us into a lot of
trouble, so we need to elaborate more. Consider the cellular automaton
which generated the random looking pattern in Fig. 17 (rule 30). If one
transmitted to us this pattern but not the rules that generated it, could we
encode it and find the rules? With a little bit of patience we actually can
find the rules. We could start, for instance, with the second row and notice
that the central black cell in the first row remained black but its two white
neighbors changed to black. We could then sketch the following diagram
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that shows how a cell (pointed by the vertical arrow) was updated in the
next step (horizontal arrow).

Fig. 19. Finding the rules of cellular automaton.

We could then continue with the third row and keep on registering all pos-
sible configurations that result in a white cell or a black cell. Before we know
it we will realize that there are only eight configurations, which translate
to the rule: If in the previous step a cell and its right-hand neighbor (as
we look at it) were both white, then make the cell whatever the color of
the left-hand side neighbor was. Otherwise make the color the opposite
of the color of the left-hand side neighbor.

Fig. 20. An illustration of the rules used to generate the evolution of the cellular automaton
in Fig. 17 (rule 30).

Regardless of the complexity of the pattern, we are able to recover the rules,
which enable us to predict its evolution for ever. Thus, no randomness is
present in this cellular automaton.
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This kind of procedure to predict the future states is called algorithmic —
In order to predict a future state all steps leading to that state have to
be traced; the corresponding systems are referred to as computationally
irreducible systems. This is different than a “closed-form” expression that
allows us to calculate a future state directly and without the need of tracing
all intermediate steps. Consider the equation X = 4t+1, where t is in hours
and X is in miles. This equation can be thought as modeling the position of
an object moving with a constant speed on a straight line.At t = 0, the object
is at a distance of 1 mile from a reference point and at t = 1 hour it is at a dis-
tance of 5 miles from the reference state. Where will it be at t = 1,000,000
hours? The answer is easy to find. Simply substitute t = 1,000,000 in the
equation and you have the answer: X = 4,000,001 miles. In this case there
is no need to know where the object is at any intermediate step. Such closed
expressions may exist for all mathematical sequences and systems, but very
few have been discovered. For the cellular automata presented here, such a
closed form is known for rule 90 but not for rules 30 or 110. For the digits of
π, such a closed-form expression exists4 but only when the digits are calcu-
lated in base 16. In the mathematics community, there are those who make
the argument that the absence of a closed-form expression may make the
(computationally irreducible) system unpredictable even though we know
the rules. This will be possible in cases where computation is slower than
the evolution of the system. With pure mathematical systems such as rule
30 or 110, this is moot point since it is the object making the computations
(the computer) that defines the evolution of the system. In natural or bio-
logical systems, such as the brain, the possibility that the computation is
slower than the evolution of the system it tries to predict is real, and for
some this is the source of free will. We will discuss this issue in more detail
in Part III. For now, however, we will not make this distinction between
algorithmic procedures and closed-form expressions. As long as the rules
are known, the system is deterministic and an apparent “random-looking”
behavior does not make it random.

Stephen Wolfram and other mathematicians make the case that rule 30
generates intrinsic randomness by pointing to the fact that, if instead of the
whole pattern somebody transmitted the evolution of the central cell only
(which is represented as a sequence of 1’s and 0’s in the section), the situation
is different. No rules can be recovered in this case, thus the sequence is
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truly unpredictable. Furthermore, they argue, this sequence passes all known
tests for randomness. Tests for randomness are based on comparison of a
sequence with sequences of random numbers generated by a computer. As
we explain in the Notes and References, however, one should not bet all
his money on random numbers generated by a computer. First of all, in
order to generate random numbers one must devise some kind of “recipe,”
which includes rules.5 Thus, these numbers cannot be true random numbers.
Second, in many instances, a truly non-random sequence (for example, the
digits of π) are indistinguishable from a string of random numbers generated
by a computer, and thus “pass” all known tests for randomness. The fact
that the binary sequence of the central cell of rule 30 is unpredictable or that
it may be truly random, is because, in effect, we observe a two-dimensional
process in one-dimensional space. It is as if trying to recover the rules
of chess by seeing the movements in one row. The operation “keep the
binary sequence of the central cell only” makes the rules that generated it
unrecoverable. This issue is discussed further in the next chapter.

So far we have slowly built a connection between randomness and
unpredictability. Some mathematicians often make a point that randomness
is not the same as unpredictability. They point to the fact that some pro-
cesses that are unpredictable often exhibit regular features. For example,
even though weather is unpredictable the summer–winter cycle is regular
(we can always predict that summer will be warmer than winter). I per-
sonally do not buy such arguments. According to the CKS definition of
randomness, weather may not be maximally random but it is random to a
degree and thus overall unpredictable. Such arguments emphasize that the
issue of defining “true randomness” has never been resolved and may never
be resolved to everybody’s satisfaction. Nevertheless, the general consensus
is that a random sequence is unpredictable. Searching then for the sources
of randomness this will be our guiding light: What makes a sequence or an
observable truly unpredictable?
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Randomness of the First Kind

“All nature is but art, unknown to thee;
All chance, direction, which thou canst not see;
All discord, harmony not understood….”

Alexander Pope, Essay on Man

In the previous chapter as well as in Part I, we saw that aperiodic pattern-
less sequences of numbers can be generated by very simple rules. Thus,
strictly speaking such sequences are not random because one can predict
any digit in the sequence. However, if we are given or we observe a pattern-
less sequence that has been generated by some rule and we are not able to
extract the rule, what is the difference between such a sequence and a truly
random sequence? Many will argue that for all practical purposes there
is no difference. Thus, our inability to extract the rules makes predicting
future digits impossible and thus constitutes a source of randomness. Here,
however, we have to be careful with what we mean by “our inability to
extract the rules”. Do we mean that in principle we could get to the rules but
we do not have the knowledge to get to them, or that there is no possible way
to get to the rules? If the former is true then strictly speaking the sequence
is not random. It is just waiting to be “debugged”. In this case the rules are
actually reversible and thus in principle we can go backwards and find the
rules from the sequence, as we did with rule 30 in the previous chapter. If the
later is true, then the procedure to construct the sequence is irreversible
and thus, while we can go from the rules to the sequence, we cannot ever
go from the sequence to the rules. It is this inability to recover the rules
that will generate truly random sequences. But how such irreversibility
occurs?

55
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Consider again the first mathematical operation described on page 22,
which for simplicity we call it operation O1: Start with a number. If this
number is even, multiply it by 3/2; otherwise add 1 and then multiply by 3/2.
This generates the second number. Repeat the above step to produce the
third number and so on. Operation O1 results in a sequence of odd and
even numbers, which we will denote by S1. Once we have S1, we apply
the second operation, which we will call operation O2, according to which
an odd number is replaced with 1 and an even number with 0. This leaves
us with a sequence of 0’s and 1’s, which we will denote as sequence S2.
If the starting number was the number 1, then operation O1 produces the
following sequence S1 of odd and even numbers:

S1: 1, 3, 6, 9, 15, 24, 36, 54, 81, 123, 186, 279, 630, 945,

1419, 2130, 3195, 4794 . . .

Subsequently, operation O2 produces the following sequence S2:

S2: 1101100011010110101 . . . .

The above two operations define a mathematical system, which is isolated
from external influences and in which the initial condition is simple and
well defined. Sequence S2 does not appear to have a coherent pattern (this
becomes even more apparent if we continue the process for many steps).
However, since it is generated according to a set of rules, it is not random.
Given the rules, any future value can be calculated or predicted. There is,
however, a catch here. If you were given part of S2 but not the rules that
generated it, would you be able to predict the next digit? The answer to this
question is no and the following diagram explains why.

Given sequence S1, a patient person might at some point figure out
operation O1. In this case we can go from operation O1 to sequence S1 and
vice-versa (this reversibility is indicated in Fig. 21 by the bidirectional arrow
between operation O1 and sequence S1). Similarly, one might speculate that
the 0’s and 1’s represent even and odd numbers, respectively. This will allow
us to go from operation O2 to sequence S2 and vice-versa. However, once
we have figured out operation O2, there is no possible way to go to sequence
S1 because for each zero there is an infinite even numbers and for each
one there is an infinite odd numbers to choose from and the initial number
can be anything. This irreversibility is indicated by the unidirectional arrow
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Operation O1

Sequence S1

Operation O2

Sequence S2

Fig. 21. A diagram of an irreversible set of mathematical operations.

between sequence S1 and operation O2. We thus see that operation O2 injects
an uncertainty that inhibits us from recovering the rules of the construction
and makes S2 maximally random. While not all sequence constructions
may be irreversible, the above example clearly demonstrates that extracting
underlying rules may not always be attainable.

A similar irreversibility is introduced when the binary sequence of
the central cell in rule 30 (discussed in the previous chapter) is given or
observed. If the operation “keep the binary sequence of the central cell
only” is inserted in the rules of construction, then the rule of the cellular
automaton cannot be recovered. The loss of information, which results in
the irreversibility of these two examples, is not just a well thought math-
ematical trick. Information initially contained in a system could indeed
get lost during its evolution. Imagine two compartments separated by a
diaphragm, one filled with water at 40◦F and the other with water at 90◦F.
If the diaphragm is removed, the two water samples mix and produce a
sample, which is at a uniform temperature throughout. In this final sample,
all the information about the initial temperatures is lost and cannot possibly
recovered no matter how knowledgeable we are.

Order and predictability arise from rules. Randomness and unpre-
dictability arise from the absence of rules. This source of randomness is,
however, ideal if not trivial. In the mathematical system and in the physical
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world, there is always some kind of an underlying rule(s). Here we see
that unpredictability and thus randomness may arise from irreversible pro-
grams or procedures, which inhibit us from getting to the rules, not just
from the absence of rules. We will call this randomness, randomness of the
first kind.
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Chapter 9

Randomness of the Second Kind

“Even the smallest person can change the course of the future.”

From the movie, Lord of the Rings: The Fellowship of the Ring.

In the previous chapter we saw that randomness and unpredictability emerge
as a result of our inability to find the rules that dictate the evolution of
process. Is it possible that randomness will be generated even if we know
the rules?

Consider the following simple stepwise mathematical operation, which
can be easily carried out with a calculator.

Step 1: Start with a value between 0 and 1, but not 0.5.
Step 2: Subtract the value from 1.
Step 3: Multiply the result in step 2 by the value.
Step 4: Multiply the result in step 3 by the number 4. Now you have a new

value.
Step 5: Repeat steps 2, 3, and 4 with the new value. Now you get another

value.
Step 6: Repeat steps 2, 3, and 4 with the new value. Now you get another

value.
...

Step n: Repeat steps 2, 3, and 4 with the new value. Now you get another
value.

This is an iterative process where the same operation is repeated using every
time the result of the previous step as the starting point. The above operation
is a mathematical model, which is described by the simple equation xn+1 =
4xn(1 − xn). This is an equation that gives the value at the next step (xn+1)

59
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from the value at the previous step (xn). It is called the logistic equation
and it has been used to study population dynamics. The number 4 is the
only parameter of this equation. Since this system is described by only one
equation, it is obviously a very simple system. For x = 0 or x = 1, all
subsequent values become zero and for x > 1 or x < −1, the population
becomes negative. Thus, for nontrivial dynamics (i.e. requiring that the
population does not become extinct or negative), the values of x must range
between 0 and 1. Let us assume that the starting (initial) value is 0.4. Then,
after executing step 2, we will have a value of 0.6. After step 3, we will
have a value of 0.24. Finally, after step 4 we will have a new value of 0.96.
With this new value we start over and after step 2 we have a value of 0.04.
After step 3 we have a value of 0.0384 and after step 4 we have our new
value of 0.1536. Repeating steps 2, 3, and 4 with this new value gives the
next new value, which is equal to 0.52002816. If we continue this iteration
processes and plot the value of x as a function of the step (n) we will get
the line shown in Fig. 22.
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Fig. 22. Solution of the logistic equation from the initial condition 0.4.
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What we observe is that x goes up and down in an apparently irregular
way. No apparent pattern is evident. For all practical purposes this signal is
random. Nevertheless, it was generated from a well defined initial condition
(0.4) and a very simple rule.You may argue that this is not news anymore.We
just showed that such behavior can result from the simple cellular automaton
described previously in Fig. 17. You are actually right but this example has
more to teach us than that simple cellular automaton.

Figure 23 shows x as a function of the time step for initial condition 0.4
as well as for initial condition 0.7.
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Fig. 23. Solution of the logistic equation from the initial conditions 0.4 and 0.7.

We observe that the two evolutions are different. They are aperiodic and
they do not converge to the same result. Somehow the system remembers
its initial condition forever. The evolution of this simple system is clearly
dependent on the initial condition. It gets even more interesting. Let us
assume that the second initial condition was not 0.7 but was 0.405 (about 1%
different from the first initial condition). If we compare the two evolutions
again, we see that they start very close to each other, but they soon diverge
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and follow completely different paths. Not only is the system sensitive to
the initial condition, it is sensitive to even the tiniest of fluctuations. And
not only does the system not forget a tiny fluctuation, it actually amplifies
it and soon the two evolutions diverge significantly.

This implies that even the smallest of errors in “measuring” an initial
condition leads to a different outcome than the actual, hence the actual is
not predictable.
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Fig. 24. Solution of the logistic equation from the initial conditions 0.4 and 0.405.

As we have seen earlier, aperiodicity does not necessarily mean unpre-
dictability. For example, the π digits are aperiodic but we can predict any
digit we want. But how about sensitivity to the initial conditions? Could
sensitivity to initial conditions create randomness and make a system unpre-
dictable? From the above example one can forcefully argue that the initial
condition can be specified without error. For example, we may specify 0.4
as our initial condition. Then the equation will produce all future values.
Thus, one may argue, sensitivity to the initial conditions is not a condition
for unpredictability. This is a strong argument but there is a little problem
with it.
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The five first values of the evolution of the equation xn+1 = 4xn(1−xn)

from the initial condition x0 = 0.4 are:

x0 = 0.4

x1 = 0.96

x2 = 0.1536

x3 = 0.52002816

x4 = 0.9983954912280576

x5 = 0.00640773729417263956570612432896.

What do you observe? The digits after the decimal point increase (in
fact double) with every iteration. After seven iterations the result carries
128 digits. After twelve iterations there are 2,048 digits! The number of
digits is actually given by 2n, where n is the number of iterations. Calcu-
lating exactly out to only 100 steps will require a computer that will carry
calculations with 2100 decimal points. This number is approximately equal
to 1030, which is one trillion times greater than the age of the universe in
seconds. Computers do not routinely handle more than a hundred digits. So
what does the computer do when the iteration reaches the point where the
digits are more than the digits the computer can carry? It simply rounds off
the result or it chops off the extra digits. That in effect makes the result an
approximation to what the result would have been if the computer had the
ability to carry calculations with unlimited number of digits. This approxi-
mation will now play the role of a fluctuation, which will be amplified and
soon lead to an evolution that will be completely different than the actual
one. Thus, only if we had infinite precision and infinite power we will be able
to predict such systems accurately. Because we do not have that, for systems
that are sensitive to the initial conditions, the exact state of the system after
a short time cannot be known. The outcome of such systems after that time
is simply random as small fluctuations amplify enough to dominate the
evolution of the system. Thus, a future state is unpredictable. Note that the
logistic equation is what we call a nonlinear equation. A nonlinear equation
includes terms in which variables are raised to a power other than 1, terms
that include products of variables and other complicated functions.

We thus see that randomness is created even if we know the rules. In this
case, the source for the randomness is not rule irreversibility or our inability
to find the rules but our inability to have infinite precision and infinite power.
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This kind of randomness has been termed chaos and it is distinctly different
from the first kind. Chaos is strictly a property of nonlinear systems.

Before we move on to the next type of randomness, I would like to
mention another interesting property arising from the study of the logistic
equation. The above examples are based on a formulation of the logistic
equation where the only parameter in the equation is set equal to 4.Actually,
this parameter can take on any value between 1 and 4. A different parameter
defines a different system, which means that the dynamics may not be the
same for any value of the parameter. When the parameter is less than 3,
the equation produces the same value for x at every step. This is called
period-1 evolution. Once the parameter becomes a little greater than 3, the
equation changes dynamics and now x is repeated every two time steps. The
evolution has become a period-2 evolution. As we keep increasing the value
of the parameter the dynamics keep on bifurcating to period-4, period-8
ad infinitum. In the limit where the period has become infinite, we have
chaos. This property is referred to as the period doubling way to chaos.
While this period doubling is not the only way via which a system becomes
chaotic, it represents a fundamental property of nonlinear systems and one
that we should keep in mind. We will recall this property later.



August 19, 2008 15:21 9in x 6in B-634 ch10

Chapter 10

Randomness of the Third Kind

“…the secret of heaven: that each affects the other and the other affects
the next, and the world is full of stories, but the stories are all one.”

Mitch Albom, The Five People You Meet in Heaven

Now let us consider the following example. The distance between your
home and the shopping mall is fixed. It is always the same, never varies.
There is a law that says that if the speed of an object is constant, then the
time that it will take to go from A to B is equal to the distance between A and
B divided by the speed. It follows that as long as the speed does not change,
the time that it takes to travel the distance AB will always be the same. Now
assume that you travel with your car (our “system” in this example) from
your home (A) to the mall (B). You know that the distance is five miles, so
you figure that at a constant speed of 50 miles per hour it will take you one
tenth of an hour or six minutes to reach the mall. Would you bet money on
such a prediction? I hope not, because it will never be exactly six minutes.
A slower driver in front of you, a driver that suddenly decides to “cut” in
front of you, a yellow traffic light that forces you to decide whether to stop
or accelerate, the presence of a police car, the sound of a honk, and possibly
other “external” factors will cause you to often depart from the constant
speed of 50 miles per hour. Since the number of these factors is not fixed,
each time you go to the mall it will take a different length of time. This
makes the actual length of the trip very unpredictable, which means that the
duration of the trip is a random number. Thus, even though we know the
rules of the system (so there is no randomness of the first kind) and we can
assume that our system is not chaotic (which excludes randomness due to
sensitivity to the initial conditions) we still end up with randomness.

65
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The above example (like the example of the man killed by the falling
rock) introduces us to a mechanism for randomness, where randomness is
explicitly introduced into the underlying rules of the system. It corresponds
to saying that there is some kind of external environmental component
whose essentially uncountable “agents” continually affect the system with
their actions. Such processes are called stochastic processes. The word
stochastic comes from the Greek word στoχαστης, which refers to the
person who learns about future events or hidden things by means not based
on reason.

Our “system” here may be thought of as a mathematical system described
by a set of simple rules or equations whose evolution can in principle be
computed by solving the equations. When the system is exposed to external
influences, however, its behavior is modified. But what is this external
“noise”? Where is it coming from? In our example, the environment is rep-
resented by the other drivers and the traffic lights system, which can also
be thought of as simple systems. In this case, then, what we have is many
simple systems interacting. Each system is very simple but the collective
behavior of many interacting systems may be very complicated.

It is then logical to assume that in our example the “system” is a sub-
system of a grand system (possibly the universe), where many subsystems
operate according to their rules and interact among one another. As sub-
systems interact, they exchange information. Information received by one
subsystem from another may interfere with its rules, thus producing an unex-
pected result. Such interactions, especially in a large number of subsystems,
create an extremely complex behavior that can only be studied using
probability theory. This “stochasticity” is our third kind of randomness:
Randomness generated by the continuing effects of the environment.

It is interesting to note here that under this scenario, very complicated
behavior and randomness can be generated even if we start with no ran-
domness of any kind. The theory of nonlinear dynamical systems has clearly
established, for example, that many systems, which exhibit a very regular
(periodic) behavior, become irregular and aperiodic when they are coupled
with an external force, which is also very regular. This may also lead to ran-
domness of the first kind or to chaos. Whatever the case might be one thing
is certain: Very simple rules can either alone or in combination with other
simple rules create randomness and unpredictability. And since we are often
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dealing with an infinite number of interacting “agents”, the only way to
study and predict their collective behavior may only be done stochastically.

It is also interesting to make some connections with real life at this point.
In life, accidents (randomness) happen (1) when we do not know how things
work (we do not know the rules), (2) when we do not pay full attention
(we do not compute accurately), and (3) when we interact with people who
affect our lives. Doesn’t this look like randomness of the first, of the second
and of the third kind, respectively?

Finally, we should keep in mind that behind all mechanisms of ran-
domness lurks the notion of infinity. Whether it is the absence of infinite
knowledge or infinite power or the interplay of infinite agents, one cannot
avoid infinity. It is the arena where the interplay of rules and randomness
takes place. If this arena disappears all evolutions are doomed to repeat.
For example, it has been shown6 that because the computer can only carry
a finite number of digits in its calculations, the round-off error will force a
non-periodic trajectory to coincide with a point in the past rather than simply
coming very close to it. Once this occurs, the evolution has no choice but
to repeat. Consider again the first five exact values resulted when we start
iterating the logistic equation from an initial condition of 0.4.

x0 = 0.4

x1 = 0.96

x2 = 0.1536

x3 = 0.52002816

x4 = 0.9983954912280576

x5 = 0.00640773729417263956570612432896.

If we assume that the calculator or computer used to perform these calcula-
tions can only carry one decimal point, then the first iterate will be truncated
to 0.9. If the value of 0.9 is used rather than the actual value of 0.96 to cal-
culate the second iterate, we get a new value of 0.36 which will be truncated
to 0.3. Continuing like this we will find that the fifth iterate is truncated to
0.9, which is the value of the first iterate. From this point on we simply start
over and the evolution becomes periodic. This can also be demonstrated
with cellular automata. Figure 25 shows examples of a cellular automaton
obeying the rules of the cellular automaton in Fig. 17 for a varying finite
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Fig. 25. Evolution of the same cellular automaton (rule 30), but with a varying finite number
of interacting cells. All evolutions become at some point periodic (©Wolfram Research, Inc.).

number of interacting cells. In all examples the evolution becomes periodic
after a number of time steps. For the left configuration (15 interacting cells),
the evolution becomes periodic after 1,455 steps, for the middle config-
uration (20 interacting cells), it becomes periodic after 3,420 steps, and
for the right configuration (25 interacting cells) it becomes periodic after
588,425 steps. True enough, for a large number of cells, the period is very
long. Nevertheless, strictly speaking, only when the automaton involves an
infinite number of agents its evolution is truly aperiodic.
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PART III

Randomness in the Universe

Is probability an inherited property of nature?
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Chapter 11

From Aristotle to Einstein

“Every man desires knowledge.”

Aristotle, Metaphysics

In the first two parts we discussed how randomness is an inseparable part of
the structure of the mathematical system and what may be the possible mech-
anisms that generate it. The discussion and topics we covered up to now had
to do mostly with the mathematical system. We made use of sequences of
numbers and of simple equations. The examples we employed had nothing
to do with natural processes. We chose to remain strictly within the mathe-
matical system. However, the mathematical system is the product of human
thought. Our universe is not. Do our conclusions apply to our universe as
well? In other words, is there intrinsic randomness in the universe and if
there is, how does it relate to the randomness in the mathematical system?

This brings up the issue of the relation between mathematics and physics.
Physics is the study of laws that govern nature. The discovery of these laws
is largely based on observations of our universe. Over the centuries the study
of natural phenomena has produced a plethora of laws that govern myriads
of natural processes. However, physics does not explain or describe every-
thing in the universe. There are still many mysteries, many questions that
need to be addressed and many discoveries or revisions of our current under-
standing that will be made as our knowledge grows. Nevertheless, when we
say physics, in a sense we mean the properties of nature. Mathematics on
the other hand is an abstract science that is based on reasoning, and which
exists outside space and time. One may argue that mathematics could have
been developed without our universe in mind. Strikingly, however, mathe-
matics appears to describe nature quite well. The only problem is what is
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more basic, mathematical structure or physical reality? This argument goes
back to the 4th century B.C. and to two of the most influential philosophers
of all time, Aristotle and Plato. Aristotle maintained that physical reality
is fundamental and that mathematics is just an approximation for it. Plato
believed that mathematical structure is fundamental and that observers per-
ceive it imperfectly. Those two diametrically opposed perspectives are, in
our times, compared to the so-called frog and bird perspectives of viewing
a physical theory.7 According to the bird perspective, a scientist is studying
the mathematical equations of the theory, like a bird surveying a landscape
from high above. The Platonic view prefers this perspective. TheAristotelian
paradigm, however, prefers the frog perspective in which the observer lives
in the world described by the equations, like a frog living in the landscape
surveyed by the bird.

Whatever the paradigm we choose to agree with, the truth is that math-
ematics is part of physical reality. One may still argue that we can always
express a physical law in words. For example, “The gravitational pull
between two bodies is proportional to the product of their masses and
inversely proportional to the square of their distance.” This is true, but how
about more complex laws or lengthy theories? Can they be expressed in
everyday language so that they make sense? Or will they be lost in words
and poor communication skills? The success of mathematics in describing
our universe lies in the fact that it provides not just a “language”, but a
reasoning as well. An equation is like a picture. It is worth more than a
thousand words. It is not, thus, surprising that modern scientists believe that
the universe is inherently mathematical and that any problem in physics is
ultimately a mathematical problem.

The combination of Aristotle’s and Plato’s views led to the advances
of the science of logic. But there was a little problem with their approach.
According to their approach, all physical laws could be deduced by pure
thought and/or observation and without the need of experimentation. Even
though this view was extremely successful in providing explanations of
many physical phenomena, it missed some key concepts in physics.

A major example is the motion of bodies. Aristotle’s thesis was that
objects are at rest unless a force is acting upon them. Now imagine that
you are at the top of a building and you are holding two stones of unequal
weight. Then you let them fall without giving them any impulse. According
to Aristotle the stones are initially at rest. Since there is no external force
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acting on the stones, the stones are set in motion (falling) because of their
weight. This means that only the force of their weight is acting on the stones.
Since a force’s result is to set an object in motion, it follows that the heavier
the object the greater the force and hence the faster its motion. According to
this assumption, then, logical arguments lead to the conclusion that heavier
objects will fall at higher speeds than lighter objects. IfAristotle had decided
to test this deduction by setting up some kind of experiment he would have
realized what Galileo realized a couple of thousand years later: Every falling
object reaches the ground at the same time regardless of its mass and that
in the process of falling every object accelerates at the same rate (i.e. it
increases its speed at the same rate). This may sound controversial. I am
sure you will swear on your life that a feather and a cannonball will never
reach the ground at the same time. You are absolutely right, but the key in
this observation is that when an object is falling, there is another force that
is acting against the force that is pulling the object toward the ground. This
force is the resistance of the air through which the object is falling. For
a cannonball this resistance is much smaller than that for the feather and
because of that the feather will take its time. Take away the air (for example,
repeat the experiment in a vacuum) and then the feather and the cannonball
will reach the ground at the same time. Since the only force acting on falling
objects is their weight, it will mean that the result of a force is not just to
set the object in motion but to accelerate the motion.

Now we have to clarify an issue here. When we say the result of a force
is to accelerate an object, we mean a net force. In other words the force
has to be acting on the object all the time. In the case of a falling object,
the weight of the object is always there; this force is acting all the time on
the object. So, what happens when there is no net force acting on an object
constantly? For example, what happens if we apply a force on an object
and then take it away, as when we hit a billiard ball? Now there is no force
acting on the ball as it moves. The net force is zero, which will imply that
the acceleration is zero. Zero acceleration means constant speed. If it were
not for the deflections or friction, the ball will continue to move at a constant
speed on a straight line.

Such experiments established a relationship between net force and accel-
eration and were used by Newton in the 17th century to formulate his laws
of motion, which constitute the heart of Newtonian physics. The first law of
motion states that when there is no net force acting on an object the object
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moves at a constant speed on a straight line. If there is a net force then the
object accelerates or changes direction. Imagine that you are sitting in a car,
which is not moving. If you toss a ball vertically the ball will invariably fall
in your hand. If you repeat this experiment while the car is moving what do
you think will happen? Will it fall in your hand? The answer depends on
how the car is moving. If the car is moving on a straight line at a constant
speed the ball will again fall in your hand. If, on the other hand, the car is
accelerating or slowing down or changing directions then the ball will not
fall in your hand. In this case a force is activated that causes the ball to
change paths. This experiment (which I hope you perform while somebody
else is driving the car) clearly demonstrates that the behavior of moving
objects in some laboratory (or frame of motion) moving at a constant speed
is the same as in one at rest. Then, as far as Newtonian physics is concerned,
there is no standard or preferred state of rest and thus nothing can be ever in
a state of rest. That is why when you pick up a stone and throw it up in the
air, it lands on the same spot even though the Earth has rotated on its axis.
Simply, the stone was not at rest while on the ground. It was moving with
the same speed as Earth and because of that it tends to remain in the same
motion. In fact, given the rate of rotation of our planet if this was not the
case, and assuming that the throw takes one second, the stone would have
landed half a kilometer away from your original position.

What are the implications of this? If no standard state of rest can be
defined, then whether a thundercloud is approaching and you stand still or
the cloud is not moving but you go closer is, as far as Newtonian physics is
concerned, equivalent. In this case we cannot know if two different lightning
bolts that are seen at two separate times happened in the same position in
space. It is like trying to find your position but you cannot define a certain
unchangeable reference point from which to measure your position. Thus,
unlike the Aristotelian view (where a state of rest is defined when the net
force is zero), in Newtonian physics we do not have absolute position or
absolute space.

Apart from the difference in absolute space, Aristotle and Newton both
believed that time is absolute. Accordingly, an observer with a decent clock
should be able to measure the time between two successive lightning bolts
irrespective of what is moving toward what. Time was completely separate
from and independent of space. However, absolute time and absence of
absolute space means absence of absolute speed. The reason is simple.
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The distance, s, traveled by an object moving at a constant speed, v, is given
by the simple equation

s = v × t,

where t is the time that it takes to travel the distance. Since s is relative and
t is absolute it follows that v must be relative as well. Anyone who has ever
taken the subway would agree that a train moving in the opposite direction
of his train always appears to go faster whereas a train going in the same
direction appears almost motionless. And for an observer outside the trains,
both trains travel at the same speed. Thus, space and speed depend on the
observer and on his relation with all the moving “laboratories” around him.

Newtonian physics was able to explain with remarkable accuracy many
natural phenomena such as the motion of the planets and the phases of the
moon. We still use Newtonian dynamics to send a rocket to the moon.

But then later came a guy named Albert Einstein. Unlike Aristotle and
Newton, Albert Einstein went deeper and concerned himself with the nature
of light. Little was known about light at the time of Newton, but by the end of
the 19th century, it was established through the very accurate experiments
of Michelson and Morley that light travels at the same speed irrespective
of whether it travels along or against the direction of the motion of the
laboratory. In other words, if our subway trains travel with the speed of light
their observation will always yield the same speed regardless of the direction
of their motion or the position of the observer. This unique property of light
makes the speed of light absolute. Since space is relative, that means that
in the case of light, time must be relative. Thus, when studying events or
phenomena where the speed of light must be considered, time is relative as
well. This insight is the basis of Einstein’s theory of Relativity.

Einstein’s theory of Relativity does not contradict Newton’s theory.
When we deal with large objects moving at small speeds relative to light
(such as planets), Newtonian dynamics apply just fine. One does not have
to consider relativistic (time) effects. These effects become important when
high velocities come into picture. Nevertheless, both theories can be con-
sidered completely deterministic. They are both described by a set of equa-
tions that can be solved and both can explain many phenomena occurring in
the universe. There is no randomness involved in the formulation of these
theories. So, as far as physicists were concerned, all was working just fine.

And then whole hell broke loose.
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The World According to an Electron

“A picture may seem strange to you and after some time not only does
it not seem strange but it is impossible to find what there was in it that was
strange.”

Gertrude Stein

Studying the properties of light did not just pave the way for the theory of
Relativity. Soon, more peculiar properties of light were discovered. By the
19th century it was well understood that light has properties of waves. This
was clear because light will form patterns that waves do. These patterns are
called diffraction and interference patterns.

A wave is a sequence of crests and troughs and the distance between any
two crests or any two troughs defines the wavelength or the periodicity. The
inverse of periodicity is called the frequency.Accordingly, long periodicities
(large time scales) correspond to low frequencies and short periodicities
(small time scales) correspond to high frequencies. In its simplest form, a
periodic signal is a sinusoidal wave such as the one in Fig. 26 characterized
by its periodicity, T (or frequency, f = 1/T ) and amplitude, A.

Diffraction is a property of all waves and results when waves spread as
they pass through small openings. It is more pronounced when the opening
is comparable in size to the wavelength of the wave. For example, as Fig. 27
demonstrates, diffraction patterns are observed with ocean waves that are
channeled and then pass through narrow harbor mouths.

Interference patterns form when waves from two sources collide. When
two waves collide, if two crests arrive at a point at the same time they
combine to form a higher crest. Similarly, if two troughs arrive at a point at
the same time, they superimpose to form a deeper trough. Such interference
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Fig. 26. Sinusoidal wave.

Fig. 27. Wave diffraction at an Eastbourne beach, New Zealand (Courtesy of Winton
Clitheroe, New Zealand Physics Teacher’s Resource Bank).
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Fig. 28. Wave interference at an Eastbourne beach, New Zealand (Courtesy of Winton
Clitheroe, New Zealand Physics Teacher’s Resource Bank).

is called constructive interference. If a crest and a trough arrive at a point at
the same time, then they cancel each other out and they form a flat region.
This is called destructive interference. Figure 28 shows an example of such
interference.

Light creates similar interference patterns. When light passes through a
slit whose opening is comparable to the wavelength of the light, the light
will, as Fig. 29 illustrates, diffract or spread out in waves. If this wave front
passes through an apparatus with two slits, it creates two new wave fronts
that interact to create constructive interference when they overlap (seen as
a conical wave spreading) and destructive interference when they do not
overlap (seen as dark strips separating the conical wave spreadings). When
the diffracted waves reach the screen to the right, they create an interference
pattern consisting of a series of bright and dark fringes, the brightest of
which is at a point midway between the two slits.

Note that if the slits are too wide compared to the wavelength of the light
there will be no interference occurring. It follows that one can estimate the
wavelength of the light from the observed interference patterns. Waves can
come in all sorts of wavelengths and any number can define a wavelength.
Thus, in principle we can have an infinite number of different waves. We can
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Fig. 29. Diffraction and interference of light.

have long waves where the wavelength is great and short waves where
the wavelength is small. The light that is coming from the sun is made
up of many such waves. All these waves constitute the electromagnetic
spectrum of the sun (Fig. 30). Different waves have different properties.
For example, only certain waves can be seen by the human eye and they are
called the visible light. The visible light appears white but it is the result of
the mixing of several monochromatic (single color) waves (from shorter to
longer waves these colors are purple, blue, green, yellow, orange and red).
Other waves are the infrared waves which correspond to heat, radio and
television waves, etc. Shorter waves carry more energy. Imagine that you
and a friend hold the two ends of a rope. If you shake the rope up and down
you will create a wave, albeit not an electromagnetic wave. If you shake it
very fast you will generate a short wave and when you shake it very slow
you will make a long wave. Since when you shake the rope very fast you
need to do more work, the short waves must carry more energy than the
long waves. This applies to electromagnetic waves as well.

The fact that light has properties of waves, however, was known since the
time of the British physicist ThomasYoung who, as early as 1801, performed
the two-slit experiment. However, almost a hundred years later Einstein
observed that when light falls on a metal plate, the plate ejects a shower
of electrons. He further observed that the shorter (the more energetic) the
wave the higher the speed with which the electrons are ejected. This is not
what would happen if light were a wave. This is more like what happens
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Fig. 30. The electromagnetic spectrum of the solar radiation.

when two particles collide. Think of the game of bowling: When the ball
strikes the bowling pins, they are knocked over and the more the force of the
ball, the greater the speed with which the bowling pins are knocked over.
It will then appear that what Einstein observed could only be explained if
light were assumed to be a particle. He thus deduced that light is a stream of
energy composed of individual particles, which he called photons. Einstein’s
experiments confirmed earlier theoretical results and assumptions by the
German physicist Max Planck. Planck was concerned with explaining some
controversial suggestions about the nature of radiation by the laws believed
to be correct at that time. Above we discussed how short waves have more
energy than longer waves. Planck was trying to mathematically formulate
the amount of energy as a function of the wavelength and temperature of
the emitting body. All efforts to explain the experimental results failed until
Planck realized that in order to satisfy the results, his equations had to
assume that radiation is not emitted in an unbroken stream but in discrete
bits or packets, which he labeled quanta. Einstein’s photons were nothing
else but these quanta.

Then, light appears to behave as both particle and wave. This estab-
lishes the wave–particle duality of light and proves that electromagnetic
waves can behave as particles. But can particles behave as waves? This
question was posed by the French physicist de Broglie who suggested
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that electrons, particles of a certain mass, could be treated as systems of
superposed waves or as wave packets. Wave packets do not just describe
pure waves or just pure particles but a combination of both. With such a
description, de Broglie was able to study the quantum-mechanical motion
of a particle and to predict the magnitude of the wavelength of an electron.
And here lies the beauty of scientific ingenuity and reality. Scientists can
always propose a theory, which based on mathematics will make predic-
tions. But it is not until the predictions are verified that a theory becomes
accepted. In the case of de Broglie’s hypothesis, it was not long before exper-
iments not only verified that electrons have characteristics of waves (they
create interference patterns) but also recovered the predicted wavelength of
the electron. Subsequent experiment went even further to show that even
larger particles, such as molecules, behave as waves and that their wave-
lengths are exactly those predicted by de Broglie’s theory. Soon after that
the Viennese physicist Schrödinder developed the equation of motion of a
particle whose solutions were the de Broglie waves. Before long, in 1927,
the German physicist Werner Heisenberg starting from the hypothesis that
an electron is a wave packet obeying a wave function proved his famous
uncertainty principle, which ever since has made quantum mechanics as a
mystic science as we will ever have.

And why is that you might ask?
In classical mechanics, what specifies the complete state of a particle

is its velocity and position. If we know these two variables, we can solve
the equations of motion and predict the position of the particle at any time
in the future. Such complete determinism is the most fundamental aspect
of classical mechanics. The uncertainty principle states that when it comes
to subatomic particles, such as photons and electrons, one cannot measure
exactly the position and velocity of a particle. More specifically, it says that
measuring the position with high accuracy results in a great uncertainty in
the value of the velocity and vice-versa. Consequently, we cannot ascertain
the exact position of a particle without losing information about the velocity
and vice-versa. In quantum mechanics we cannot have well defined states
for the position and velocity; we can only have a quantum state, which is
a combination of position and velocity. Since the position and velocity can
only be known approximately, this state is defined by probabilities of the
position and velocity. For example, “the particle’s position is most probably
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somewhere there and its velocity is most probably around that value.”
Thus, quantum mechanics introduces an element of unpredictability or ran-
domness in the scientific description of subatomic particles. Our universe
emerges as intrinsically non-deterministic and unpredictable.

The uncertainty principle and the wave–particle duality are very much
connected. After all, one follows from assuming the other. If we just leave
it here and just accept these facts we may sleep well at night. But if, like
all scientists, we start digging deeper and interpreting these properties, we
might either lose sleep forever or lose our mind. For example, let us try to
understand the experiment that proved that electrons could behave as waves.
Imagine the electrons as being bullets fired from some electron gun and
traveling toward a partition with two slits behind which we have a screen.
Let us first assume that this gun can fire many electrons at once. It is then
reasonable to expect that some bullets will go through the right slit and strike
an area on the screen behind the right slit and some will go through the left
slit and strike an area on the screen behind the left slit. But this does not
happen. Instead of two small bright spots what we observe is an interference
pattern with the brightest part centered midway between the two slits as
when a wave is passed through the slits. One may argue that as the electrons
travel through the slits they jostle themselves into an interference pattern.
The remarkable fact, however, is that the interference pattern occurs even
when the electrons are sent toward the partition with the two slits one at a
time. We must therefore conclude that each electron is passing through both
slits at the same time and interacting with itself. That can only mean that the
electron behaves as a wave, part of which will go through one slit and part of
which will go through the other slit thereby creating interference patterns.

Well, it gets even more interesting. If we repeat this experiment with
either one of the slits covered, then what we observe is just a bright spot on
the screen behind the open slit. No diffraction or interference is observed.
Now the electrons act like particles hitting the screen where they are sup-
posed to hit. Thus, when an individual electron approaches an open slit it
seems to know whether the other slit is open or blocked! How can this be
possible? In addition, when an electron approaches the two open slits, how
does it know where to go so that the interference pattern will emerge?

These weird results apparently defy common sense. And here we enter
the wonderful and strange world of quantum mechanics — a world where
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classical mechanics cannot provide answers about the behavior of subatomic
particles. The results are not a figment of our imagination. Nor are they
due to some abstract mathematical manipulation. They are results obtained
again and again in real experiments. Somehow something else is going on at
the very small scales were photons and electrons rule. The interpretation of
these results has been the subject of intense debate since the early 1930s. One
of these interpretations, the so-called Copenhagen interpretation suggested
by the Danish scientist Niels Bohr and his colleagues, reasons that the
only thing we are certain of in the above experiments is that the photon or
electron leaves its source and that it hits the screen. Anything in between
is unknown. The particle has two possibilities (either go through the right
or the left slit), which are called the possible states. Since the production
of interference patterns would indicate that the particle passes through both
slits and interacting with itself, one can argue that both possibilities or
states are superposed. The particle is allowed to do everything possible
simultaneously.

Now you may ask how we explain the fact that when both slits are open
we get interference and when only one is open we don’t get interference.
The Copenhagen clan will argue that the behavior we observe depends on
the kind of measurement we make. If we make a particle-like measurement
(for example, information about the object’s trajectory), we find that the
quantum object behaves like a particle. If we make a wave-like measurement
(for example, the object’s momentum), we find that the object is a wave
(momentum relates to velocity and any particle, such as an electron, when it
acquires momentum it also acquires a characteristic wavelength, which is a
property of waves). In addition, and in parallel to the uncertainty principle,
if we have information about the object’s trajectory we cannot have infor-
mation about its momentum and vice-versa. When both slits are open we do
not know through which slit an electron passes. This means that we cannot
have information about the particle’s trajectory; hence, we can only observe
the wave-like properties, which produce the interference. When only one slit
is open we know exactly the path and we can only observe particle-like prop-
erties, which will produce a bright blob on the screen behind the open slit.

This may sound funny but at least it provides an explanation for the
observed interference pattern. On the other hand, it opens a can of worms
because it postulates that the superposition of states collapses into a classical
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outcome (either particle or wave but not both) once an observation is made.
It follows that an outcome of an observation is relevant to the observation and
thus not objective. As such, this postulate introduced a strange connection
between the observer, measurement and physical reality, which soon runs
into trouble. Einstein used to make fun of the Copenhagen interpretation
by asking his colleagues whether they believed that the moon existed only
if they looked at it. In a more serious mood the cosmologist James Hartle
argues that measurements and observations cannot be fundamental notions
in a theory that seeks to describe the early universe when neither existed.8

To do away with the troubles of the Copenhagen interpretation, in the
1950s, the American physicist Hugh Everett III proposed another interpre-
tation. He suggested that when an observer checks to see if an electron is a
particle or a wave, the universe splits into two universes. In one the observer
sees a particle and in the other he sees a wave. In other words, both out-
comes happen but they happen in different universes. If you think of the
electron’s particle–wave duality as a coin, Everett’s interpretation implies
that when we toss a coin we do not get just tails or just heads but we get
tails and heads at once but in different universes. This is the many-worlds
interpretation. According to this interpretation when the phone is ringing
while you are reading a book, quantum effects in your brain lead to a super-
position of outcomes (let the answering machine get a message and keep on
reading, stop reading and answer the phone, ask your daughter to answer the
phone, and so on), all of which happen in different universes. Thus, random
quantum processes cause the universe to split into as many copies as the
possible outcomes. Each of these copies of you is unaware of the others.
The branching is noticed only as a slight randomness in your decision. The
next time we need to make a decision, each universe splits again and so on
to basically create an unimaginable number of universes, which describe all
possibilities that there ever were. Crazy enough? Well, the reactions to this
theory have ranged from ridiculous to ingenious. Many argue that this is
very wasteful and uneconomical of nature. Others counter argue by asking,
“Exactly what is nature wasting? Certainly not space or mass. There is an
infinite amount of both to begin with.”

Whatever the interpretation (and there are a couple more floating
around), when it comes to quantum mechanics it is probably best to
remember what Richard Feynman writes in his book The Character of
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Physical Law: “Nobody understands quantum mechanics….. Do not keep
saying to yourself, if you can possibly avoid it, ‘But how can it be like that?’
because you will go down the drain into a blind alley from which nobody
has yet escaped.”9 We will do just that. We will not try to understand “How
this can be?” We will simply accept the fact that at very small scales, ran-
domness rules.

There is no reason to believe that our state of knowledge of the mysteries
of the universe is complete or even nearly complete. If Newton had some
evidence that time is not absolute, his physics would not have been able to
explain it. To him, it would appear bizarre and weird that two observers will
measure different times between two events. Similarly, it may be that the
bizarre interpretations of quantum mechanics appear bizarre because some
fundamental insight of our universe is yet to be understood or discovered.
However, as it does not mean that Newtonian physics is all wrong just
because of the unexplained evidence of the relativity of time, similarly it
does not mean that quantum mechanics is wrong because the explanation
of the observed randomness at small scales appears bizarre.



August 4, 2008 10:37 9in x 6in B-634 ch13

Chapter 13

Chaos

“At which the universal host up sent
A shout that tore hell’s concave, and beyond
Frighted the reign of Chaos and old night.”

John Milton, Paradise Lost

In Part II, when we discussed randomness of the second kind, we demon-
strated the sensitivity to the initial conditions and the definition of chaos
using a simple mathematical equation that does not have a direct relation
to a physical problem. This property, however, is not just the property of
a mathematical system. It is found in natural systems as well. Back in the
early 17th century, the German astronomer Johannes Kepler published his
first law, which stated that the orbit of an object around an attracting body
is an ellipse with the attracting body located at one of the foci.

The ellipse remains constant in space; the speed, however, of the orbiting
body varies. According to Newton’s gravitational law, the force of attraction
is proportional to the product of the masses of the two objects and inversely
proportional to the square of their distance. Since the orbit is an ellipse the
distance between the two bodies is not the same at all times. As such
the gravitational pull varies; it is greatest at the pericenter and smallest at the
apocenter. From Newton’s second law, it then follows that the speed of the
orbiting object varies accordingly. Nevertheless, the position and speed of
the orbiting object are determined at any time and they are regular. They
repeat exactly after a fixed time interval.

The situation, however, becomes a bit more complicated when there are
more than two bodies in the picture. For example, the moon is attracted by
Earth while both are attracted by the Sun. What is the motion of the moon
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Fig. 31. Orbit of an object (open circle) around an attracting body (black dot).

in this case? The problem can be exactly described by a set of nonlinear
equations. However, the problem has no analytic solution! In other words we
are not yet able to find a solution using standard mathematical approaches.
The only way to solve such problems is numerically. What we do is to
start with a certain state, which gives the positions and velocities of each
object. Then we apply the laws of gravity to determine the forces acting
on each object. Next, we change the positions and velocities according
to the effect of these forces for a short time interval. After updating the
state of the system, we repeat the process. If the calculations are done with
sufficient numerical accuracy and for short time intervals, we can track the
motion of the objects for a long time. This procedure can be done today
efficiently with a computer. At the time of Kepler and Newton, however,
this was not possible and both of them, while aware of the problem, saw this
irregularity as a nuisance. It was not until the early 20th century when the
French multi-scientist Henri Poincare showed that the numerical solution
to the three-body problem is very irregular and very sensitive to the initial
condition. In fact, Poincare discovered chaos but due to the unavailability of
computers he could not study this problem in detail. In 1925, a glimpse into
the complexity of this problem was provided by a computation carried out
by 56 scientists under Elis Stromgren at the Observatory of Copenhagen,
which showed a solution to the so-called restricted three-body problem,
which deals with the orbit of a moon under the gravitational influence of two
planets (Fig. 32). This work, which was published in 1925, took 15 years
to complete (due to lack of computers). Today such a computation will
take a few hours in a desktop computer. Nevertheless, for the first time
it was realized that irregular behavior can be observed in a very simple
system that describes a natural phenomenon and that sensitivity to the initial
conditions will make the behavior of the system practically unpredictable.
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Fig. 32. A solution of the three-body problem. The trajectory shows the motion of a moon in
the gravitational field of two planets (Courtesy of Professor Heinz-Otto Peitgen).

This is the same property we discussed with the logistic equation, which
we termed chaos.

The theory of chaos had to wait several decades until the development of
fast computers allowed such calculations. Then, in 1963, Edward Lorenz,
an atmospheric scientist at MIT, who was trying to explain why weather
is unpredictable, reduced the complicated physics of the atmospheric cir-
culation into three simple nonlinear differential equations (a differential
equation describes changes of a variable in time), which modeled the
behavior of a fluid layer heated from below. This is an approximation of
what happens basically every day in the lower atmosphere in our planet.
When the Sun rises, the surface of planet absorbs solar radiation and gets
warm. Subsequently, the air gets warm by contact with the warmer surface
and rises. This rising motion leads to turbulent motion. When Lorenz solved
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the equations and plotted the results he was surprised to see that this tur-
bulent motion was behaving quite randomly and never repeating exactly.
In addition, Lorenz found that this system is sensitive to the initial con-
ditions. As with the logistic equation (recall Fig. 24), evolutions from
two slightly different initial conditions soon diverge and follow different
evolutions. If we think of these two slightly different initial conditions as
the true state of the atmosphere and what we actually measure (measure-
ments always include some error, so we never really measure the true state),
then their divergence indicates loss of predictability. This was the first time
that somebody provided a scientific reason for why weather cannot be pre-
dicted with accuracy after a few days. Lorenz published his results in the
highly respectable Journal of Atmospheric Sciences in 1963.10 At that time,
however, meteorologists were occupied with other problems and did not
pay attention to this remarkable paper. It took more than a decade before
the paper was discovered by mathematicians and physicists and then the
theory of chaos took off and developed to one of the most important scien-
tific theories of the 20th century.

Does this mean that chaos is a major property of our universe?
The problem with answering this question is that while individual

systems might be chaotic, observations are often the result of many systems
(some of which are chaotic, some of which regular) interacting and affecting
each other. For example, when we measure the vertical speed of the air
inside a cloud, what system do we probe? Is our system the cloud itself?
Or is it the atmosphere or maybe the earth or even the solar system? As
we discussed in Part II, in this case the actual chaos may be masked and
what we get is stochasticity. Nevertheless, in the last three decades lab-
oratory experiments as well as measurements of natural processes have
shown that many phenomena in many areas of science are chaotic. This evi-
dence makes sensitivity to the initial conditions a fundamental property of
nature.

Chaos has been called by the late American physicist Joseph Ford
“Gödel’s child.” Just as Gödel’s theorem tells us that there will always be
questions in any particular logical system that cannot be answered, chaos
tells us that there are physical questions that cannot be answered like, what
the weather is going to be in New York on November 19, 2010 (or some
other date far in the future). For such a prediction, the initial state of each
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molecule in the atmosphere worldwide should be available to a precision
that exceeds the limits imposed by quantum theory.

We should mention here that the unpredictability associated with chaos
in natural systems, like weather, for example, is more complicated than
that of an abstract mathematical system, like the logistic equations, where
the initial condition can be specified exactly. In natural systems we have to
measure the initial condition. For example, to make a weather prediction we
measure the temperature, pressure, moisture and other variables, and then
we set the system (equations) in motion to obtain a prediction. Measure-
ments as you know are subjected to error. Everytime I travel to my office
I pass places where digital thermometers show the temperature. Somehow
they all differ. This may be due to the natural variability of the temperature
field, but I have noticed that the two thermometers in my house also never
agree. Instruments are simply not exact. This will cause an uncertainty in
the measurements used to specify the initial condition of the atmosphere.
In this case we will start with an error. That error will couple with the round-
off error introduced by the computer and things will go bad even faster. Not
to mention that the initial state of the atmosphere is measured only at certain
locations, thereby missing a lot of information in between. This results not
only in an inexact initial condition but also in an incomplete one. So, next
time the forecaster messes up the prediction give him or her a break!
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The Supreme Law

We are now going to move into another area of physics, namely ther-
modynamics. Thermodynamics deals with transformations of heat into
mechanical work and of mechanical work into heat. Imagine blowing up
a balloon. As the balloon expands, its volume “pushes” the air around it.
Because of this “effort” we say that the balloon is doing work on its envi-
ronment. If we now let the air inside the balloon come out, the balloon
deflates and its volume decreases. The air around the balloon is pushing
on the balloon. Now the environment is doing work on the balloon. Next
consider a sample of water at a temperature T1. The total amount of energy
of our sample is given by the sum of kinetic and potential energy of all its
molecules. This internal energy depends on the temperature of the water. In
how many different ways can we warm this water to a higher temperature
T2? One obvious way is to simply heat the water. In this case there is no
change in volume, so we can say that there is no work done on the water
by its environment. An alternative is to raise the temperature via friction.
In this case we can imagine a set of paddles rotating inside the sample of
water. We will observe that as long as the paddles keep on rotating the tem-
perature of the water increases. Since the water resists the motion of the
paddles, we must perform work to keep the paddles moving. We can then
conclude that whether work is performed depends on how we go from T1

to T2. Assuming that the water sample at T1 has some energy E1 and at T2

it has energy E2, we can further conclude that the amount of energy trans-
mitted to water in the form of mechanical work from the rotating paddles
is transmitted to water in the first way in a non-mechanical form of heat.
Thus, heat and mechanical work are equivalent and two different aspects
of the same thing — energy. The change in energy, the amount of work
done, and the heat exchanged are related through the so-called first law of
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thermodynamics which states that in a transformation, the change in energy
plus the work done equals the amount of heat exchanged.

The first law arises from the fact that energy, while it can change from
one form to another, is conserved. By itself this law places no limits on how
energy can be transformed from one form to another. Thus, on the basis of
the first law, heat can be transformed into work, work into heat, work can
be done at the expense of internal energy and so on. Because of that, if no
other law existed, the first law would allow phenomena to happen that never
happen in reality. For example, consider an object falling on the ground.
We will observe that during the impact the object will warm. The opposite
phenomenon, according to which an object at rest on the ground begins to
rise by itself while it is cooling, is never observed. According to the first law,
work could be done on the object by spending some of its internal energy.
This will make the stone rise and cool. Similarly, imagine a container with
two compartments, A and B, separated by a partition. Also imagine that A is
full of air while B is empty. If we remove the partition what will happen?
Obviously the air will expand to occupy both compartments. The opposite
phenomenon where the air in a room suddenly accumulates in one half
leaving the other half empty never happens. The impossibility of such events
is due to the second law of thermodynamics, often hailed as the supreme
law of nature.

Let us consider in more detail the example with the two compartments.

Fig. 33. Compartments with air (A) and empty (B) — isolated system.

Before the partition is removed, the particles that make up the air are
all in compartment A. This picture actually represents an ordered state,
simply because there are restrictions for the particles. When the partition
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is removed, the particles have no restrictions and they can move anywhere
they wish. Eventually they uniformly occupy both compartments.

Fig. 34. Compartments after partition is removed.

This is a state of equilibrium and from that point on, even though the
particles are free to move all over, chances are that the same number of
particles will be found in A and B. This equilibrium state represents a
state of lower order or higher disorder. Now would you call this process a
reversible process? In other words would you expect that the particles would
just by themselves return to the original ordered state? Some will argue that
based on probability theory there is always a chance that somehow all the
particles will be found in compartment A again, but I would not bet money
on this. Even with a limited number of particles this may take the age of
the universe before it happens. We can, therefore, safely assume that this
process is irreversible. This irreversibility is directly related to the increase
of disorder. Physically, this expresses the second law, which says that during
an irreversible process the entropy of a system increases. Here, just to be
on the safe side, we must mention that our system of the two compartments
is considered isolated. In other words, it is alone and not interacting with
anything else. In this case we cannot argue that an external force can be
invoked, which will physically move all particles back to compartment A,
thereby decreasing the entropy. By the way, entropy comes from the Greek
word εντρoπια, which means the “inner behavior.”

In nature, processes tend to be irreversible. In fact, unless a process is
very much controlled by an experiment, it is always an irreversible one.
A cloud forms, it rains, and then dies out.You never see the opposite. A cup
falls and breaks. You never see broken fragments rising and forming a
cup. The interpretation of this law for the fate of our universe is fairly
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straightforward. Assuming that our universe is an isolated system, all the
transformations that happen within it result in a steady increase of entropy
with time. As such the universe is evolving toward a state of maximum
entropy. Therefore, once the maximum entropy has been reached, it cannot
be increased any further. That simply means that there cannot be any
changes anymore. Thus, the maximum entropy corresponds to equilibrium
and the second law describes the general tendency of the universe to reach
equilibrium.

All this sounds very matter of fact. Unlike quantum mechanics, nothing
is weird about our discussion in this section. You may be wondering that in
this case there is no place for randomness. Well, let us dig deeper.

Let us consider that we are dealing with four particles named Michelle,
Diane, Julia and Catherine. Let us start with all of them being in com-
partment A. Now I ask you the following question. In how many different
ways can I arrange four particles in A and no particles in B? The answer
is obviously in one way. Four particles in A and zero in B. So far so good!
Now we know that if we remove the partition the particles will move around
and will occupy both compartments uniformly (i.e. without a preference in
either compartment). So we would expect that at any time two particles will
be in A and two in B. Well, in this case, in how many different ways can I
have two particles in A and two particles in B? The answer to this question
is, as demonstrated in Fig. 35, six.

The number of different ways to arrange particles in the two compart-
ments is called the number of complexions. Thus, we see that during our
irreversible process of particle dispersion, where the entropy is increasing,
the number of complexions is also increasing. In the late 1800s, theAustrian
physicist Ludwig Boltzmann proved that this number of complexions is
directly related to the entropy of the system and indeed as the number of
complexions increases entropy increases proportionally.

Now, are the above possibilities the only ones? Could we not have three
particles in A and one in B or vice-versa? Of course we can. In this case the
number of complexions is four (Fig. 36).

So altogether (including the possibility that all particles are in B) there
are 12 particle configurations. Six out of those 12 configurations correspond
to maximum disorder, or maximum entropy, two correspond to minimum
entropy and four to some intermediate value.
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Fig. 35. All possible combinations of arranging four objects in two compartments with each
compartment containing two objects.

It follows that the most probable state is the state of maximum entropy.
It also follows that the irreversibility of natural changes does not result from
certainty but from probability. There is a higher probability to tend toward
the state of maximum entropy than otherwise. We have thus discovered that
the essential way in which systems evolve is statistical and that in nature
irreversibility is associated with randomness. And since from the small-
scale order we go to the large-scale disorder, unlike in quantum mechanics
where randomness defines the micro cosmos, the second law tells us that
probability rules the macro cosmos.

The initial distribution of having all particles in A and no particles in
B is assumed when the evolution of the system begins. It follows that the
approach toward equilibrium signifies the future of the system. Since the
initial configuration is not likely to be observed again, then entropy increases
in the direction of the future, not of the past. Thus, the second law is often
associated with the positive arrow of time.
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Fig. 36. All possible combinations of arranging four objects in two compartments with one
compartment containing three objects and the other containing one object.

The second law is sometimes over-explained and this usually results in
confusions about its correct interpretation. For example, it is often stated
that the second law will just produce disorder and that disorder will lead
to decay. If things are left to themselves, atoms will mix and randomize.
Iron rusts because the atoms from iron escape the surface and mix with the
oxygen in the air. A warm dish cools because fast moving molecules in the
warm food mix with the slower molecules in the air and transfer their energy.
Fallen trees rot, so on and so forth. The second law simply leads to decay.
In this case, why is there life and structure all around us? The answer to
this rather unfair question is that the second law is valid for isolated closed
systems that cannot exchange information with their surroundings. It is clear
that our universe is not at the state of equilibrium. If it were, there will be
no changes observed. It is also clear that our universe is comprised of many
subsystems operating at vast ranges of space and time scales (from small
clouds to galaxies and beyond). These subsystems are allowed to interact and
exchange energy and matter. They are open subsystems operating within a
grand closed system, which does not exchange mass or energy with any other
system. If a system is open to external influences, it may “steal” energy from
its surroundings and use it to do something that deviates from the second
law. Thus, while fallen trees rot new trees grow by using energy from the
sun. In this case, the surroundings suffer an entropy increase that is greater
than the entropy decrease of the system. Thus, while locally entropy could
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decrease, overall the entropy of our universe increases in accordance with
the second law. Because of all these interactions, natural systems are not at
equilibrium. They then can operate either close to equilibrium or far from
equilibrium. From these two alternatives operating close to equilibrium is
more desirable because far from equilibrium requires and is associated with
extreme conditions, which from the statistical point of view are not very
probable. Most of the phenomena we observe in nature are near equilibrium
phenomena.

Finally, we should mention that since all subatomic particles obey
quantum mechanics and all matter is made out of these particles, quantum
mechanics is considered the most fundamental theory of nature. The rules
of classical mechanics, which are followed by large objects (regular or
chaotic), should somehow emerge from quantum mechanics. It is like an
impressionist painting, which though fuzzy when viewed close-up, pro-
duces a coherent picture when viewed from afar. This connection between
quantum mechanics and the macro scale has not been achieved yet. This
may be because quantum theory is not complete. Or it may be that we don’t
understand it completely. Nevertheless, quantum mechanics has succeeded
and has applications in many areas. These include the prediction of the exis-
tence and subsequent discovery of the particle positron, the explanation of
the formation of a positron and an electron when electromagnetic energy
interacts with matter, the operation of transistors and the development of
lasers. Due to that, while it may need to be refined, quantum mechanics and
its randomness is here to stay. Quantum mechanics, chaos and the second
law are prime examples that our universe in its infinite space does not just
obey rules but that it is also inherently random. Here again, as with the math-
ematical system, we find the concepts of infinity, randomness and rules,
interweaved and working together.

You may wonder at this point why nature chooses to be irregular and
unpredictable. Why is our universe not simple and regular? Well, this is
indeed an interesting question, which would be answered in Part V. For
now we simply have to accept that chance and irregularity are fundamental
properties of nature.
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Randomness of the Fourth Kind?

The Americans and the rest of the world have many things in common.
One thing, however, is very divisive. This issue has to do with the word
‘football’. In the rest of the world, football is that game where twenty two
players (eleven from each team) run around in a rectangular field kicking an
inflated leather ball in the shape of a sphere and trying to score by putting
the ball into the opposite team’s net. Apart from the general agreement that
this game is the most popular game on the planet, this game is characterized
by great fanatism and by the fact that it is continuous. In other words, there
are no stoppages in the game clock. The game is played continuously for
ninety minutes (with an intermission of fifteen minutes at the half). Thus,
the regulation time is fixed at ninety minutes. Assuming that there will be
no delays (usually by the winning team) or injuries, one can be ensured that
the game will last exactly one hundred and five minutes.

In the United States, however, football is that game where two teams of
eleven (usually very big) players try to move an oval ball along a rectangular
field by running with it or throwing it. Points are scored by moving or
passing the ball across the goal line of the opposing team (touchdown; six
points) or by kicking it between two posts behind the goal line (field goal;
three points). Since I intend this book to become an international bestseller,
I would like to explain to the rest of the world a bit of the dynamics of
American football. The game evolves in sequences of “possessions”. Which
team will get the first possession is decided by flipping a coin. During a
possession a team has to advance the ball toward the opponent’s goal line
at least ten yards either by a player carrying it or by throwing it to a player
who can catch it. But the team has only four tries or “downs” to achieve
this. If after three downs the ball has not advanced by at least ten yards, the
team has three choices: (1) they could try make the difference in the fourth
down, (2) if they are close to goal line they could try for a field goal, and
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(3) if they are to far from the opponent’s goal line or too close to their own
goal line, they have the option to kick the ball to the hands of the other team
(in this case no points are awarded). The truth is that American football has
little to do with kicking the ball and a lot to do with using the hands. Hence
the dismay of the rest of the world, whose football has nothing to do with
using hands.

A more important difference, however, between the two “footballs”, is
that in American football, the clock runs only when the plays are executed.
The regulation time in American football is sixty minutes (four quarters of
fifteen minutes each). However, between plays the game clock stops and
the team that has the ball has forty seconds to design and discuss the next
play. The players may use as many of these forty seconds as they wish. This
makes the game discrete rather than continuous. In addition, the clock stops
when a team chooses to challenge a referee’s decision and to take a time-
out (for consistency we will assume here as well that there are no further
delays due to injuries). As such, while the regulation time is sixty minutes,
the actual duration of the game is unknown.

We may say that the duration of the game is “influenced” at every play
by how much of the 40-second intervals are used, and occasionally by a
time-out or a challenge. This constant influence makes the actual length
of the game very unpredictable. That again means that the actual game
duration is a random number. Truly enough, this random number cannot be
less than one hour or longer than four hours, but is random between certain
bounds. Furthermore, this randomness is not a result of rule irreversibility
or availability of infinite power, or stochasticity. It is simply the result of
free will.

This brings us to the ever controversial issue of free will. By definition,
free will is the conviction that humans have the capacity to choose their
actions. It is a very divisive issue among philosophers and this author is
the last scientist who will argue with philosophers. Nevertheless, we can
present their views and we can make our own choices. First, there are those
who believe that all events are caused by previous events and that every-
thing has a cause. This view is called determinism. Determinism argues that
free will does not exist and the only reason we cannot explain it is because
we do not have enough knowledge to explain what seems to be random
choices. Incompatibilism goes a step further and holds that determinism
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cannot possibly accommodate free will. Hard determinism accepts both
determinism and incompatibilism. Opposite to these views are libertari-
anism and compatibilism. Libertarianism rejects determinism and maintains
that human beings have free will, and that actions due to free will do not
need a prior cause. Compatibilism holds that free will emerges in a deter-
ministic universe naturally from thoughts, desires etc. The philosophy that
accepts both compatibilism and determinism is called soft determinism.

In the scientific realm (which is of interest here), free will implies that
decision making is not completely and necessarily determined by a physical
prior cause(s). If we accept the view of a completely deterministic universe,
then there is simply no free will or randomness whatsoever. Everything
has a cause and the only reason we don’t understand or cannot predict is
absence of complete knowledge. If on the other hand we reject determinism
all together, then everything that happens is independent of what happened
before. What modern science and mathematics pointing, however, is that
both these two extremes are just extremes. The discussion in this book
presents plenty of evidence that in our universe and in the mathematical
system that describes it, determinism and randomness coexist. I personally
cannot but accept the fact that free will exist in humans and that free will
choices do not necessarily require prior causes. In this case free will actions
may through humans introduce randomness in the universe. I will not go
into the “weird” topic of whether an electron has free will (I will leave
this to philosophers) but it is easy to explain how free will emerges in a
deterministic universe.

Consider the game of chess: In chess, 32 agents interact according to
specific rules. For the masters, the game evolves according to a plan but there
may be moments where for the next move more than one possibility may
exist. Because of the limited time between moves, the player cannot possibly
go through all the possible configurations and often has to use his free will.
Based on the choice, the outcome may be different. This uncertainty in the
final result is randomness introduced by free will. A high-speed computer
on the other hand, could run all possible configurations and possibilities in
the allotted time. In this case, the computation is faster than the evolution
of the game and there is perfect predictability: The computer will beat a
human opponent all the time.
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As another example, imagine a soccer player leading an attack toward
the opponents’ net. During his run, he often has to pass the ball to one of
his teammates. The outcome of the attack depends on which teammate will
get the ball. Our player can pass the ball to several of his teammates, but
as he is advancing toward the opponents’ net he has little time to compute
all the possibilities open to him. Here again the computation is slower than
the evolution of the game and hence the player cannot make an accurate
prediction. As is often the case, our player makes a choice, which, even
though he may be using his best judgment, may not be the best choice. He
simply uses his free will. On the contrary, a baseball player with a chance
for a double play knows exactly what he has to do in order to succeed.
The computation here is simple: 1) He has to catch the ball, 2) he then has
to throw the ball to his teammate who is assigned to second base, 3) his
teammate has to catch the ball before the player from the opposing team
arrives there from first base and then he has to throw it to first base before
another player from the opposing team arrives there from home base. The
steps are few and straightforward. The complete “computation” is possible
and there is no need to resort to free will.

We can thus see that there could be instances when humans would inject
randomness into their environment. The open question is whether or not it is
only humans that have free will or that it is also a property of the universe as
a whole. Could it be, for example, that the universe is like a computationally
irreducible cellular automaton and that it is impossible to devise a simulator
that runs faster than it, thereby, causing free will to emerge? I will not
attempt to get myself into such an abstract and philosophical issue but
I will quote Ray Kurzweil11 from his Reflections on Stephen Wolfram’s
‘A New Kind of Science’: “…it should be noted that it is difficult to explore
concepts such as free will and consciousness in a strictly scientific context
because these are inherently first-person subjective phenomena, whereas
science is inherently a third person objective enterprise. There is no such
thing as the first person in science, so inevitably concepts such as free will
and consciousness end up being meaningless. We can either view these first
person concepts as mere illusions, as many scientists do, or we can view
them as the appropriate province of philosophy, which seeks to expand
beyond the objective framework of science.”
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Connections

In Part I, we learned that randomness exists in the formal mathematical
structure. In Part II, we used mathematical systems that obey simple rules
and equations to identify distinct ways via which randomness can be gen-
erated. In this Part we showed that randomness is an inherited property of
our universe as well. What remains to be discussed is whether those ways
apply to the randomness observed in the universe.

We may simply argue that, insofar as mathematics represents the lan-
guage of nature, the randomness associated with quantum mechanics and
the second law should be traceable to one or more of the above mecha-
nisms for randomness generation. In fact, the study of cellular automata
and nonlinear dynamical systems has suggested that simple mathematical
models capture very well the essence of many properties of the physical
world, including quantum mechanics, particle physics, the second law of
thermodynamics, fluid motion, pattern formation and many other physical
processes, and as such randomness in the universe must be associated with
our three sources of randomness. As an example, I would like to present a
parable suggested by Andrew Ilachinski in his book Cellular Automata: A
Discrete Universe.12 He starts with the cellular automaton according to rule
110 (see Fig. 37).

He then asks us to suppose that this figure represents some “alien
physics.” What would you think of such physics? Ilachinski offers the fol-
lowing interpretation: “Noticing that the figure consists of certain particle-
like objects sprinkled on a more-or-less static background, the simplest
(most natural?) thing for you to do — and your physics training certainly
comes in very handy here — is to begin cataloging the various “particles”
and their “interactions.” You begin by methodically writing in your journal
observations of the form “There are N particles of size s moving to the
left with speed v;” “When particle p1 of type P collides with particle p2 of
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Fig. 37. Cellular automaton according to rule 110 (©Wolfram Research, Inc.).

the same type, the result is the set of particles {q1, . . . , qn},” and so on….
At worst, you will grow tired long before you have the chance to record
even a small fraction of the total number of possible states in this world.
At best, you will have a long (and likely still incomplete) list of particles
and their interactions. What you almost most assuredly will not have, is any
idea that the underlying physics really consists of a single — very simple —
local deterministic rule that acts on the real particles that are fixed sites of a
lattice taking the values 0 and 1. How different is this alien two-dimensional
world from our own?”

But just in case you are not happy with such arguments, here is a little
more discussion.

First, let us take quantum mechanics. The randomness introduced by the
uncertainty principle results from assuming that a photon or an electron is
a system of superposed waves or a wave packet. These wave packets make
use of the particle–wave duality. We know that the duality is a fact. But we
are still unable to explain why the duality exists. In this regard, one may
argue that we simply cannot recover at this point the rules and as such ran-
domness of the first kind is generated. One might also conjecture that due to
the inherited uncertainty in quantum mechanics, it will be subject to chaos.
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The area of quantum chaos is of great interest in science today. Indeed, there
have been many indications that quantum systems display chaotic char-
acteristics. This links quantum mechanics with randomness of the second
kind. Now suppose that, as is implied by modern developments in theo-
retical physics, the universe began as a ten-dimensional bubble of space out
of which only four (time and the three spatial) dimensions expanded to form
the universe we live in. The other six dimensions simply compacted to form
what we call subatomic particles. In a sense then these particles live in a ten-
dimensional space, whereas they are observed in a four-dimensional space.
Then, what we observe is a projection of an object in a lower dimension.
Such a projection may result in observations that cannot be explained. For
illustration purposes consider the trajectory on the Fig. 38(a).

This trajectory is embedded in a three-dimensional space. If we project
this trajectory onto a two-dimensional space, we will obtain the result shown

Fig. 38. A three-dimensional trajectory projected onto a two-dimensional plane.
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in Fig. 38(b). Now the trajectory appears to intersect itself at one point.
Every point in the two-dimensional picture corresponds to a point in the
three-dimensional picture except for the intersection point, which represents
two points in the three-dimensional picture. Thus, in a lower dimension
those two separate states appear superposed. If something like this applies
to our universe, then we simply do not have the complete picture right.
This in turn implies that we either do not know all the rules or we do not
have enough information about the initial state. These possibilities create
again randomness of the first and second kind. Finally, let us ponder on
the many-words interpretation of quantum mechanics. According to this
interpretation, the random quantum processes cause the universe to split
into as many copies as the possible outcomes. Thus, when our soccer player
is ready to pass the ball, quantum effects in his brain lead to a superposition
of many possibilities. All possibilities happen, but they happen at different
universes. In our universe what the player chooses (free will) appears as
a slight randomness. The splitting of the universes can then be seen as a
computationally irreducible process producing randomness from free will.

Let’s return to the second law. Recall that the second law dictates that for
irreversible processes the entropy increases. As we discussed earlier, this
leads to the inevitable introduction of probability and randomness in the
macro scale. Imagine you have a cup of warm water and a cup of cold water.
To start with, you have an amount of information that specifies the difference
in temperature between the two cups. You then pour the water from both
cups into a pan. What do you get? Simply, you get lukewarm water. This is
an irreversible process in which the entropy increases. Does this lukewarm
water retain any of the original information? Apparently, not! You cannot
say anything about the original temperatures anymore. This demonstrates
that irreversible process and entropy increase are associated with loss of
information. The same phenomenon occurs in chaotic systems. When we
measure an initial condition we may measure it with some uncertainty.
Nevertheless, we do have some information about the initial condition.
For example, we may measure the outside temperature with some error
but we will have a pretty good idea of how warm or cold it is. Whatever
information we have in the measurement of the initial condition is, however,
lost in the future through the amplification of the uncertainty we have in
that measurement. This is the same as saying that the system loses whatever
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information was supplied to it. It will then appear that the second law may be
connected with randomness of the first and of the second kind.Alternatively,
assuming that the system undergoing an irreversible transformation is an
assembly of many, many individual particles, each one obeying some simple
rules and interacting with every other particle, leads to stochasticity, the
third kind of randomness.

Compelling arguments can therefore be made that the same ways for
generating randomness suggested by pure mathematical systems may apply
to real physical systems. As we mentioned before, a key ingredient in all
mechanisms of randomness is infinity. In that regard randomness may be
thought as an infinite-dimensional (unrestricted) system, whereas rules can
be thought as representing relatively low-dimensional (restricted) systems.
Thus, while rules confine the dynamics, randomness acts without limits.
This interplay creates most of the time “something” in between. This “some-
thing” in between is often referred to as complexity and it is the major
characteristic of our universe.
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Chapter 17

Allowed Behaviors

The coexistence of randomness and rules leads to an interesting question.
What kind of physical behaviors and objects will be allowed in such
interplay?

It is now a good place to go back to cellular automata and see what
will happen when we subject them to randomness. Randomness can be
introduced to a cellular automaton by relaxing the assumption that only
the middle cell is capable of growing and then make the cells in the initial
line black or white at random (say, by tossing a coin). In this case Wolfram
discovered that the class of nested exact fractal structures (Fig. 16) is elim-
inated. The other four, however, remain as shown in Fig. 39.

The first class (top) refers to steady states where all initial conditions
lead to the same final state of no change (in this case all cells become
white). The second class includes steady sates and periodic evolutions. The
third class is the analogue of chaotic dynamics. The fourth class (bottom)
involves a mixture of regularity and irregularity, is often associated with
the so-called edge of chaos. The edge of chaos refers to the situation where
a system is preparing to change from regular (periodic) to chaotic. It is in
this region where the system “feels” the pull from both periodic and chaotic
alternatives. A special kind of balance may exist in such situations from
which the system acquires the ability to self-organize. Self-organization
occurs when many random “agents” organize into some kind of coherent
and cohesive way.

It is interesting to note here that when more than one cell is allowed to
grow (in other words when there is interaction between “agents”), chaos or
self-organization (classes 3 and 4) will not occur unless we start up with
some randomness in the initial configuration of the values of the cells. If the
initial configuration is in order (say, black–white–black–white…), no self-
organization or chaos ever occurs. Note that while exact fractals do not
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Fig. 39. The four classes of cellular automata with random initial configurations (© Wolfram
Research, Inc.).

appear in the presence of randomness, random fractals may be embedded
in classes 3 and 4. We will discuss random fractals in more detail in Part IV.

We conclude that, as far as the study of simple mathematical systems is
concerned, when rules and randomness act together, the possible behaviors
or outcomes are uniformity, periodicity, chaos and self-organization. In this
case, stochasticity can be viewed as any combination of accepted behaviors.
The study of simple mathematical systems such as those formulated in terms
of cellular automata or the logistic equation has provided very important
insights about the origins of randomness and unpredictability. The next step
is to put everything together and see how phenomena we observed in nature
actually come to exist.
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PART IV

The Emergence of Real World

How rules and randomness combine
to produce the observed world
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Chapter 18

The Fractal Character of Nature

“I think a straight line does not exist. There is no such thing as a straight
line in painting.”

Willem de Kooning, Collective writings

“A good example can make a long way short.”

Lucius Annaeus Seneca

“The knowledge at which geometry aims is knowledge of the eternal.”

Plato, Republic, VII, 527

Nobody questions the beauty of a perfect circle or a perfect straight line.
There is symmetry and order in such geometric objects. This order is com-
pletely described by Euclidean geometry, which provides all the rules and
laws governing such structures. But when we look around us, nothing is
Euclidean. At the same time fractals like the nested structure in Fig. 16
do not exist either. They are also too exact, symmetrical and very ordered.
The shape of the clouds, the outlines of the mountains, the structure of the
trees, the meandering of coastlines and rivers, the waves of the sea, they
all are irregular and fragmented, nothing like the straight lines of a triangle
or the smoothness of a sphere. Yet there is beauty and harmony in nature.
Somehow, the irregularity of natural forms is appealing. How forms like
these emerge and why? Is it possible that there is underlying order in this
irregularity? Is it possible that there is a different kind of order or hidden
symmetry describing nature?

Consider Fig. 40, which we all recognize as the coastline of England.
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Fig. 40. Coastline of England.

Obviously, ordinary Euclidean geometry cannot possibly describe this
boundary. The coastline is not a straight line or some kind of an arc or
any other Euclidean structure. What could possibly describe this outline or
boundary?

To answer this question we begin with a step-by-step construction of
another famous exact fractal. Let us start with a straight-line segment of
length L, which we will call the initiator.

Fig. 41. The initiator — straight line.

Now, remove the middle third of this line and replace it with two equal
segments of length L/3 forming part of an equilateral triangle. This is called
the generator.

Fig. 42. The generator.
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Proceed by doing the same for each of the four segments of length L/3.

Fig. 43. Apply generator to each part of Fig. 42.

Continue the process for each of the 16 segments of length L/9

Fig. 44. Apply generator to each part of Fig. 43.

and so on, ad infinitum, to produce the famous Koch curve. We may think of
this process as follows: At each step we produce a picture that is part of the
picture in the next step with a change of scale. Otherwise stated, at a given
step each smaller part, when magnified, produces the part in the previous
step. This is a new kind of symmetry, which we call self-similarity. Since
this symmetry applies to all scales, small and large, this symmetry is also
called scale invariance or simply scaling. Here, however, there is a catch!
The Koch curve cannot be described by Euclidean geometry and we can
show this easily. If we look at the sequence of steps that generate the Koch
curve we will realize that the length of the curve increases with each step.
If originally L was, say, one meter, in the second step it is 1 + 1/3 = 4/3
meters. In the third step it is 1 + 1/3 + 4/9 = 16/9. At each step the length
increases by a factor of 4/3. In the limit when this process is repeated an
infinite amount of steps, the length will be infinite. With such a curve, if we
wanted to measure the total length, the result would depend on the size of the
yardstick. For example, at step 3 (Fig. 43), if a yardstick of size one meter
is used to measure the length, we will come up with a length of one meter
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(because by positioning the yardstick on one end it will intersect the curve at
the other end point). If we use a yardstick of length 1/3 meter, we will come
up with a length of 4/3 meters. If we use a yardstick size of 1/9 meter, we
will measure the actual length (at step 3) of 16/9 meters. We then see that the
properties of the Koch curve are resolution depended. The smaller the yard-
stick the more the little details in the meandering of the curve you are able to
measure and thus the greater the length. This is not the case with Euclidean
structures, such a straight line segment where the length of the segment is the
same independently of the yardstick length. Such objects are called fractals.
Fractals where popularized in the late 1970s by Benoit Mandelbrot.13 Fractal
geometry is a departure from the usual Euclidean geometry, which deals
with straight lines or smooth curves. Fractal geometry describes more com-
plicated and more bizarre objects. Fractals are constructed by iteration and
recursion. Iteration corresponds to having operations performed in repetitive
ways and recursion corresponds to having operations performed in nested
ways. Recursion adds increasing detail to less detailed shapes obtained in
previous steps, as in the case of the Koch curve and the structure shown in
Fig. 16. At this point we may want to recall Print Gallery and the com-
pletion of its center by Dr. Lenstra and marvel at the mathematical insight
of Escher’s work.

If instead of a single straight line segment of size L, we start with three
such segments forming an equilateral triangle and follow the construction
steps for each of the sides of the triangle we will end up with a closed
boundary, which is called the Koch island or Koch snowflake.

Fig. 45. Constructing a Koch island or snowflake.

Still, you may wonder, while the Koch island is an improvement in the
right direction, it’s a far cry from the actual coastline. As with the structure
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in Fig. 16, the Koch curve does not describe anything natural. True, but the
above presentation was only the first step in our quest for answers.

The construction of the Koch curve is completely deterministic. The
same rule is applied over and over. There is no randomness involved at all
here. What will happen if we blended in some randomness in the process?
For example, in the construction of the Koch curve rather than forming the
equilateral triangle with the same orientation of the generator at each step,
we may choose the orientation at random. In this case, a possible result may
then look like the following plot.

Fig. 46. Randomizing the construction of the Koch curve (Courtesy of Professor Heinz-Otto
Peitgen).

Now, when a small part is magnified it does not reproduce the whole.
But it certainly looks like the whole. We say that the statistical properties of
the small part are similar to the statistical properties of the large part, pro-
vided that we account for the magnification factor. In this case the property
of self-similarity or scaling holds, but only in a statistical sense. Such iter-
ation procedures together with randomization result to what we call random
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Fig. 47. A randomized Koch island (Courtesy of Professor Heinz-Otto Peitgen).

fractals. If we repeat the process described in the above figure but starting
with a equilateral triangle we will get a random Koch island, which even
though still is not realistic it is a further improvement in the right direction —
more and more the construction resembles natural boundaries.

In fact, we only need to be a little more creative with our random-
ization technique before we can generate an “island” whose details will be

Fig.48. A simulation of a random fractal coastline (Courtesy of Professor Benoit Mandelbrot).
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Fig. 49. Fractal simulations of clouds (Courtesy of Professors Heinz-Otto Peitgen and
Dietmar Saupe).

indistinguishable from natural coastlines. One such example is shown in
Fig. 48. Comparison with the coast of England in Fig. 40 shows striking
similarities at all scales.

The key to realistic simulations of natural fractal objects is to invert
some of the observed fractal properties of these objects and at the same
time randomize. For example, if we assume that an object or, in general, a
process X exhibits quantifiable fractal properties F (in other words we can
go from X to F), then we can invert the procedure to go to X by inverting F
(which amounts to a deterministic procedure) plus adding noise (random-
ization). Over the last 25 years, many algorithms have been developed that
generate random fractal forms, many of which are stunningly similar to
natural forms. Figures 49–52 show some beautiful examples of such simu-
lations: clouds, a sunset, a landscape and trees. This incredible production
of natural forms demonstrates clearly that much of the irregularity in nature
could be described by random fractals. Indeed fractal properties have been
documented in all areas of science, from biology to chemistry, to physics,
to physiology, to geology, to meteorology and elsewhere, making fractal
geometry a fundamental property of nature.

Without going into technical details, the above procedures may be
extended to the time domain to generate sequences of numbers or records.
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Fig. 50. Fractal simulations of sunset (Courtesy of Dr. J. P. Lewis).

Fig. 51. Fractal simulations of landscape (Courtesy of Professor Richard Voss).

For example, a completely deterministic recursive process will generate
Fig. 53, which is an analogue of the Koch curve, but in the time domain. As
was the case with the Koch curve, this time series is not something that we
may observe in natural time series.
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Fig. 52. Fractal simulations of trees (Courtesy of Professor Michael Barnsley).

Fig. 53. An exact fractal time series.

However, when a randomization procedure is applied together with
inverting the scaling properties of the signal, a possible result is the signal
shown in Fig. 54, which is a more realistic record to observe in actual mea-
surements.

You may have guessed it, but since both fractals and chaos are fun-
damental properties of nature, they must be connected. This connection
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Fig. 54. A random fractal time series.

is made clear by the study of dynamical systems. Dynamical systems are
systems which obey rules that are expressed as a set of equations. This set of
equations describes the evolution (changes in time) of all of its variables. In
order to make a prediction of the state of a dynamical system in the future,
the only thing that is required is to know how to solve the equations and
also to know a starting point (the initial condition). Consider a pendulum
that is allowed to swing back and forth from some initial position, as shown
in figure below.

Fig. 55. A damped pendulum.

Also consider that this system is isolated and not subjected to any external
influences. The parameters that define this pendulum are the length of the
string holding the small ball and the mass of the ball. These parameters do
not change as the pendulum swings back and forth. What change, are the
speed (v) and the position (the angle x) of the ball. Thus, position and speed
are the variables of the system. In this case, Newtonian physics provides the
rules (equations) that describe the evolution of this system from any initial
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position (or initial condition). Let us assume that the pendulum is taken to
position 1 and is held there. Then, at position 1 its initial state is x = x1 and
v = 0. At this point the pendulum has a certain amount of energy. The total
amount of energy of a system is the sum of its potential and kinetic energy.
When the system is at rest its kinetic energy is zero and thus all the energy
is potential energy. Thus, potential energy relates to position only. Now, let
the pendulum swing. As it moves toward point O its speed increases due
to acceleration by gravity. Some of the original potential energy is now
transformed into kinetic energy. After a while (position 2), the pendulum
will be closer to point O and will have a speed greater than zero. As it
crosses point O, its speed decreases because now gravity acts in a direction
opposite to the motion. At some point (point 3), the speed of the pendulum
will become zero again. At this point, its kinetic energy is zero and the
pendulum now has only potential energy again. However, the amount of
potential energy now is not same as the original position because during
the motion some of the energy has to be spent to overcome the presence
of friction. Systems that loose energy are called dissipative systems. Since
potential energy relates to position only, less potential energy means that
point 3 is not symmetric to point 1 with respect to point O but it is closer
to point O. Immediately, the pendulum will begin to swing back increasing
its speed until it crosses point O once again, thereafter decreasing its speed,
which will become zero again at point 4, which for the reasons explained
above will be closer to point O than both points 1 and 3. Eventually, the
pendulum, having spent all its energy to friction, will rest at point O.

Graphically, we can present the time series of the pendulum’s position
as follows

x

t0

1

2

3

4

Fig. 56. Time series of the pendulum’s position.
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and of its speed as follows

0
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Fig. 57. Time series of the pendulum’s speed.

Since the state of the pendulum at any given time is completely described
by its position and speed, we can combine the above two figures using a
two-dimensional coordinate system whose axes are x and v. A point in such
a diagram represents position and speed at a given time. This way we can
“transform” the physical space into a geometric space where the evolution
of the system can be presented effectively and studied easily. Such a diagram
is called state space and on it we can locate any point from its position and
speed. Since each point represents the state of the system at a given moment,
a trajectory that connects all points provides a visualization of the evolution
of the system. The state space presents exactly the same information as
the time series but through geometry. As shown in Fig. 58, the trajectory
converges onto point O where the speed and position are zero.

Now, what do you think will happen if instead of point 1, we chose to
hold the pendulum at some other arbitrary initial position? Obviously the
trajectory describing this evolution will be different. However, since we
know from experience that regardless of the initial position, the pendulum
will always rest at the same final position, this new trajectory will also con-
verge onto point O. In fact all trajectories from all possible initial conditions
will converge onto point O. We say that point O attracts all evolutions, or
all solutions from all initial conditions. Thus, it is point O that determines
the final outcome of this experiment and not the initial condition. The initial
condition is simply forgotten by the system. This fixed or limit point in state
space is called an attractor. Point attractors correspond to systems that reach
a final state of no more change, or no motion. Because of this attractor the
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Fig. 58. Trajectory in the state space describing the evolution of a damped pendulum.

fate of the system is known — its final state will be that point. Therefore this
system is predictable. We can always predict that the pendulum will rest at
point O.

We have thus established that some dynamical systems may have a point
as their attractor. A point is the simplest shape or geometrical object. Are
there any other attractors corresponding to more complicated geometrical
structures? Let’s go back to our pendulum and change the set up just a bit.
Let us assume that there is no friction. In other words, we assume that the
motion of the pendulum takes place in a vacuum rather than in a room full
of air. What will happen to the evolution of the pendulum in this case? Since
there is no friction, no energy is spent to overcome it. As such the energy is
conserved, meaning that at position 3, the pendulum has the same potential
energy as at point 1. Since potential energy relates to position, points 1 and
3 will have to be symmetrical with respect to point O. Similarly point 4
will have to be symmetrical to point 3, which will dictate that points 4 and
1 coincide. Therefore, the pendulum is not approaching point O. It simply
keeps swinging back and forth between points 1 and 3. In this case, the
motion is periodic and the trajectory in state space is a simple cycle.

But is this cycle an attractor? In other words, if we take the pendulum in
some other initial position away from point 1, will its trajectory settle on that
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Fig. 59. Trajectories in the state space describing the evolution of a frictionless pendulum
from different initial conditions.

same cycle? The answer to this question is no, because now the motion in the
physical space is along a greater arc and thus the corresponding trajectory
in the state space is a bigger circle. In this example every initial condition
has its own cycle. As such there is no limit cycle; the system does not have
an attractor. Such a behavior emerges in systems that conserve their energy
(conservative systems). Once we know the initial condition we know how
the system will evolve (i.e. the system is predictable) but there is no universal
final state independent of the initial condition. Each initial condition defines
its own future. In that sense, the initial condition is never forgotten! Is this
desirable? Do you think that nature will want to remember every initial
condition of all molecules in the universe? Will that be effective?

If you ask your heart, the answer will be definitely no! As you all know
the heart beats regularly. The rhythmic beating of the heart is controlled
through an orderly series of discharges that originate in the sinus node of the
right atrium (P wave) and proceed through the atrioventricular node and the
bundle of neuromuscular fibers (the QRS complex) to the ventricles (the T
wave). As you also know, when we are frightened (when we watch a scary
movie, for example), the heart begins to beat irregularly and much faster.
You may think of this as the trajectory corresponding to the evolution of
your heart bouncing away from its regular path, to some state far from the
normal state. If your heart behaved as a conservative system never to forget
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an initial condition, then it would not forget this new state of beating faster, it
would never return to its “attractor” of regular beat and you would probably
die. By extension, physical systems that will never forget a fluctuation will
never recover from it. It thus appears that dissipative systems that forget
past fluctuations and tend to settle to some well-defined attractor should be
more desirable. When the system settles down to a periodic evolution then
the corresponding attractor is a cycle, but now it is a limit cycle, unlike the
cycle of a conservative system, which is not a limit cycle.

Another example of a system that exhibits a limit cycle as an attractor
is the grandfather clock. In that system the loss of energy due to friction is
compensated mechanically via a mainspring. No matter how the pendulum
clock is disturbed, it will always settle to a fixed perpetual periodic motion.
Trajectories from different initial conditions are attracted on to the limit
cycle, and once on it they simply stay together (Fig. 60). The time that
it takes to complete a cycle defines the periodicity. The presence of this
attractor again guarantees predictability, as a regular motion is achieved
independently of the initial condition.

Now, what do you think will happen if we couple two such periodic
motions? For example, what if the hand that is holding an oscillating

Fig. 60. Trajectories in state space describing the evolution of a pendulum where the effect
of friction is compensated via a mainspring (like in a grandfather clock) from different initial
conditions.
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Fig. 61. A torus is the result of two coupled periodic motions.

pendulum oscillates as well? It can be shown that in this case there can be two
possible outcomes. If the ratio of the corresponding frequencies is a rational
number (a ratio of two integers), then the combined motion is periodic.
The attractor in this case is some kind of a cycle. If, however, the ratio is
not a ratio of two integers then the combined motion is quasi-periodic. In
this case the motion is not repetitive and the trajectory is not approaching
a cycle. Rather it is approaching a torus slowly filling its surface (torus is a
Latin word for a cushion of this shape). To visualize such a motion, consider
the example of the temperature variation in a year. The daily variation is a
cycle (a distinct periodicity) superimposed on the cycle of summer–winter
(another distinct periodicity). Imagine the combined motion of your pointer
finger tracing a small circle in the air corresponding to the daily variation,
while your hand is tracing a larger circle corresponding to the seasonal vari-
ation. This double motion will create a torus. As such, a torus (Fig. 61) is
a surface on which lies the evolution of a process involving two distinct
periodicities, which do not synchronize into one cycle. In this case, trajec-
tories from different initial conditions are attracted onto the surface of the
torus and once on it they follow paths, which stay together slowly filling
the surface as they go around and around.

The above attractors have one thing in common. They are nice Euclidean
structures: points, circles and smooth surfaces. As a result, they have the
property of not only attracting trajectories from different initial conditions
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but of keeping them close to each other once they “enter” the attractor.
This makes them insensitive to initial conditions and thus their presence
guarantees predictability. What kind of attractor will then be responsible
for the divergence of evolutions from very close initial conditions? What
kind of attractor will cause the sensitivity to initial conditions and aperiodic
behavior observed with the logistic equation and in the three-body problem
or the Lorenz system?

Imagine that the complex motion of a fly is described by a set of equa-
tions. Since the motion of the fly takes place in a three-dimensional space,
we say that the orbit describing the motion of the fly is embedded in a three-
dimensional space. Similarly every physical process takes place in some
space. If the process is aperiodic or chaotic, it means that the same point
cannot be visited twice in this space. The reason is that since the process is
described by a set of equations, once the same point is reached the equa-
tions start producing the same values they produced the first time all over
again — the process becomes periodic. As such, the trajectory or orbit cor-
responding to a chaotic process has to be of infinite length, yet be confined
in a limited space. How can this be possible?

The answer to this intriguing question is given by the Koch island. As
we explained above at the limit (after an infinite number of iterations) we
end up with a closed boundary whose length would be infinite. However,
even if this is an infinite length boundary, it encloses a finite area. This
area is less than the area of a circle drawn around the original triangle.
Since the boundary is a fractal object, this coexistence of finite and infinite
makes it possible for a trajectory to be of infinite length yet confined in
a finite space provided that the trajectory has fractal properties. And true
enough we find that fractals lurk behind chaos. Because chaos causes the
evolution of two nearby initial conditions to diverge but also be confined
onto an attractor, the corresponding trajectories cannot diverge continuously
along a direction. As a result, they fold while keep on diverging, and then
they fold again ad infinitum. What we end up with is folds within folds
within folds — the property that we find in recursive processes generating
fractals and self-similarity.We should note here again that like exact fractals,
exact chaos may not be observed easily in nature. This does not mean
that chaotic systems do not exist. Simply, the many systems that describe
natural phenomena may not be independent from each other but they may
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communicate at various space and time scales. For example, one system
could be the solar system with the orbits of its planets and moons and the
other could be climate on Earth. These systems have different formulation
but they are not independent. Some communication between them is present.
This communication acts as external force, which modifies the dynamics of
the climate system in a similar way that some external noise would. It is this
connection between systems that makes the observation of exact fractals or
perfect chaotic attractors very difficult and leads to statistical self-similarity.

Regardless of their strange properties, the self-similarity of fractals,
being some kind of symmetry, can be described by a simple mathematical
expression that states:

“When the properties P at some scale l are multiplied (magnified ) by
some factor f, they give the properties of a larger scale gl.”

Mathematically, we can express this statement with the general equation
fP(l) = P(gl). This equation has a simple solution which is a power law.
Power laws are easily identified because in a double logarithmic plot they
appear as straight lines.14 For the mathematically inclined more details on
power laws can be found in the Notes and References. At this point what is
important to remember is that power laws are associated with self-similar
or fractal objects.
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Physics Plus Randomness

In the previous section, we discussed how natural forms could be simulated
from purely mathematical considerations. The rules are simple generators
and iteration processes. To those rules, noise is added and fantastic out-
comes ensue. Interestingly, no physical laws were involved in simulating
these natural forms. Does this mean that physical laws are not necessary?
I believe that physical laws underlie all processes in nature but they man-
ifest themselves in a final result that can be described by a simple fractal
or scaling process. To demonstrate this I will present a couple of examples
that show how physics plus randomness will also generate random fractals.

The first example refers to the physics of lightning. Lightning is the
result of dielectric breakdown of gases, which occurs when some region
of the atmosphere attains a sufficiently large electric charge. Basically, a
strong concentration of negative charge at the cloud base causes through
friction a positive charge at the surface. Once this is in place, if the electrical
potential between the cloud base and the ground reaches a sufficiently high
value, some negative charge is propelled towards the ground. This cloud-
to-ground discharge is called the stepped leader because it appears to move
downward in steps. When the stepped leader has lowered a high negative
potential near the ground, the electric field at the ground is sufficient to
cause an upward-moving discharge, which carries the positive charge at the
surface up the path previously forged by the stepped leader. By doing so, the
return discharge illuminates and drains the branches formed by the stepped
leader. This luminous part of lightning is called the return stroke. As a result
of this process, both the stepped leader and the return stroke are usually
strongly branched downward. The branching character of lightning exhibits
a striking presence of structure at many different length scales. Every branch,
for example, looks like a lightning itself and so does every branch of a
branch. Indeed lightning has been documented to be a random fractal.15

129
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The dielectric breakdown in the atmosphere can be modeled by con-
sidering that the driving force is the electrical potential, which satisfies the
Laplace equation. We don’t need to concern ourselves with the exact form
of this equation. What we need to know is that there is a rule involved with
the discharge. The following figure illustrates the procedure to simulate
lightning in the computer. We start with a two-dimensional lattice in which
the potential of the top and bottom row is fixed at the values 0 and 1, respec-
tively. Only the middle point of the top row (A1) is capable of growth. Given
this arrangement the Laplace equation is solved and gives the potential at
every point in the lattice.16 All the immediate non-zero potential neighbors
of A1 are then considered as possible candidates, one of which will be added
to the evolving pattern. In the figure, the possible candidates are shown by
the open circles and the evolving pattern is shown by the connected black
dots. In step 1, there is only one possible candidate. Therefore, point A2

Fig. 62. Illustration of the model used to generate lightning.
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will be added to the discharge pattern. Since the discharge attempts to neu-
tralize the difference in potential between the top and bottom row (like the
discharge in the atmosphere neutralizes the negative and positive charges at
the cloud base and ground, respectively), the discharge pattern is assumed
to have zero potential. With point A2 in the picture, the Laplace equation is
solved again. This produces new values for the potential at each point. Now
there are three possible candidates. Each one of these candidates is then
assigned a probability, which depends on the value of the potential at each
point. Given these probabilities a point is chosen randomly and is added to
the evolving pattern. The above procedure is then repeated until any point
of the bottom row is added to the discharge pattern as is shown in Fig. 63.
The patterns generated from such a procedure not only look similar to real
lightning but they also have the same fractal dimension. The actual (right)
and computer generated (left) structural properties of lightning are identical.

Fig. 63. Simulated (left) and actual (right) lightning.
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In addition, the model is suggesting that no two lightning are alike. Since
each step is associated with a probability, if we multiply the probabilities
of all chosen points we will get the probability that the resulted structure
will occur. The probability of the above computer generated lightning is a
staggering ten to the power of minus one thousand (a decimal point followed
by one thousand zeros). This incredibly small number suggests that even if
there were one million lightning bolts at every location on Earth every one
second it would take the age of the universe to see the same lightning again.

The second example is the formation of snowflakes. Like lightning, no
two snowflakes are alike. This simply implies that some kind of a random
component is at work here as well. The basic physics behind the formation
of snow in a cloud is more or less understood. The life story of a snowflake
begins with an ice crystal. A crystal is any material in which the molecules
are arranged in some regular fashion. Ice is a crystal made of water vapor
molecules arranged on a hexagonal lattice. Because of that the most basic
ice-crystal shape is the hexagonal prism, which includes two basal facets
and six prism facets.

Basal
Facet

Prism
Facet

Fig. 64. The basic geometry of an ice-crystal.

When this crystal finds itself in a region inside the cloud where the
humidity (amount of water vapor molecules) is just right, it begins to grow.
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Depending on which facets will grow faster, the crystal may grow to become
either a thin hexagonal plate or a long hexagonal column. Let’s assume it
becomes a thin plate. As this plate is blown through the cloud, water vapor
molecules from around diffuse on it. Because the corners of the crystal
stick out a bit more than the other points, water vapor molecules have a
greater chance to diffuse to the corners. This makes corners grow faster and
stick out even more, which causes more water vapor molecules to stick on
them. This positive feedback is called branching instability and it causes
corners to grow into branches and random bumps in the branches to grow
into side-branches. The final result is a beautiful and complex structure —
the snowflake.

The six-fold symmetry of most snowflakes is due to the hexagonal
structure of the ice-crystal lattice. This structure is a result of the geometry
of water vapor molecules and how they connect. This in turn is a result of
quantum effects at very small scales, which determine how atoms interact
to form chemical bonds. As the crystal grows, the branching instability and
random motion of the water vapor molecules cause each snowflake to be
different from any other snowflakes. What we see is a fantastic mix of ran-
domness (both at the atomic and cloud scales) and order (geometry, physical
laws and chemistry) producing a very impressive and complex outcome.

Snowflakes can be simulated by assuming that the driving mechanism
is diffusion of water vapor molecules plus random effects to account for the
motion of the molecules.17 Here again, the Laplace equation is solved and a

Fig. 65. Computer simulated (left; courtesy of Dr. Eugene Stanley) and real snowflake (right;
courtesy of Dr. Kenneth Libbrecht and SnowCrystals.com).
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procedure similar to the one used to generate lightning assigns probabilities
that an approaching molecule will stick to a particular site in the perimeter
of the growing flake. The results are very impressive as simulated and real
snowflakes show striking similarities. For example, they both exhibit six-
fold geometry, side-branching and fine small-scale details. In addition, the
fractal properties of the simulated and real snowflakes are identical.

The above two examples demonstrate that natural forms and processes
involve interplay between rules and randomness. Often this results in the
generation of random fractals. And since random fractals are characterized
by certain scaling properties, one could in principle generate natural forms
either by employing the rules (if one knows them) plus randomness or by
inverting the observed fractal properties while adding noise. That is why
I believe that physical laws underlie all processes in nature. The final result
may be described by a simple scaling process. Then, often all we need to do
in order to simulate that process is to invert this scaling process. Whatever
the avenue, however, if randomness is not involved, the simulation will not
be realistic.

The generation of intricate patterns and order out of simple rules and ran-
domness is often referred to as complexity. As we discussed above, fractals
are scale-free entities, which are associated with power laws.A power law is
a relationship in which a statistical property is related to scale-length (scale
may refer to size or time) via an exponent. For exact fractals this power law
is followed for all length-scales. In reality, however, boundaries may define
limits to this scaling. For example, if clouds are fractals their fractal prop-
erties cannot be extended to scales bigger than the planet. Nevertheless,
within the range of scales where a power law is satisfied, it signifies an
extraordinary order.

But, how do the small scales know what the large scales do? While the
exact form of a lightning or a snowflake may be unpredictable, the overall
behavior follows certain patterns. It will appear that in nature, processes
often self-organize to produce such power laws. Exactly why is not yet
quite understood. Like in the case of the second law, where the collective
behavior of the particles moving in a room is to increase the entropy, here
also there may exist a fundamental principle behind such processes, which
must be associated with power laws. Later in this part we will suggest such
a principle and in Part V a proof for it will be offered.
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Stochastic Processes

Is then everything fractal?
Well, I will say that while many processes are fractal, not everything is
fractal. It is true enough that fractals and chaos are linked and chaos is a
widespread property of our universe. Nevertheless, we have seen that other
possibilities exist especially when too many agents interact. If you recall
our discussion on stochasticity, many phenomena in nature are interweaved.
In such cases fractality and chaos and even regularities may be masked
and something much more complicated may appear that will defy simple
descriptions. In this case, we have no choice but to treat such processes
probabilistically by employing a stochastic models. In lieu of rules,
stochastic models assume that some relation between successive events
exists. In the case of a time sequence the simplest such model is described
by the following equation:

x(t) = ax(t − 1) + e(t).

This equation says that if the value at a given time is x(t −1), then the value
at the next step, x(t), is a times x(t−1) plus a random number.5 The value of
the constant a is chosen between zero and one. If a is not zero the next value
is related to the previous value. As such the value of a corresponds to some
kind of a memory in the system. Usually, a is the correlation coefficient (a
simple statistical measure) between values now and values at the previous
step. The greater the a the greater the memory. Therefore, the part

x(t) = ax(t − 1)

represents the rules of the system in lieu of the actual rules. The
random number e(t) represents the noise (external or internal) and it is
usually assumed to follow the standard normal distribution.5 Because the
external noise is random such a modeling cannot be used effectively for

135
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prediction, but by generating many realizations (applying the stochastic
model many times, each time with a different set of random numbers) help
us to explore many possibilities, thereby yielding the most probable states,
average states and other statistical properties of the system. This model can
be extended to include other terms that will involve not just values x(t) and
x(t −1), but also values two or three or more steps in the past. For example,
the model

x(t) = ax(t − 1) + bx(t − 2) + e(t)

relates the value at the next step to the value at the previous step and to the
value at two steps before. Here the parameter b is the correlation between
the values now and the values two steps ago. Normally, b is less than a,

Fig.66. Simulated (dotted lines) and actual (solid line) global detrended temperature records.
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which is realistic since future events tend to “forget” more easily what hap-
pened in the distant past then in the close past.

Such simple equations result in records that are very irregular with no
recognizable patterns. For a = 0, the values of x are simply the values of the
random number.As a increases future values relate to past values and certain
trends may appear, however, without any regularity. It is quite amazing but
such a simple modeling often captures most of the aspects of the variability
in many natural processes. Compare, for example, the sequences in Fig. 66.
The solid line is the observed global temperature (with the long-term trend
subtracted) of our planet for about 140 years and the dotted lines are two
examples from a simple stochastic process. The similarities in how these
records vary are striking.
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Self-Organization

The order that pervades fractal structures can be thought as some kind of
organization. The multiple scales involve in a fractal correspond to some
kind of coherent behavior of many molecules. In this case, randomness in
small scales leads to discontinuous, fragmented and complex outcomes. As
we discussed in Part III, however, there are situations where randomness at
the small scales will generate some kind of continuous and smooth results
or self-organization.

In nature there are many examples of self-organization. A laser is a
self-organizing system in which photons group together to form a single
powerful beam where every photon is moving in lockstep. A hurricane and
a living cell are also self-organizing systems. Weather patterns can self-
organize into extended periods of droughts or flooding over very large areas.
A striking example of self-organization that you can reproduce in your
kitchen is the Benard convection. Consider a fluid layer, which is heated
from below (like water in a pan). The difference between the temperature
at the bottom and top of the layer defines a temperature gradient, which
is the force that will cause the molecules on the bottom to move upward.
If the temperature of the bottom is not high, nothing really happens. The
heat provided at the bottom is transferred through conduction and is lost
at the top when the temperature increases, boiling starts and heat is trans-
ferred through convection. The motion is rather random and the result is
an irregular boiling pattern at the top. When the gradient becomes too high
then a very coherent motion begins and hexagonal convection cells of a
characteristic size are formed. In this motion a large number of molecules
moves in a coherent way over visible space scales for long enough time. In
this case, we say that the system is far from equilibrium. Remember that
maximum entropy corresponds to equilibrium conditions and also relates
to the number of complexions. If molecules have to move in an “ordered”
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fashion (as to create, for example, a hexagonal pattern), obviously only a
certain arrangement of the molecules is allowed. This means that far from
equilibrium the number of complexions is smaller than near equilibrium
when the motion of the molecules is unrestricted. When the temperature
gradient exceeds a critical value then the random motion of the molecules is
damped and certain fluctuations are amplified to produce a visible macro-
scopic current producing the observed order.

Since randomness can result in extreme situations (albeit not very often),
it is possible for natural systems to go far from equilibrium and reach critical
values, which will cause them to self-organize and produce some kind of
order or a prolonged “far from normal” state. However, also due to ran-
domness, natural systems cannot be at a state of equilibrium (a state of
no change) for long. Thus, most often, natural systems operate near equi-
librium, a state which is responsible for most of the phenomena observed
in nature.
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The Blueprint of Life

If you think that it is incredible how simple rules and randomness can
simulate natural forms and records, let’s wait to see how they can generate
life itself.

An individual gene carries the information for building up a particular
protein. A particular protein is responsible for a specific function in the
body. In a given organism there can be thousands of genes, which in their
entirety make up the organism’s genome. The human genome is believed
to involve about 40,000 genes. Each gene is a sequence of four nucleotides
named adenine (A), cytosine (C), guanine (G) and thymine (T). This is
often referred to a DNA sequence. The length of such a sequence can
vary from a few hundred to a million. The whole genome, therefore, could
range from a few million nucleotides (bacteria) to several billion (humans).
The nucleotides in a gene’s sequence are divided into promoters and UTR
regions (which signal the beginning and the end of a gene) and into the
so-called introns and exons. Exons are coding materials. That means they
are the materials used in the translation to a protein. Introns do not play a
role in protein synthesis. They are “spliced” out and the exons are linked
to form a sequence called messenger RNA (mRNA), which then goes to
cytoplasm to be decoded for protein synthesis. All exon segments are made
of sequences of codons, each one of them being a combination of three
nucleotides. It is important to note here and to remember for later, that
recent advances in whole genome sequencing (which amounts to a com-
plete mapping of the sequence of all nucleotides in a genome) have made it
clear that in proteins there exist certain domains. A domain can be thought
as a strand of nucleotides, which due to its particular structure can perform
a unique function. Domains can be found in many copies in a protein and
can be used by many different proteins.
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So far so good. But how did these genes evolve? Gene evolution is one
of the most important aspects of evolutionary and molecular biology. Early
in the 1970s, the Japanese–American biologist Susumu Ohno advanced his
ideas about a possible mechanism of evolution by gene duplication.18 In
short, Ohno suggested that modern sequences arose from small pieces of
genetic material (often called primordial blocks), which found a way to
duplicate. Once this was possible, further duplication generated longer and
longer sequences that led to the construction of genes. The same mechanism
resulted in the generation of novel genes, by gene duplication, and new

Fig. 67. Basic structure of a genome, a gene and the process to make proteins.
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species by whole genome duplication. However, duplication alone does
not produce any novelty. Because of that, another mechanism was at work
together with the simple duplication. This mechanism is mutation. As the
primordial blocks duplicated they also mutated, meaning that they made
slight changes in the repetition pattern. For example, if, say, the original
building block was

AAGCTG

when it duplicated it did not become

AAGCTGAAGCTG

but it became

AAGCTGATGCTG.

We say that nucleotide A mutates to nucleotide T. Ohno’s duplication plus
mutation mechanism for gene evolution has today been verified and is
widely accepted. Mutation is a key component in evolution and is assumed
to be random. In other words, nucleotide A could become any of the other
three nucleotides.

These random mutations are the key ingredients of one of the most
powerful theories in the history — Darwin’s theory of evolution. In short,
according to Darwin, life evolved by natural selection and random muta-
tions. Natural selection is the idea that individual species possess some
variation that gives them an advantage over other species when it comes to
survival. For example, imagine that in an isolated island populated by dif-
ferent species of birds, an environmental fluctuation has caused plants that
produce small seeds to die, but plants baring large seeds to survive. Due to
some random mutation in their past, some of these birds have developed big
beaks. Those birds have an advantage in picking up the large seeds compared
to those birds that did not have this variation and remained with small beaks.
Thus, the birds with the big beaks survive and the birds with small beaks
get extinct. Environmental fluctuations and random mutations determined
which species lived and which species died. The actual mechanism for this
randomness in mutations is still an open question. It is widely believed
that mutations arise from pure environmental factors. In this case, the ran-
domness may be due to stochasticity. Recent analysis of DNA sequences
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has also suggested that within this stochasticity some evidence can be iden-
tified suggesting that a component of this randomness may be connected
to chaotic processes.19 Whatever the source of randomness, however, the
point is that life with its entire splendor is the result of a very simple rule
(duplication) plus randomness.
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Human Products and Social Phenomena

We can easily argue that even in the absence of life, our universe will be
more or less the way it is now. The clouds would have the same shape
and the snowflakes would exhibit the same properties. Also, the laws that
govern physical processes would be the same. As we humans evolved and
our intelligence increased, we started living together and small units began
to develop. Soon after that, bigger units developed and finally societies
emerged. To be able to live and function together, humans had to set certain
rules. However, humans developed something else — free will. Humans
were free to make choices and decisions of their own: whom to marry, what
job they would like to do, where to live, who their friends and enemies would
be, and so on. Thus, the societies created by humans are based on rules and
randomness. Then, here is the obvious question: Do human dynamics and
social phenomena end up similar to natural phenomena? Do we see power
laws and complex structures in our societies? Are there examples of self-
organization?

The answer to these questions is yes and I have chosen several examples
to demonstrate how simple rules and randomness can result in social phe-
nomena with similar properties to those of natural phenomena. These
examples will also teach us something about nature.

(a) Organization and extinction

The first of them is a fascinating example of self-organization from small-
scale fluctuations and is presented in the figure below.

We start with a two-dimensional cellular automaton where a cell is
assigned black or white at random. Then each cell “looks” at its 9-cell
immediate neighborhood consisting of itself and the eight adjacent cells. If
there are less than four black cells, then the cell becomes white in the next
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step. If the total number of black cells is greater than six it becomes black
in the next step. If the total is exactly four or exactly six the cell becomes
black and if the total is five it becomes white. The figure below tells a very
interesting story. At step 1 (top), we have a random initial distribution of
black and white cells. When the above stated simple rule is applied to this
distribution the system very soon becomes very organized with regions that
are clearly either black or white (the remaining panels correspond to the
situation at step 10, 100, and 350, respectively).

Fig. 68. A simulation of an artificial neighborhood (© Wolfram Research, Inc.).
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This example is a variant of the famous artificial neighborhood created
by the American economist Thomas Schelling in the 1960s. With similar
experiments Schelling, who won the Nobel Prize in economics in 2005,
realized that segregation between different races or ethnic groups may be
the outcome of the simple desire “I would like a small number of my
neighbors to be like me.” These unintended individual preferences lead
to a collective outcome indistinguishable from intended racism. As he put
it: “The interplay of individual choices, where unorganized segregation is
concerned, is a complex system with collective results that bear no close
relation to the individual intention.”

Self-organization is a common property of human dynamics. Commu-
nities self-organize to deal more effectively with problems. The economy
is a self-organizing system with markets organized by demand for labor,
goods, and services. However, while randomness and rules may lead to self-
organization, sometimes introduction of randomness to an otherwise orderly
system may lead to the destruction of the system altogether. For example,
consider the two-dimensional cellular automaton in Fig. 69 describing the
behavior of a domain of black cells surrounded by white cells.

Fig. 69. Two-dimensional domain of black cells surrounded by white cells.

With the same rules as above, the domain of black cells simply remains
unchanged. This is a steady state situation. If, however, we introduce some
random fluctuations in the boundary (by changing to black a few of the white
cells bordering the black domain), then the whole system becomes unstable
and eventually all black cells become white. The figure below shows the
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Fig. 70. Simulation of an artificial extinction (© Wolfram Research, Inc.).

evolution at steps (from top to bottom) 1, 6, 60, 350, and 600. The black
domain becomes extinct after 650 steps.

Such random fluctuation may explain how certain civilizations became
extinct. A very interesting example that has actually been simulated in the
computer is the disappearance of the Anasazi people. The Anasazi were
Native Indians that lived in the Long HouseValley inArizona. But sometime
around 1350 A.D. they vanished. Archaeologists George Cumerman and
Jeffrey Dean developed a computerized replica of Long House Valley envi-
ronment from 800A.D. to 1350A.D. and populated it with “digital farmers”
whose survival depended on simple rules. Simulations shown in an excellent
article by Jonathan Rauch in theApril 2002 issue of Atlantic Monthly clearly
demonstrate that random environmental effects can indeed explain many of
the settlement patterns and possibly the final extinction.20
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(b) Languages

The second example concerns the structure of today’s languages. Modern
languages are highly structured as they involve a hierarchy of systems for the
main purpose of transferring information. The constitutive dimensions of
languages are well known. We have a phonetic–phonological level, a gram-
matical or morphosyntactic level, a lexicosemantic level and a pragmatic
level. The first level is composed of two sublevels: a segmental sublevel
of phonemes and a suprasegmental sublevel that accounts for accent, into-
nation and duration. The second level constitutes one of the specific charac-
teristics of human languages, which distinguishes language from any other
form of communication. This is where lower-level sequences are linked and
combined to construct words. Then words combine to form units that are
called phrases, which then are combined to form sentences. This hierar-
chical structure that combines words into phrases and phrases into sentences
is paramount in establishing relations within sentences. The third level is
concerned with the study of the meaning of linguistic elements. The prag-
matic level refers to the studies of the interaction between language and the
contexts in which it is used.

Regardless of the complicated and hierarchical structure of languages,
however, something very simple pervades all of them. What do you think
is the most common word in English? If you guessed the word ‘the’ you
are right. If we had a very long text we could rank all the English words
according to the frequency with which they appear. Thus, the most fre-
quent word (‘the’) is assigned the rank 1, the second most frequent word
is assigned the rank 2, and so on. By doing this we will find that the most
frequent word appears twice as many times as the second most frequent
word, ten times more often than the tenth ranked word, and one thousand
times more often than the thousandth ranked word. This relationship is a
power law where the frequency of occurrence is related to rank via a power
law, which in a double logarithmic plot appears as a straight line with a
slope of minus one. Remarkably, this empirical law, which was discovered
by the American linguist George Zipf in the 1930s, is found in all modern
languages.21

It is often argued that Zipf’s law has nothing to do with the structure
of language. For example, we can shuffle the words in a book and obtain
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Fig. 71. Zipf’s law for the English language. The vertical axis gives the frequency of a word
and the horizontal axis gives its rank.

a structure-less sequence of words that transmit no information. Since the
number each word is used remains the same, then the frequency of each
word remains the same and Zipf’s law is obtained again. This may be a
legitimate argument but it can be argued that it is not sufficient to make
the law trivial. One cannot dismiss without reservations the fact that there
is a fundamental aspect of languages that makes them amenable to formal
analysis — linguistic structure consists of small units that are grouped
together according to certain rules.

In this case how is this relation the result of rules and randomness? We
can understand that there are rules in the construction of languages but how
does randomness enter the picture? Theories on the evolutionary aspects
of language agree that randomness is injected into languages because the
transmission of a language from one generation to the next is not perfect.22

Changes in syntax, for example, arise because children acquire different
settings. Also, new language and expressions emerge when children receive
mixed input. Such “mutations”, which are similar to the mutations taking
place in DNA sequences, happen at random and are then integrated into the
system by the deterministic relations prevailing at the moment. No distinct
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pattern exists in the variations from generation to generation. Other pos-
sible ways to inject randomness in languages is at the second level where
phonemes are combined to create words. In the early construction of lan-
guages, combinations were probably done at random. That is why different
languages have very different sound combinations. Some “free will” may
also be present at this level during the development of syntax rules. Syntax
rules in one language may be forbidden in another.

Interestingly, it appears that similar empirical laws are found in many
aspects of human activity. For example, the size of cities also obeys a power
law. The size of cities in 1950 and 1998 in the United States varies with rank
according to a power law. Even though the same city may not have the same
rank in 1950 and 1998, the constancy of the power law suggests that cities
have a “mind” and modulate their population growth to keep a relationship
constant. What can be behind such a fascinating fact? When people move
from one area to another they do not know how their movement will affect
the relative size of all the cities. Yet it happens. Similar power laws have
been identified in the distribution of income, in the number of businesses
as a function of size (employees) and elsewhere.

(c) Music

Now consider music. Music, like languages, is a part of the culture of any
known society and it is used to communicate feelings and ideas. In general,
in music, sounds are combined to produce a result that has structure and
logic, that expresses something, and that is pleasing. Music has organization
that allows for musical communication and that, like language, must be
learned to be understood.

All music is sound and sound is generated by vibration. When something
vibrates it sets the surrounding air into a vibration as well. These vibrations
are then spread out as sound waves and travel in all directions. As we know
by now, waves are characterized by their wavelength and amplitude. These
characteristics define the type of the sound produced by a vibration. Take,
for example, a guitar and softly pluck a string. The resulted oscillation (and
its associated sound wave) has a wavelength that is related to the length of
the string and an amplitude related to how strongly you plucked the string.
Now pluck the string harder. This time the sound is the same but it is louder.
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Since the length of the string remains the same the wavelength of the sound
wave remains the same. The amplitude, however, is now greater. We can
then conclude that amplitude dictates loudness. Now place you finger in the
middle of the string, hold it firmly and repeat the experiment. Regardless
of how strongly you pluck the string, the sound is different than before.
Since the length of the string is half as long, the sound wave has half the
wavelength or twice the frequency. As such it vibrates faster. It follows
that differences in sounds are dictated by the frequency. Different sounds
correspond to different pitches and the higher the frequency the higher the
pitch. The vibration of a string produces a note that is the smallest unit of a
musical organization. Music is produced when a set of notes, the so-called
motif, is selected. The selection rules are often defined by the scale, which
specifies which note follows what note.

When a string of a given length is set in motion it does not vibrate
only as a whole. Smaller parts may also vibrate, but they vibrate at higher
frequencies. The vibrations of the smaller parts (or the notes above the
basic note) are called overtones. Different musical instruments emphasize
different overtones.

There are many other aspects of music (duration of notes, meter, color,
envelope, semitones, etc.), but the bottom line is that the organization of
music involves, like languages, a hierarchical structure with notes com-
bining to give motifs, motifs combining to give phrases and a pitch-blending

String at rest

String vibrating as a whole
(basic note)

String vibrating in halves
(overtone)

Fig. 72. Vibration of a string.
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syntax to produce music.As a result the actual structure of music from many
instruments playing together can be very complex. From the physical point
of view, however, music is a hierarchical combination of waves, which can
be investigated with mathematical approaches such as power spectra (an
approach that decomposes a complex sequence to its component waves).

Richard Voss, a scientist at IBM, was the first to look at power spectra
in various types of music ranging from classical to rock. He transformed
each recording to a voltage, which was then manipulated to produce a signal

Fig. 73. Like languages music also appears to follow a similar power law (Courtesy of
Professor Heinz-Otto Peitgen).
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that was related to fluctuations of loudness and pitch (Fig. 73). When he
mathematically examined the data he found that all types of music exhibit
a power law very similar to that of languages (approximately straight lines
in a double logarithmic plot with a slope of about minus one).23

The emergence of power laws and scaling and thus of fractality in music
may be easier to understand. As Mandelbrot argues in his book The Fractal
Geometry of Nature, musical compositions first subdivide into movements
characterized by different overall tempos and/or loudness levels, movements
are then subdivided in the same fashion, and so on down to the shortest
meaningful subdivisions (notes). This is a kind of an iteration process similar
to those used to generate fractals. We have already seen how fractal forms
can be produced by recursion or by repeating a certain iteration procedure
over and over again. The randomness in the case of music comes again from
deviations introduced from one generation to another and possibly from the
fact that all the superimposed waves have different phases.

The mathematical similarities between languages and music may not
come as a surprise.After all they both exhibit a similar hierarchical structure.
What is surprising is that there is a deeper connection between human
means of communication, like language and music, and nature’s means of
information transfer — the genetic code. In Fig. 74, the red line shows the
typical Zipf plot resulted from Shakespeare’s Romeo and Juliet. The blue
line shows the frequency of occurrence of protein domains in the genome
of Saccharomyces cerevisiae as a function of their rank.24 As we discussed
earlier, protein domains are parts of proteins that perform some functions.
Domains are used with different frequencies and a given domain can be
used by different proteins. In this regard domains can be thought as parallel
to words in languages. Remarkably the two distributions are very similar.
Both follow a power law (this power law is not a straight line because this is
regular plot. In a double logarithmic plot both distribution are straight lines
with a slope of minus one.25)

Intriguing similarities between life and languages also emerge from the
so-called “trees” of life and of languages. Figure 75, suggested by David
Searls, shows such a tree depicting the three branches of life — Bacteria,
Eukarya (which include humans) andArchaea.All three spring from a hypo-
thetical common ancestor called the cenancestor.
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Fig. 74. Like languages, protein domains appear to follow a similar Zipf-like law (Courtesy
of Dr. David B. Searls).

The Eukarya and Archaea share similar versions of certain proteins,
which are used in functions such as replication, transcription and trans-
lation of nucleic acids. At the same time Eukarya have derived a number
of enzymes by gene transfer from bacteria (shown by the arrow), which
are used for operations such as glycolysis, electron transport and photo-
synthesis. Remarkably this architecture is found in languages as well. The
diagram in Fig. 76 shows an example involving three languages (English,
German and French), which are thought to have originated from a common
language (the Proto–Indo–European language).

Like Eukarya andArchaea, here as well we find that English and German
share many words (the core of vocabulary of English is Germanic in origin).
At the same time, like the transfer of genes from Bacteria to Eukarya, English
has borrowed many words from French. The above two examples are simple
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Fig. 75. Trees of life.

versions of much more complex trees. But even in the complex versions
impressive similarities are still present.

Even more spectacular are relations between DNA and music. In an
unprecedented display of genius, Ohno was able to show that the structure
of music has common characteristics with the structure of DNA. Ohno
considered simple musical transformations whereby a repeating unit in a
DNA sequence is transformed into a composition. By doing this Ohno was
able to compose some stunning music from DNA sequences that sounds like
classical music.26 An example of such music composed from the sequence
RNA polymerase II is given in Fig. 77.

Fig. 76. Trees of Proto–Indo–European language.
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Fig. 77. A musical transformation of the sequence RNA polymerase II.
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From the examples presented in this part we may observe that phe-
nomena that do not involve life (natural forms such as clouds, landscapes,
etc.) and phenomena that do (DNA, trees, human dynamics, etc.) appear to
share common mathematical/geometrical properties. What are the implica-
tions of this observation?

With his theory of evolution, Charles Darwin provided us with an
account of how life evolved through random mutations and natural selection.
However, nowhere in his theory did he suggest any explanations of how life
might have started to begin with, or whether life should be expected to occur
in other places in the universe. Since then, scientists have been divided on
these questions.

The British cosmologist Fred Hoyle once commented that the odds of
life starting by chance are comparable to the odds of a strong wind blowing
over a junkyard, picking up material and assembling them into a functioning
Boeing 747. Interestingly, statements like that can be interpreted in diamet-
rically opposite ways. Given that the complexity associated with even a tiny
microbe is indeed extremely great, some scientists are firm believers that life
is just a freak accident of molecular shuffling. Because of that, even if life
happened here, to assume that life will occur twice or more times in other
places is impossible. Reflecting on these odds, the French biochemist and
Nobel Prize winner Jacques Monod wrote in 1971 that “Man at last knows
he is alone in the unfeeling immensity of the universe, out of which he has
emerged only by chance.” Similarly, the late American biologist Stephen
Jay Gould insisted that since randomness, a driving force in evolution, has
no preferred direction, if evolution took place some other time or place, life
would be very different from the life we know, possibly never getting much
beyond the microbe stage.

On the other hand, one can argue that because of the very small odds
life cannot emerge unless it is written in the laws of nature. Still within
Darwin’s theory of evolution one may argue that, while mutations may
be random, the environment or natural laws may provide advantages or
disadvantages that create directionalities. These directionalities, together
with randomness, result in life. Echoing on this, the physicist Freeman
Dyson has observed that while it is not clear how life occurs, many processes
(such as Darwinian evolution, self-organization of matter and energy and
quantum mechanics) may set the gears in motion with organic life appearing
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at some stage. Along the same lines another Nobel laureate, the Belgian
biochemist Christian de Duve, believes that the broad thrust of evolutionary
change is innately predetermined and that life is to emerge amid a general
advance in complexity. Thus, life becomes a fundamental rather than an
accidental property of the universe. In this case matter and life emerge from
the same background and they should share common characteristics.

And isn’t that exactly what we observe? It follows that the extraordinary
fact that natural forms and life exhibit common mathematical properties,
is consistent with the school of thought that wants life as a fundamental
product of nature and written in the natural laws. This is a variant of the
so-called anthropic cosmological principle,27 which postulates that we are
here in order to observe the universe and that observers are necessary to
bring the universe into being (a “weaker” version of this principle is that
we should not be surprised to find ourselves in a universe that is highly
tuned for the existence of intelligent beings, because only in such a uni-
verse would anyone be around to pose the question). The concept of the
anthropic principle is very interesting because it involves self-reference.28

This is reflected in the fact that observation restricts knowledge, because
any observation has a degree of bias associated with it. This bias arises from
the observer being an actor and a participator in the whole system. Thus,
observation and knowledge cannot be comprehended completely. This par-
allels Gödel’s Incompleteness Theorem.
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The Principle of Minimum Energy
Consumption

“Chaos is the beginning, simplicity is the end.”

M. C. Escher, in a letter to Oey Tjeng Sit

Languages were one of the first necessities for humans. We simply had
to communicate. But how do you think languages evolved? Take a little
baby that begins to learn how to speak. What are the first words? If there
is something universal in our cultures it is that babies all over the world
begin muttering simple repetitive syllables like ba-ba, ma-ma or something
similar. They then proceed by becoming more elaborate. There is evidence
that human language evolved similarly. In very primitive language words
were made of very repetitive basic sounds. In fact, successful decipherment
of ancient languages was based on finding repetitive units.29 This is true for
music as well. The organization of music normally involves basic material
that may repeat exactly or with variations, may alternate with other material,
or may proceed continually to present new material. Composers strike a
balance between unity and variety and all pieces contain a certain amount
of repetition. As with languages, music may also have evolved from very
simple repetitive musical blocks. In fact, early music was very repetitive.

The similarities in the properties of languages, music and DNA may
indicate that all of them have employed a similar construction process in
their evolution — repetition and “mutations” (randomness).And apparently,
this process does not apply only to languages, music and DNA. Given the
plethora of self-similar structures in nature (which are created by repeating
a certain operation over and over again), it would appear that there is some-
thing fundamental in evolving by copying or repeating an operation and
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modifying it at random, and that this process was adopted by both nature
and humans in the early stages of evolution.

And why, you may ask, such a procedure became the favored one? The
study of languages, music and DNA provides an interesting insight to this
question. All three of them share a common property. They all transmit
information. Furthermore, it is reasonable to assume that they all transmit
information effectively and efficiently. Something that is effective and effi-
cient uses the least amount of effort to do what is supposed to do. There is
no reason, for example, for nature to adopt a very complex and expensive
mechanism to transmit information or to do an operation. A simple and
economical procedure would be much more desirable. And what can be
simpler than repetition? It may not, thus, be surprising that once the art of
repetition or copying was “learned”, it became a fundamental mechanism
in nature and in human dynamics. But, since pure repetition does not create
innovations, randomness was introduced to “spice” things up. I do not mean
to imply that this is the only mode operandi in the universe or that other
more complicated rules were not introduced later, but clearly simple rules
and randomness do not just coexist but they synchronize to produce an effi-
cient and economic universe. It is interesting to note here that many mathe-
matical systems obeying simple rules (such as cellular automata) have been
reported, which copy or replicate themselves and which through replication
construct more complex structures.30 The period doubling observed in the
dynamics of the logistic equation (recall discussion in Part II, Chapter 9) is
also an example of how duplication leads to complex behavior.

This is what Zipf called the principle of least effort or what I call the
principle of minimum energy consumption. In the next and final part we will
provide evidence that support this principle.
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PART V

The Role of Randomness

Three reasons you need
randomness
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Chapter 25

Efficiency, Paradoxes and Beauty

“Let chaos storm!
Let cloud shapes swarm!
I wait for form.”

Robert Frost, Pertinax

Imagine a group of small children in a playground. Small children have no
fear of having an accident. They have not yet developed this feeling. As
such they tend to move around irregularly changing activities and bumping
into each other constantly. Such a set-up is always prone to accidents. The
question is, how do we minimize the chance for an accident? One way
to eliminate accidents is to have one caretaker per child. In this case, the
caretaker is on constant alert guiding each child in all its activities and
making sure that no harm will come to it. This scenario amounts to complete
determinism with no randomness allowed in the system. This solves the
problem, but then all of us would have to become professional babysitters.
Simply, this solution is not efficient. It requires too much effort. A more
efficient solution would be to limit the area of activity (say, by putting a fence
around the playground) and have a few caretakers supervise the children.
In this case accidents may happen (and they do) but they will be much less
frequent compared to the number of accident when there are no rules or
limits (randomness only).

Now consider a developing cloud. To form a cloud, a parcel of air must
rise. This happens when the air close to the surface is heated by conducting
heat from the underlying surface. Imagine that initially the parcel is a perfect
cube.As this cube begins to rise, it expands because it goes higher where the
pressure is less. Because of the expansion the parcel pushes the air around
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it. This push requires work to be done by the parcel on the environment. To
do work energy must be spent. Thus, the parcel will have to spend some of
its energy, which means it will spend some of its kinetic and some of its
potential energy. If you recall from our earlier discussion the temperature of
an object relates to how fast the molecules of the object move and how fast
they move depends on how energetic the molecules are. Thus, if some of the
energy must be spent, the temperature of the object goes down. It follows
that as the parcel rises it cools. Now, at a given temperature the air has a
certain capacity for water vapor. However, just because at a given moment
the air has a given capacity for water vapor, it does not mean that it holds
as much vapor as it can. The amount of water vapor the air holds is called
the humidity. The ratio of the humidity to the capacity is called the relative
humidity. Think of it as a lecture room that has a certain number of seats.
This defines the capacity of the room. At any given lecture (temperature),
however, not all the seats may be occupied. Thus the relative attendance
(relative humidity) ranges from 0% (no students at the lecture) to 100% (all
seat are occupied). When the relative humidity is 100% we say that the air is
saturated with water vapor. By definition warmer air has a greater capacity
for water vapor; warm air can hold more vapor than cold air.

Considering all this, it follows that as the air rises its relative humidity
increases. Therefore, at some height the air will become saturated. What will
then happen as the air continues to rise? Apparently it will keep on getting
colder, which will mean that its relative humidity will tend to go above
100%. This is not really allowed in our atmosphere. Instead, the excess
water vapor in the air condenses into liquid water and a cloud begins to form.
Now, what happened to our initial parcel during this process? Given the fact
that cubic clouds have never been observed, the initial cube simply gives
away to some irregular structure. But why? One could imagine a process
whereby each molecule in the original cube moves in such a way as to
always form a cube. We could actually devise artificial rules that will have
every molecule follow such an evolution. But can you imagine the effort
that our atmosphere will have to make in order to achieve this? Nature will
have nothing to do with processes like that. Instead, like the example with
the children, the rules are set and within these rules the molecules are left
to move randomly thus generating irregular cloud shapes.

The above two examples are kinds of qualitative examples presented to
introduce the argument for the principle of minimum energy consumption
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in natural as well as social processes. However, to convince ourselves on the
existence of such a principle, we need something more quantitative, more
mathematical. In order to do this, I will present another everyday example
and then we will explore its consequences.

Last summer, I vacationed on the beautiful Greek island of Corfu. The
population of the island is about 60,000 people. Before I went there I
knew only two Corfians. The first night of my stay I dined at a picturesque
restaurant at the beach of Glyfada. Greeks, being the friendly people they
are, always start a discussion about who you are, what you do, and so on.
So as the waiter takes my order we start talking about such things. What do
you think is the probability that the waiter knows one of the two Corfians?
This problem may have a complicated analytical solution but the fact is that
the waiter did know one of the two Corfians. Otherwise stated, it only took
one connection between two persons that did not know each other to arrive
to a common link. It is a small world after all! This incredible result is nev-
ertheless not the result of chance. Through the work of the American psy-
chologist Stanley Milgram we know that any two of the six billion people
on Earth are linked by a trail of only six people.31 In other words, a shoe-
maker in Riyadh and a fisherman in Godthab can be connected to each other
with six links, each link representing a person. This is referred to as the six
degrees of separation.

Insights in such strange but otherwise common connections have been
provided by the study of networks. A network is a system of interacting
agents. In the literature, an agent is called a node. The nodes in a network
can be anything. For example, in the network of actors, the nodes are actors
that are connected to other actors if they have appeared together in a movie.
In a network of species, the nodes are species that are connected to other
species they interact with. In the network of scientists, the nodes are scien-
tists who are connected to other scientists if they have collaborated. In the
grand network of humans, each node is an individual, which is connected
to people he or she knows. In the past, the mathematical study of networks
was restricted to either regular (ordered) networks, where each node has the
same number of links connecting it in a specific way to a small number of
neighboring nodes, or to random networks, where each node is haphazardly
connected to a few nodes that can be anywhere in the network.

Regular networks are thus locally highly clustered, which means that
it takes many steps to go from a node to another node away from its
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Fig. 78. A regular and a random network (Courtesy of Professor Steven Strogatz).

immediate neighborhood. In addition, because of the high degree of local
clustering, if some of the connections are removed, the network does not
become fragmented into disconnected parts. On the contrary, random net-
works do not exhibit local clustering. Far away nodes can be connected
as easily as nearby nodes. In this case information may be transported all
over the network much more efficiently than in ordered networks. This is
an important property, but random networks are also highly unstable. It has
been shown that in random graphs the loss of several links may completely
fracture the network into disconnected non-communicating parts.32 Thus,
random networks exhibit efficient information transfer but are unstable and
regular networks imply stability but do not transfer information efficiently.
This dichotomy of networks as either regular or random is undesirable since
one could expect that in nature networks should be efficient in processing
information and at the same time be stable. Networks that combine both sta-
bility and efficient information propagation are called small-world networks
and were discovered a few years ago by the American mathematicians
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Duncan Watts and Steven Strogatz.33 Small-world networks exhibit a high
degree of local clustering, but a small number of long-range connections
make them as efficient in transferring information as random networks.
Those long-range connections do not have to be designed. A few long-range
connections added at random will do the trick.

Fig. 79. A small-world network is formed from a regular network and a few random long-
range links (Courtesy of Professor Steven Strogatz).

The architecture of a network is characterized by two parameters. One
parameter is the clustering coefficient, which is the average number of con-
nections within a neighborhood of a node. As such, the clustering coeffi-
cient provides a measure of local “cliqueness,” which as we saw is high for
ordered networks and small for random networks. The other parameter is
the diameter of the network, which is related to the average number of con-
nections needed to connect any two nodes in the network. Apparently, for
random networks the diameter is small and for ordered networks it is large.
A small-world network combines properties of both ordered and random
networks. In other words, small-world networks combine rules and ran-
domness. As such they have a high clustering coefficient guarantying sta-
bility and a small diameter ensuring efficient information transfer within
the network.

Since the original discovery, networks that exhibit small-world prop-
erties have been found to pervade biological, social, ecological, and eco-
nomic systems, the internet and other systems. Interestingly, it turns out that
in many of those networks, the wiring is characterized by an architecture
that is self-similar. In other words, many real world networks have fractals
properties. In all those systems the diameter is small. For the network of
actors the diameter is about four, meaning that we only need about four
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connections to link any two actors together. For the network of humans the
diameter is about six in agreement with Milgram’s surprising six degrees
of separation.

The networks can be either fixed, where the number of nodes and links
remains the same, or evolving, where the network grows as more nodes and
links are added. Whatever the network, however, an important conclusion
emerges — it takes the combination of rules and randomness to produce a
network that is transferring information without too much effort and at the
same time being stable. Thus, the study of networks provides a mathematical
proof that the combination of rules and randomness is consistent with the
minimum energy consumption. At the same time the fractal properties of
many networks supports the connection between power laws and least effort
as suggested at the end of Part IV.

The association of fractals and power laws with minimum energy con-
sumption has been documented by other studies as well. As early as 1987,
it was shown that the probability of generating a fractal structure is much
greater than generating a non-fractal structure.34 If we recall our discussion
on the simulation of lightning in Part IV, at each time step the point that
will be chosen and added to the evolving pattern is associated with some
probability. Since each point in the pattern is chosen independently of any

Fig. 80. A hypothetical highly ordered lightning.
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previous points, if we multiply the probabilities of all the chosen points we
will obtain the probability of a given lightning. For the simulated lightning
shown in Fig. 63, we reported a probability of ten to the power of minus
one thousand. If you think that this is small, wait to see what the proba-
bility would be if the model is forced to generate a lightning bolt that has
no fractal properties. Such “lightning” is shown in Fig. 80.

This hypothetical lightning has the same number of points as the fractal
one but it has been constructed to exhibit no self-similarity (when a small
part is magnified, it does not reproduce the whole). When we force the
model to simulate this structure, the probability comes out to be something
like ten to the power of minus five thousand. I don’t even want to bother
calculating how many lifetimes of our universe that is. It follows that, even
though a particular lightning pattern has a very small probability to happen
again, a fractal, scale-free lightning bolt has a far greater chance to happen
than a non-fractal one.

What is interesting here is that this model would imply that the most
probable outcome is just a straight line. But we never see a straight-line
lightning bolt. Why? The answer to that is found in thermodynamics. Recall
that the entropy of a system of points is proportional to the number of dif-
ferent configurations. Given a set of points, the number of different con-
figurations is high but only one of them is the straight line. Chances are
then that the straight line will not be chosen. At the same time very low
probability solutions (ordered states) would not be found either. The large
variety of configurations of states in between (the disordered fractal states)
makes them appear more often. Note that this does not contradict the least
energy consumption principle. Even though the most probable (least effort)
structure may not be chosen, what is chosen combines overall least effort
and effectiveness. In the case of lightning, a branched lightning bolt neu-
tralizes differences in electric potential more effectively than a straight line.
In other words, many straight-line lightnings will be required to do the job
of one branched lightning bolt. Thus, overall the effort is minimized. Subse-
quent studies have also documented that other fractal structures are energy
efficient structures.35

Further support for the minimum energy consumption or minimum dis-
sipation principle is provided by the work or Ilya Prigogine. Ilya Prigogine
was born in Moscow a few months before the revolution. His family left
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Russia in 1921, and after spending a few years in Germany settled for good
in Belgium. His work in non-equilibrium thermodynamics36 won him the
Nobel Prize in chemistry in 1977. Part of this work is the famous theorem
of minimum entropy production, which states that when a system cannot
reach equilibrium, but operates near equilibrium, the system settles to a
state of minimum dissipation. Recall that natural systems (and for that
matter social economics and other systems) can operate at equilibrium, near
equilibrium and far from equilibrium. As we have discussed in Part III,
Chapter 14 and Part IV, Chapter 21, from all these sates we can argue rea-
sonably that the most preferred state is the near equilibrium state. Thus,
while far from equilibrium states occur, most of the observed variability
in nature corresponds to near equilibrium processes. Accordingly, while
the minimum energy consumption or minimum dissipation principle is
not a universal principle, it does apply to most phenomena observed in
nature.

As Howard L. Resnikoff puts it in his book The Fusion of Reality:
“Fermat’s classical variational principle of ‘least time’ and Maupertuis and
Hamilton’s principle of ‘least action’ express the parsimony of nature in a
mathematical form: The evolution of a physical system follows that path
amongst all conceivable alternatives that extremizes, i.e. maximizes or min-
imizes, a suitable cost function such as time, action or energy. Thus, the
path of a ray of light through an optically inhomogeneous medium min-
imizes the time required to pass from the initial position to its emergent
point.”37 In the same issue he argues that since the final state of an irre-
versible process is rather unpredictable (due to so many numbers of pos-
sible configurations), the final state of maximum entropy is a priori quite
unknown. In this case, any measurement of that state yields the maximum
information possible about the system (simply because before that there
is no available information). In a sense this represents a minimum effort
to know something about the system. Therefore, maximization of entropy
(and thus the second law) is consistent with the principle of the least
effort.

We thus see that one important aspect of the combination of rules and
randomness is effectiveness and efficiency, or what we call the least effort
or minimum energy consumption principle. If I ask you to reproduce the
following geometric figure
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Fig. 81. A geometric figure.

you could reproduce it exactly, but to do this you would have to measure
all the sides and all the angles and then carefully construct it using a ruler
and a protractor. Or alternatively, you can effectively reproduce it almost
exactly by approximating it without making all this effort, for example:

Fig. 82. A reproduced geometric figure.

Are there other purposes for randomness? Even though I strongly believe
that the most important one is the one discussed above, I can think of two
more reasons why randomness has to be there.

One of them was already discussed in the dialogue betweenAristotle and
Alexander in the opening of Part II. If there were no randomness, everything
would be predictable. Then, we would know the future. In that future some-
thing may not be to our liking. In this case we may try to change something
in the present so that future would not happen. But that represents an action
unknowable to others who, by not having this information, cannot predict
the future. Thus the future becomes unknown, which is a contradiction.

The other one has to do with beauty and harmony. I will not argue that
the fractal geometry of nature, which is the result of randomness acting on
rules, is very beautiful and very pleasing. I would not argue that music is
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very pleasing to the ears. But I will consider the painting by the American
Jackson Pollock shown on the cover of this book. It is an abstract painting
unlike a landscape or even an impressionistic picture showing a natural
scene. It is just a construction of many superimposed colored complicated
lines. Yet it appears very pleasing to the eye. It is simply inspiring. What is
it in this construction that projects such a feeling?

Richard Taylor, a physicist at the University of Oregon, and his collab-
orators scanned this painting and then separated the painting into its dif-
ferent colored patterns. He then analyzed each pattern and found that they
exhibited fractal properties.38 Taylor’s work has revealed that the artist had
mastered a procedure to build up layers that created a dense web of fractals.
Pollock developed his process by first painting small localized islands of
trajectories across the canvas. He then painted longer trajectories that ran-
domly linked the islands, gradually submerging them in a fractal web of
paint. This was a great insight from Mr. Pollock who, in the words of Alison
Abbot (a science reporter of the journal Nature), “was honing his ability
to generate fractals is a full quarter century before fractal geometry was
formally described.” Indeed, we now understand that many natural and
social processes patterns start with small “nucleations,” which then spread
and merge. This is a great example of how rules and randomness can gen-
erate an unfamiliar pattern that is nevertheless pleasing. It is interesting to
note here that visual art has properties similar to languages and music. In
his book Digital Mantras, Steven Holtzman establishes that art has visual
grammar.39 Points, lines and planes form objects. Objects are used to create
clusters, which in turn are used to create larger forms. Visual grammar also
includes rules for texture, brilliance and transparency, as well as rhythm and
motion for temporal coherence. Accordingly, art can be thought of in terms
of grammar, just as in languages and music. Thus, it is not surprising that
similar laws will emerge in art as well.

I will not argue that something very ordered cannot be pleasing. But I
will argue that the variety of cloud shapes makes us look at the sky every
day without feeling bored. Would you say the same if clouds were simple
spheres or cubes? At the same time I will argue that something completely
random is not pleasant either. Can you live in a room that has not been tidied
in years? Having only rules becomes boring, having only randomness is
appalling. Put them together and somehow beauty emerges.
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We started our adventure into randomness by looking exclusively at our
formal mathematical system and we saw that even in this pure and strictly
logical system one cannot do away with randomness. Rules and randomness
are blended together and are engulfed in the notion of infinity. Staying within
the mathematical system and employing simple mathematical models, we
then discovered the three possible sources of randomness — randomness
due to inability to find the rules, randomness due to inability to have infinite
power (chaos) and randomness due to stochastic processes. Subsequently
we expanded from the mathematical system to our physical world and we
found out that randomness, through the quantum mechanical character of
small scales, through chaos, and because of the second law of thermody-
namics, is an intrinsic property of nature as well. We subsequently argued
that the randomness in the physical world is consistent with the three sources
of randomness suggested from the study of simple mathematical systems.
Then, we presented many examples ranging from purely mathematical to
natural and to social processes that clearly demonstrated how the combi-
nation of rules and randomness produces the world we live in. Finally we
suggested the principle of least effort or the principle of minimum energy
consumption as the underlying principle behind this combination.

We can thus conclude that no matter how randomness comes about,
randomness and rules are bound together. They operate together. They syn-
chronize together. They shape our universe and produce the reality we see
and feel everyday in our lives. This synergy between rules and randomness
makes them both equally important in the universe. One cannot exist without
the other. While rules impose boundaries randomness acts between bound-
aries. They interweave together like facts and fiction in a historical novel.
And overlooking this weaving is infinity, the one ingredient behind all
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mechanisms generating randomness. Possibly, it is what may make them
one and the same thing.

As Borges imagined: “I saw infinite processes that formed one single
felicity and, understanding all, I was able to understand the script. It is a
formula of fourteen random words and to utter it in a loud voice will suffice
to make me all powerful.”
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1. The notion of a strange loop is due to Douglas Hofstadter.
Hofstadter, D. R. Gödel, Escher, Bach: An Eternal Golden Braid, Basic
Books, New York, 1999.

2. Are there integer or rational solutions to the equation?

x2 = 2.

Since there is no integer, which when raised to the power of 2 gives the
answer 2, there are no integers that satisfy this equation. Now suppose
that a rational solution exists. Let us denote this solution as the ratio
of two integers m and n where m is greater than n, n �= 1, and m/n is
in lowest terms (in other words there is no number that divides both m

and n. Under this assumption we can write that

m2/n2 = 2,

or

m2 = 2n2.

Since the right-hand side of the above equation is divisible by 2, it
follows that the left-hand side is divisible by 2 as well. Thus, we can
write m = 2m1. Then it follows that

4m2
1 = 2n2,

or that

2m2
1 = n2.

Again here, since the left-hand side of the above equation is divisible
by 2, the right-hand side is divisible by 2 as well. Thus, we can write
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n = 2n1. This implies that the fraction m/n is not in lowest terms which
was our assumption to begin with. Thus, there is no rational solution
to our equation.

3. Wolfram, S. A New Kind of Science, Wolfram Media, Inc., Champaign
IL, 2002.

4. Finding the digits of an irrational number.
Let us consider that we want to find the digits of

√
2. We may begin by

noticing that
√

2 is a solution to the equation

x2 = 2.

We can write this equation as

xx = 2,

or as

x = 2/x.

Now let us say that we guess a value of x, which is greater than the
actual value. In this case 2/x would be less than the actual value. Then
we can correctly assume that the actual value is somewhere between
2/x and x. Halfway between 2/x and x is given by

1

2

(
2

x
+ x

)
.

Based on this observation we can define the iterative equation

xn+1 = 1

2

(
2

xn

+ xn

)
n = 1, 2, 3, . . ..

For n = 1, we have our initial guess of x. Let us say we picked x1 = 1.2.
Then according to the above equation

x2 = 1

2

(
2

1.2
+ 1.2

)
,

or

x2 = 1.433333333. . ..

Iterating (applying again) the above equation for x2 = 1.433333333 . . .

we get x3 = 1.4143411 . . . , for x3 = 1.4143411 . . ., we get
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x4 = 1.4142136, and so on. The first five digits are of x4 are already the
correct digits of

√
2 and with each iteration the number of correct digits

increases. Note that all the calculations are carried by using just addition
and division. Algorithms like this have been developed to estimate the
digits of many irrational numbers. For example, the digits of e can be
estimated from the formula

e =
N∑

k=0

1

k! = 1 + 1 + 1

2! + 1

3! + 1

4! + 1

5! + · · · ,

where the exclamation mark indicates factorials (for example, 3! =
1×2 ×3, 6! = 1×2 ×3×4×5×6, and so on). As N becomes larger
and larger more digits are estimated. For N = 16, we already have the
correct 14 first decimals. For the ever mysterious π one of the many
recipes is

1

π
= 12

∞∑
n=0

[
(−1)n (6n)!

(n!)3(3n)!
13591409 + 545140134n

6403203n+ 3
2

]

and
∑

means summation of the values of the quantity in bracket for all
values of n from zero to infinity. The above formula for estimating π

represents an algorithmic procedure. In order to estimate the nth digits
all previous n−1 digits have to be calculated. This is different from the
so-called “closed-form” expressions, which can give any digit without
the need of calculating all previous digits leading to the desired digit.
Such closed expressions may exist for all irrational numbers but only a
few have actually been discovered. In the case of π, such a closed-form
expression exists for the digits in base 16 (Bailey, D. H., Borwein, P. and
Plouffe, S. “On the rapid computation of various polylogarithmic con-
stants” Mathematics of Computation 66, 903–913, 1997; Adamchik,
V. and Wagon, S. “A simple formula for π” American Mathematical
Monthly 104, 852–855, 1997).

π =
∞∑

x=0

(
4

8n + 1
− 2

8n − 4
− 1

8n + 5
− 1

8n + 6

) (
1

16

)x

.

For the digits in base 10 no such expression has been discovered. Since
these recipes are mathematical formulas describing a certain procedure,
they are actually laws for generating irrational numbers. It follows that
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according to both von Mises and CKS definition of randomness these
irrational numbers are not really random.

5. Random variables.
In Part I, we discussed numbers and random sequences of numbers.
We can consider a random sequence as a sequence of the values that
a random variable takes. For example, if the random variable is the
outcome of rolling a die then this random variable can take on the values
1, 2, 3, 4, 5, and 6. Similarly if the random variable is the outcome of
tossing a coin this variable can take on two values (1 for heads and 2 for
tails). When we sample many of the values a random variable takes, we
can produce the probability distribution of this variable. It is important
to note at this point that just because two or more variables are random it
does not mean that their underlying distributions will be the same.As we
all know if we toss a coin many times the number of tails will be equal to
the number of heads. This means that the probability of heads is equal to
the probability of tails. Since each one of these two possible outcomes
has the same probability, the corresponding probability distribution is
uniform. The same can be said about the probability distribution of the
outcome of rolling a die. Each outcome has the same probability of
occurring. Since there are six possible outcomes, each outcome occurs
with a probability of 1/6 and the distribution is again uniform. Note that
in these two examples the random value can take on specific integer
values only. As such the probability distribution is not continuous but
it is discrete.

Now consider than our random variable is the height of men. The
probability distribution of this variable turns out not to be uniform for
the simple reason that we do not see too many very short men or too
many very tall men. What we see is that most men are around 5′ 8′′

tall and that there is very few very tall or very short men. As a result
the corresponding probability distribution is peaked at about 5′ 8′′ and
has “tails” as we go away from the peak. This kind of distribution is
called the normal distribution. The peak of this distribution corresponds
to the mean or the average value of the random variable. The flatness
or steepness of the tails determines the standard deviation. When the
mean is zero and the standard deviation is one then the distribution is
called the standard normal distribution. In this example the height of a
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man can be any real value between the shortest and the tallest man on
Earth (not just an integer value). As such the probability distribution is
not discrete but it is continuous.

We now have to clarify one point. Just because the values that a
variable takes follow a certain distribution it does not mean that the
variable is random. For example, the digits of π follow a uniform
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distribution. Each of the ten digits appears with the same frequency. But,
we know that the π digits are produced by a rule, not by the throwing of
some ten-sided die. It follows that deterministic variables also follow
some frequency or probability distribution.

Equations like those modeling stochastic processes (Chapter 20)
include “random” values. But in Part I, we showed that we simply
cannot construct random sequences and that the minute you have a
way to generate a random sequence, the sequence cannot be considered
random. This is a legitimate concern and we need to address it before
we continue.

Imagine that you have fifty balls numbered 1 to 50 and arranged
inside a box neatly and successively in five rows of ten balls. Then
imagine that you close the box and you begin shaking it violently for
some time before you put the box down and let the balls inside settle
into five rows of ten balls. The original order in the sequence of the
balls has obviously been destroyed. Thus, what is shown in the new
sequence is devoid of any order in the original sequence. One may argue
that the final arrangement is the result of many factors ranging from
the continuous and irregular shaking of the box and the numerous col-
lisions and bouncing of the balls between themselves and the walls of
the box. The argument can go further by assuming that we have a way
to precisely control all these motions. In this case the final arrangement
is predictable and therefore the final sequence is not really random.
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The argument may be valid, but let the number of balls be very large
and the shaking for very long and the number of individual motions
becomes extremely large. Then there is no point in trying to keep up
with the “order” of monitoring all these motions. The final sequence
will then for all practical purpose be random.A “good stir” of an original
arrangement is, therefore, an adequate way to generate randomness. In
actual simulations, however, such a “physical” approach is not realistic.
What we usually desire is to generate random numbers in the computer.
For this reason approaches must be invented that simulate the effect of
this “good stir.”

The first such approach to generate random numbers with the com-
puter is credited to mathematician and computer pioneer John von
Neumann. In 1951, he proposed the so-called middle-square method.
It goes as follows:

Take a number n digits long 371 (n = 3)
Square this number 137641
Take the middle digit (if the number

has an even number of digits take
the two middle digits)

76

Square this number 5776
Take the middle digits 77
Square this number 5929
Take the middle digits 92
Square this number 8446
Take the middle digits 44
Square this number 1939
Take the middle digits 93
Square this number 8649
Take the middle digits 64

and so on. Such a design appears promising, as one does not expect any
real order to emerge. According to this method the random sequence
begins with 76|77|92|44|93|64. The numbers look random but the
reality is that after 13 more steps the sequence will become periodic.
If we continue the example we will derive the following successive
values: 9, 81, 56, 13, 6, 36, 29, 4, 16, 5, 25, 2, 4. At this point we have
generated the number 4 for the second time. According to the rules
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from now on the sequence of the numbers 4, 16, 5, 25, 2, will repeat
forever. The sequence has become periodic. It follows that unless all the
middle digits are different the sequence will become periodic. And this
will sooner or later happen in all attempts independently of how large
the original number is. Obviously this algorithm did not last very long.
Soon after that computer scientists started developing the so-called con-
gruential generators. These approaches are based on remainders after
division. For example:

Start with 1371
Multiply by 3 4113
Divide by seven 587R4
Take the remainder 4
Multiply the remainder by 3 12
Divide by 7 1R5
Multiply the remainder by 3 15
Divide by 7 2R1
Multiply the remainder by 3 3
Divide by 7 0R3
Multiply the remainder by 3 9
Divide by 7 1R2
...

and so on. The remainders define the random sequence. In our case
this sequence begins with 4|5|1|3|2. As in the previous approach here
as well once we produce the same remainder the sequence will repeat.
In our example, the sequence will become periodic after two more
steps, as we will next generate the number 6 and then the number 4.
The period can be rather long (if we consider very long multipliers)
but the fact remains that a random number generation based on arith-
metic recipes will eventually produce periodic sequences. The problem
with computer generated random numbers is that the computer has to
follow “orders” on how to generate the numbers. In effect, these instruc-
tions amount to a deterministic component, which, even though very
complex, eventually dominates the sequence and makes it periodic. As
we expected true random numbers cannot be generated by a formula.
That is why computer generated random numbers are often referred to
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as pseudo-random numbers. Such numbers may be considered for all
practical purposes as random as long as we do not require a very large
sample of random numbers. If we do, rigorous test for periodicity must
be employed. As von Neumann put it himself “Anyone who considers
arithmetic methods of producing random digits is in a state of sin.”

6. Tsonis, A. A. “The effect of truncation and round-off on computer gen-
erated chaotic trajectories,” Computers and Mathematics with Appli-
cations 21, 93–94, 1991.
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tific, Singapore, 2001.
13. Mandelbrot, B. B. The Fractal Geometry of Nature, Freeman,

New York, 1983.
14. Power laws.

Consider the sequence of numbers that are powers of 2 : 20, 21, 22, 23,
24, 25, and 26 corresponding to the sequence of numbers 1, 2, 4, 8, 16,
32, and 64. The exponents 0, 1, 2, 3, 4, 5, and 6 are the logarithms of
these numbers to the base 2. The numbers 1, 2, 4, 8, 16, 32, and 64 are
called the antilogarithms of the exponents. We write this as log264 = 6
and we say that 6 is the logarithm to the base 2 of 64 and 64 is the
antilogarithm of 6.

Logarithms were originally invented to help with multiplication and
division of large numbers. For example, to multiply 16 by 4 one can
simply add the logarithms (4 + 2 = 6) and then take the antilogarithm
of 6, which is 64. For division, instead of adding the logarithms we
subtract them. For example, to divide 64 by 4, we subtract their log-
arithms (6 − 2 = 4) and then we take the antilogarithm of 4, which
is 16. This process is much more efficient when the numbers are very
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large. Note that we can define the logarithm to the base of any number.
For example, if we considered instead of the sequence of numbers of
powers of 2, the sequence of numbers of powers of 10, we will define
the logarithms to the base of 10.

Apart from helping with multiplication and division of large
numbers, logarithms provide another benefit. Look again at the
sequence 1, 2, 4, 8, 16, 32, 64 and the sequence of the corresponding
logarithms 0, 1, 2, 3, 4, 5, 6. In the first sequence the difference between
the third and the first number is 3. The difference in their logarithms
is 2 (which is close to 3). If we do the same for the seventh and the
first number we find that the difference in the first sequence is 63, but
the difference in their logarithms is 6 (more than 10 times smaller).
This tells us that the logarithm “compresses” large numbers more than
small numbers. In other words, the logarithm changes numbers non-
uniformly. This means that if a certain model describes a sequence of
numbers, the same model will not describe their logarithms. Interest-
ingly, in some cases the model describing the logarithms is simpler than
the model describing the actual numbers.

Consider the following example. We know that the perimeter of a
square of side a is 4a and the area is a2. If for convenience we assume
that a takes on only integer values we obtain the following table

Table 1. Perimeter and area of a square.

a Perimeter Area

1 4 1
2 8 4
3 12 9
4 16 16
5 20 25
6 24 36

The function describing the relationship between area and perimeter
in this case is the smooth curve given by the equation

Area = Perimeter2/16.

This equation involves a variable that is raised to a power greater than
one. As such it is not a linear equation. This nonlinear relationship is
called a power law.
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Let us now take the logarithms to the base 10 of the perimeter and area
(i.e. transform area to log10(area) and perimeter to log10(perimeter)).
Then we obtain the following table

Table 2. Perimeter and area of a square in log scale.

a log10(Perimeter) log10(Area)

1 0.60 0.00
2 0.90 0.60
3 1.08 0.95
4 1.20 1.20
5 1.30 1.40
6 1.38 1.55

In this case again the function relating the logarithm of area to the
logarithm of perimeter is a smooth curve given by the equation

log10(Area) = 2 log10(Perimeter) − 1.2.

Since here the variables are log10(Area) and log10(Perimeter), this
equation does not involve variables raised to a power greater than one
and as such it is a linear equation. A straight line is the simplest line.
A curve that is not a straight line can be many things. Therefore, when
the relationship is not linear it may not be easy to find the actual model.
We thus see that not only the logarithms are not described by the same
model as the original values, but the model describing the logarithms
may be simpler. This example also shows that a power law in a double
logarithmic plot is a straight line.

Power laws are often associated with fractal processes. In fractal
processes the properties of small scales are related to the properties of
large scales. We can write this statement as follows:

σP(l) = P(ρl) ρ, σ > 1.

This equation says that the properties at a scale l, P(l), when multi-
plied (magnified) by a factor σ give the properties at the larger scale
ρl, P(ρl). It can be shown that the solution to the above equation is the
power law P(l) = AlH where A is a constant and H = log σ/ log ρ

(Triantafyllou et al., Applied in Mathematics Letter 7, 19–24, 1994).
15. Tsonis, A. A. and Elsner, J. B. “Fractal characterization and simulation

of lightning”, Contribution in Atmospheric Physics 60, 187–192, 1987.



August 4, 2008 10:37 9in x 6in B-634 notes

186 Randomnicity

16. The Laplace equation is ∇2φ = 0, where φ is a variable denoting
potential, pressure or any other variable of interest, and ∇2 = ∂2/∂x2 +
∂2/∂y2. In a two-dimensional lattice (i, j), the solution of this equation
is obtained by iterating the following equation using successive over-
relaxation

φi,j = 1

4
(φi+1,j + φi−1,j + φi,j+1 + φi,j−1).

Once each point of the lattice has been assigned a solution each of the m

possible candidates is given a probability of selection, Pm according to

Pm = φ2
m

/ m∑
m=1

φ2
m.
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